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ABSTRACT
D u e  t o  t h e  w i d e  a p p l i c a t i o n s  o f  n o r m a l  r a n d o m  v a r i a t e s  
a n d  t h e  f a c t  t h a t  a p p l i c a t i o n s  a r e  u s u a l l y  a f f e c t e d  b y  t h e i r  
a c c u r a c y ,  a n  e x t e n s i v e  s t u d y  o f  t h e  q u a l i t y  e v a l u a t i o n  o f  
u n i t  u n i f o r m  r a n d o m  n u m b e r  g e n e r a t o r s  a n d  u n i t  n o r m a l  t r a n s ­
f o r m a t i o n  a l g o r i t h m s  t h a t  a r e  a p p l i c a t i o n s  s p e c i f i c  i s  r e ­
c o m m e n d e d .  I n  m o s t  s i m u l a t i o n  a p p l i c a t i o n s  i t  i s  i m p l i c i t l y  
a s s u m e d  t h a t  i f  a n y  ” g o o d "  u n i t  u n i f o r m  r a n d o m  n u m b e r  g e n e r ­
a t o r  i s  u s e d  i n  c o m b i n a t i o n  w i t h  a n y  " g o o d ”  t r a n s f o r m a t i o n  
a l g o r i t h m .  The  r e s u l t i n g  r a n d o m  v a r i a t e s  w i l l  h a v e  g o o d  
p r o p e r t i e s  o f  r a n d o m n e s s  a nd  w i l l  h a v e  t h e  d e s i r e d  f i t .  The 
r e s u l t s  o f  t h i s  r e s e a r c h  s h o w s  t h a t  t h i s  a s s u m p t i o n  i s  
f a l s e .  Use o f  a g o o d ,  t h e o r e t i c a l l y  e x a c t  t r a n s f o r m a t i o n  i n  
c o n j u n c t i o n  w i t h  a t h e o r e t i c a l l y  g o o d  u n i t  u n i f o r m  g e n e r a t o r  
d o e s  n o t  n e c e s s a r y  g u a r a n t e e  t h a t  t h e  r e s u l t i n g  v a r i a t e s  
h a v e  g o o d  s t a t i s t i c a l  p r o p e r t i e s .  I n  a d d i t i o n ,  a g e n e r a t o r  
i s  g o o d  f o r  o n e  t y p e  o f  t r a n s f o r m a t i o n s ,  b u t  i t  i s  n o t  n e ­
c e s s a r i l y  g o o d  f o r  t h e  o t h e r  t y p e  o f  t r a n s f o r m a t i o n s .  
H e n c e ,  t h e  s i m u l a t i o n  p r a c t i t i o n e r  m u s t  b e  c a u t i o u s  i n  t h e  
s e l e c t i o n  o f  b o t h  t h e  u n i t  u n i f o r m  g e n e r a t o r  a n d  t h e  t r a n s ­
f o r m a t i o n  a l g o r i t h m  t o  b e  u s e d .
-  v i i  -
T h i s  s t u d y  i s  c o n c e r n e d  w i t h  t h e  e m p i r i c a l  s t u d y  o f  
q u a l i t y  e v a l u a t i o n s  o f  s e v e r a l  d i f f e r e n t  c o m b i n a t i o n s  o f  
u n i t  u n i f o r m  r a n d o m  n u m b e r  g e n e r a t o r s  and  u n i t  n o r m a l  t r a n s ­
f o r m a t i o n  a l g o r i t h m s  f o r  p r a c t i c a l  a p p l i c a t i o n s ,  a n d  w i t h  
p r o c e d u r e s  f o r  d e t e r m i n i n g  i f  a  g i v e n  g e n e r a t o r  o r  a g i v e n  
c o m b i n a t i o n  i s  " g o o d ”  o r  " b a d ” . M a j o r  e m p h a s i s  o f  t h i s  
s t u d y  i s  p l a c e d  u p o n  s e l e c t i o n  o f  t h e  a p p r o p r i a t e  s t a t i s t i ­
c a l  t e s t s  f o r  t h i s  e v a l u a t i o n ,  a n d  d e v e l o p m e n t  o f  t h e  p e r t i ­
n e n t  p r o c e d u r e s  a s  w e l l  a s  t h e  c o r r e s p o n d i n g  c o m p u t e r  p r o ­
g r a m s  f o r  t h e s e  t e s t s .  The  s t a t i s t i c a l  t e s t s  s e l e c t e d  a s  
a p p r o p r i a t e  f o r  e v a l u a t i n g  a n d  c o m p a r i n g  t h e  g u a l i t y  o f  v a r ­
i o u s  g e n e r a t o r s  a r e :  c h i - s g u a r e  g o o d n e s s  o f  f i t  t e s t s  f o r
t e s t i n g  t h e  d e s i r e d  d i s t r i b u t i o n  f i t s  a n d  o t h e r  g o o d n e s s  o f  
f i t s  p r o c e d u r e s  f o r  u s e  i n  c o n j u n c t i o n  w i t h  o t h e r  t e s t s ,  
r u n s  up  a n d  d o w n ,  r u n s  a b o v e  a n d  b e l o w  t h e  m e d i a n ,  a u t o c o r ­
r e l a t i o n  t e s t s ,  a n d  s p e c t r a l  t e s t s  f o r  r a n d o m n e s s  a n d  i n d e ­
p e n d e n c e .  T h e  c o r r e s p o n d i n g  p r o c e d u r e s  a n d  t h e  c o m p u t e r  
p r o g r a m s  a r e  s e t  up f o r  e a c h  t e s t .
S e v e n  w i d e d l y  u s e d  u n i t  u n i f o r m  r a n d o m  n u m b e r  g e n e r a t o r s  
(ADBAND, EANDtJ, L  & L ,  M G  H, B. S h o r e ,  UKAND and  GGUBS) a n d  
t h r e e  w e l l  k n o w n  n o r m a l  t r a n s f o r m a t i o n  a l g o r i t h m s  { B o x - M u l -  
l e r  p a r t i a l  i n v e r s e ,  B o x - M u l l e r  r e j e c t i o n ,  a n d  H a s t i n g -  i n ­
v e r s e  r o u t i n e )  a r e  i n v e s t i g a t e d  h e r e .  F o r  e a c h  g e n e r a t o r  
a n d  e a c h  c o m b i n a t i o n ,  a l a r g e  s a m p l e  s i z e  s e r i e s  i s  g e n e r ­
a t e d  w h i c h  c o n t a i n s  50  i n d e p e n d e n t  s a m p l e s  w i t h  50 d i f f e r e n t
-  v i i i  -
i n i t i a l  s e e d  n u m b e r s .  Each s a m p l e  c o n t a i n s  5 0  s e t s ,  a n d  
e a c h  s e t  c o n t a i n s  1200 g e n e r a t e d  n u m b e r s .  E a c h  s e l e c t e d  
g e n e r a t o r  a n d  e a c h  s e l e c t e d  c o m b i n a t i o n  i s  a s s e s s e d  b y  s t a ­
t i s t i c a l l y  t e s t i n g  t h e  q u a l i t y ,  b o t h  l o c a l l y  a n d  g l o b a l l y ,  
o f  t h e  c o r r e s p o n d i n g  g e n e r a t e d  s e q u e n c e .  I n  t o t a l ,  we em­
p i r i c a l l y  e v a l u a t e  ( a t  s i g n i f i c a n c e  l e v e l s  0 . 0 1 ,  0 . 0 5  a n d
0 . 2  r e s p e c t i v e l y )  ,  t h e  q u a l i t y  o f  s e v e n  g e n e r a t o r s ,  t w e n t y -  
o n e  c o m b i n a t i o n s ,  a n d  t w o  IBM IM S L  l i b r a r y  u n i t  n o r m a l  g e n ­
e r a t o r s ;  G GU at  a n d  jGGNPM.
I n  a d d i t i o n ,  t h e  s t a t i s t i c s  s e l e c t e d  a n d  t h e  p r o c e d u r e s  
d e v e l o p e d  a s  w e l l  a s  t h e  c o r r e s p o n d i n g  c o m p u t e r  p r o g r a m s  e s ­
t a b l i s h e d  h e r e  a r e  n o t  r e s t r i c t e d  t o  use  i n  t h i s  s t u d y .  
T h e y  c a n  a l s o  be  a p p l i e d  i n  a s s e s s i n g  o t h e r  g e n e r a t o r s  a n d  
o t h e r  c o m b i n a t i o n s .
C h a p t e r  I  
I  STBCDUCTION
1. 1 O B JE C T I V E AND J U S T I F I C A T I O N  OF THE STUDY
S i n c e  t h e  e a r l y  f o r t i e s ,  M c n t e  C a r l o  m e t h o d s 1 h a v e  bec o m e  
m o re  a n d  m o re  u s e f u l  t o o l s  i n  n u m e r i c a l  a n a l y s i s  a n d  i n  s i ­
m u l a t i o n ,  T h i s  i s  l a r g e l y  d u e  t o  t h e  r a p i d l y  i n c r e a s i n g  u s e  
o f  e l e c t r o n i c  c o m p u t e r s .  Random  n u m b e r s  r e p r e s e n t  a n  i n d i s ­
p e n s a b l e  i n g r e d i e n t  i n  a l l  M o n t e  C a r l o  w o r k ,  a n d  i n  m o s t  
c a s e s ,  r a n d o m  n u m b e r s  a r e  n e e d e d  i n  g r e a t  q u a n t i t i e s .  I n  
many a p p l i c a t i o n s ,  r a n d c m  v a r i a b l e s  w i t h  n o r m a l  d i s t r i b u t i o n  
a r e  o f  i n t e r e s t ,  a n d  t h e  a p p l i c a t i o n s  a r e  u s u a l l y  a f f e c t e d  
b y  t h e  q u a l i t y  o f  t h e  r a n d o m  v a r i a t e s  { F r a n k l i n ,  1 9 6 3 ) .  
C o n s e q u e n t l y ,  t h e r e  e x i s t s  t h e  p r o b l e m  o f  how t o  o b t a i n  r e ­
l i a b l e  n o r m a l l y  d i s t r i b u t e d  r a n d o m  n u m b e r s  f o r  t h e s e  a p p l i ­
c a t i o n s .
P e o p l e  h a v e  s e a r c h e d  f o r  e f f i c i e n t  w a y s  t o  o b t a i n  r a n d o m  
n u m b e r s  i n  c o m p u t e r s .  U n i t  u n i f c r m  r a n d o m  n u m b e r s  g e n e r a t e d  
d e t e r m i n i s t i c a l l y  i n  c o m p u t e r s  h a v e  w o r k e d  q u i t e  w e l l  i n  
n e a r l y  e v e r y  a p p l i c a t i o n .  So f a r ,  t h e r e  a r e  no  a l g o r i t h m s
i ' i ' h i s  i s  a g e n e r a l  t e r m  u s e d  t o  d e s c r i b e  a n y  a l g o r i t h m  t h a t  
e m p l o y s  r a n d o m  n u m b e r s
-  1 -
t o  c o c i v e  u n i t  n o r m a l  r a n d o m  n u m b e r s  d i r e c t l y .  I f  t h e s e  a r e  
t o  be g e n e r a t e d ,  i t  i s  f i r s t  n e c e s s a r y  t o  g e n e r a t e  u n i t  u n i ­
f o r m  r a n d o m  n u m b e r s  t h e n  t o  u s e  t r a n s f o r m a t i o n  a l g o r i t h m s  t o  
t r a n s f o r m  u n i t  u n i f o r m  r a n d o m  n u m b e r s  t o  u n i t  n o r m a l  r a n d o m  
n u m b e r s .
Many a u t h o r s  { G r e e n ,  S m i t h  a n d  K l e m ,  1 9 5 9 ;  M a c l a r e n  and  
M a r s a g l i a ,  1 9 6 5 ;  Downham a n d  R o b e r t s ,  1 9 6 7 ;  W h i t t l e s e y ,  
1 9 6 7 ;  B u r f o r d ,  197 3  a n d  1 9 7 5 ;  G o l d e r ,  1 9 7 6 ;  F i s h m a n  a n d  
M o o r e ,  1 9 7 8 ,  e t c . )  h a v e  c o n t r i b u t e d  t o  t h e  s t u d y  o f  v a r i o u s  
m e t h o d s  f o r  g e n e r a t i n g  u r i t  u n i f o r m  rando m  s e q u e n c e s ,  and  
t h e y  h a v e  a l s o  d e v e l o p e d  a n u m b e r  o f  t e s t s  o f  g e n e r a t o r  e f ­
f e c t i v e n e s s ,  r a n d o m n e s s ,  a n d  u n i f o r m i t y .  B a s e d  on  p u r e l y  
u n i t  u n i f o r m  r a n d o m  n u m b e r s ,  many a u t h o r s  (B o x  a n d  M u l l e r ,  
1 9 5 8 ;  M u l l e r ,  1 9 5 9 ;  M a r s a g l i a  a n d  B r a y ,  1 9 6 4 ;  G o l d e r  a n d  
S e t t l e ,  1 9 7 6 ,  e t c , )  h a v e  d e v e l o p e d  a g r e a t  c u m b e r  o f  t h e o r ­
e t i c a l l y  g o o d  t r a n s f o r m a t i o n  a l g o r i t h m s  f o r  t r a n s f o r m i n g  
u n i t  u n i f o r m  r a n d o m  d e v i a t e s  i n t o  u n i t  n o r m a l  r a n d o m  num­
b e r s .  H e n c e ,  i t  a p p e a r s  t h a t  many a c c e s s i b l e ,  a n d  e f f i c i e n t  
a l g o r i t h m s  f o r  g e n e r a t i n g  u n i t  u n i f o r m  r a n d o m  n u m b e r s  a s  
w e l l  as  f o r  t r a n s f o r m i n g  t h e m  i n t o  u n i t  n o r m a l  r a n d o m  num­
b e r s  h a v e  b e e n  d e v e l o p e d -
T h e  t r a n s f o r m a t i o n  a l g o r i t h m s  d e v e l o p e d  a r e ,  h o w e v e r ,  
b a s e d  o n  t h e  i d e a  t h a t  t h e  u n i t  u n i f o r m  r a n d o m  n u m b e r s  u s e d  
a r e  t r u l y  u n i t  u n i f o r m  r a n d o m  d e v i a t e s ;  t h e  n u m b e r s  g e n e r ­
a t e d  f r o m  c o m p u t e r  g e n e r a t o r s  a r e  n e v e r  t r u l y  r a n d o m .  C o n ­
s e q u e n t l y ,  a s t u d y  o f  t h e  q u a l i t y  o f  c o m b i n a t i o n s  o f  u n i t  
u n i f o r m  r a n d o m  n u m b e r  g e n e r a t o r s  a n d  u n i t  n o r m a l  t r a n s f o r m a ­
t i o n  a l g o r i t h m s  i s  n e c e s s a r y .  Few s t u d i e s  o f  t h e  c o m b i n a ­
t i o n s  o f  g e n e r a t o r s  a n d  t r a n s f o r m a t i o n s ,  e s p e c i a l l y  e x p e r i ­
m e n t a l  a p p l i c a t i o n s ,  h a v e  b e e n  a c c o m p l i s h e d .  A l t h o u g h  seme 
a u t h o r s  ( d u l l e r ,  1 9 5 9 ;  M a c l a r e n  a n d  E r a y ,  1 9 6 4 ;  K i n d e r m a n  
a n d  R a m a g e ,  1 9 7 4  a n d  1 9 7 6 ;  G o l d e n  a n d  S e t t l e ,  1 9 7 6 ;  A t k i n s o n  
a n d  P e a r c e ,  1 9 7 6 ;  B u r f o r d  a n d  W i l l i s ,  1 9 7 8 ,  e t c , )  h a v e  r e ­
c e n t l y  b e e n  c o n c e r n e d  w i t h  t h e  c o m p a r i s o n  o f  s e v e r a l  d i f f e r ­
e n t  u n i t  u n i f o r m  r a n d o m  n u m b e r  g e n e r a t o r s  i n  c o n j u n c t i o n  
w i t h  some t r a n s f o r m a t i o n  a l g o r i t h m s ,  t h e y  h a v e  e i t h e r  f o ­
c u s s e d  on  t h e  s t u d y  o f  t i m i n g  c o m p a r i s o n ,  o r  t h e y  h a v e  c o n ­
c e n t r a t e d  o n  t h e  s t u d y  o f  a few  g e n e r a t o r  c o m b i n a t i o n s .  
A l s o  t h e i r  t e s t s  h a v e  b e e n  q u i t e  l i m i t e d  i n  s c o p e .  A v e r y  
i m p o r t a n t  c o n s i d e r a t i o n  i n  e v a l u a t i n g  r a n d o m  n u m b e r  g e n e r a ­
t o r s  i s  t h e  q u a l i t y  o f  o u t p u t .  A m o r e  e x t e n s i v e  s t u d y  o f  
t h e  q u a l i t y  o f  c o m b i n a t i o n s  t h a t  a r e  a p p l i c a t i o n  s p e c i f i c  
w a s  r e c o m m e n d e d  b y  K i n d e r m a n  a n d  Ramage ( 1 9 7 4 ) ,
I h i s  s t u d y  i s  c o n c e r n e d  w i t h  e m p i r i c a l  q u a l i t y  e v a l u a ­
t i o n s  o f  d i f f e r e n t  c o m b i n a t i o n s  o f  u n i t  u n i f o r m  r a n d o m  num­
b e r  g e n e r a t o r s  a n d  u n i t  n o r m a l  t r a n s f o r m a t i o n  a l g o r i t h m s  f o r  
p r a c t i c a l  a p p l i c a t i o n s ,  and  w i t h  d e t e r m i n i n g  i f  a g e n e r a t e d
s e q u e n c e  i s  " g o o d "  o r  " b a d " ,  M a j o r  e m p h a s i s  i s  p l a c e d  u p o n  
s e l e c t i o n  o f  t h e  a p p r o p r i a t e  s t a t i s t i c a l  t e s t s  f o r  t h i s
e v a l u a t i o n ,  and  d e v e l o p m e n t  o f  p e r t i n e n t  p r o c e d u r e s  as  w e l l  
a s  o f  t h e  c o r r e s p o n d i n g  c o m p u t e r  p r o g r a m s  f o r  t h e s e  t e s t s .  
T h e  s t a t i s t i c s  s e l e c t e d ,  t h e  p r o c e d u r e s  d e v e l o p e d  a n d  t h e  
c o r r e s p o n d i n g  c o m p u t e r  p r o g r a m s  s e t  up h e r e  a r e  n o t  r e s ­
t r i c t e d  t o  t h i s  s t u d y .  T h e y  c a n  a l s o  be  a p p l i e d  t o  a s s e s s ­
i n g  o t h e r  g e n e r a t o r s  a n d  e t h e r  c o m b i n a t i o n s .
1 - 2  SCOPE AND L I M I T A T I O N  OF THE STUDY
1 . 2 . 1  G e n e r a t o r s  a n d Tr a n s f o r r o a t i c n  A l g o r i t hms 
I n v e s t i g a t e d
T h r e e  b a s i c  c o n g r u e n t i a l  m e t h o d s  h a v e  b e e n  d e v e l o p e d  f o r  
g e n e r a t i n g  p s e u d o - r a n d o m  n u m b e r s :  a d d i t i v e  c o n g r u e n t i a l
m e t h o d ,  m u l t i p l i c a t i v e  c o n g r u e n t i a l  m e t h o d ,  a n d  m i x e d  c o n ­
g r u e n t i a l  m e t h o d . 2 T h e r e  a r e  n u m e r o u s  u n i t  u n i f o r m  g e n e r a ­
t o r s  t h a t  h a v e  b e e n  p r o p o s e d .  I n  t h i s  s t u d y ,  we i n v e s t i g a t e  
s e v e n  w e l l - k n o w n  a n d  w i d e  u s e s  u n i f o r m  g e n e r a t o r s  w h i c h  h a v e  
a l r e a d y  b e e n  p r o v e d  g o o d  i n  t e r m s  c f  s i m p l i c i t y ,  a c c u r a c y ,  
a n d  s p e e d .  T h e s e  a r e  ADRAND, RANDU, L  & I ,  M S M, R . S h o r e ,  
URAND3 , a n d  o n e  o f  t h e  I E  K I  MSI l i b r a r y  s u b r o u t i n e s 4-  GGUBS.
2 S e e  A p p e n d i x - A .
3ADRAND, a n  a d d i t i v e  c o n g r u e n t i a l  g e n e r a t o r ,  p r o p o s e d  by R .  
B u r f o r d ;  RANDU a n d  L S I ,  m u l t i p l i c a t i v e  c o n g r u e n t i a l  g e n ­
e r a t o r ,  c o n t a i n e d  i n  t h e  IBM SSF ( S c i e n t i f i c  S u b r o u t i n e  
P a c k a g e )  l i b r a r y  s u b r o u t i n e  and  d e v e l o p e d  by L e w i s  a nd  
L e a r m o n t h ,  r e s p e c t i v e l y ;  M S M, R . S h o r e ,  a n d  ORAND, m i x e d  
c o n g r u e n t i a l  g e n e r a t o r ,  p r o p o s e d  by  M a c l a r e n  a n d  M a r s a g l i a ,  
R .  S h o r e ,  a n d  i m p r o v e d  RANDU, r e s p e c t i v e l y .
4T h i s  g e n e r a t o r  i s  d e r i v e d  f r o m  t h e  p a c k a g e  L IR A  NDOM: L F, L
g e n e r a t o r ,  o f  t h e  N a v a l  P o s t g r a d u a d e  S c h o o l  i n  M o n t e r e y ,  
C a l i f o r n i a -  C o s m e t i c  c h a n g e s  and  t h o s e  n e c e s s a r y  t o  c a u s e
T h e r e  a r e  a l s o  t h r e e  b a s i c  t r a n s f o r m a t i o n  m e t h o d s  t o  
t r a n s f o r m  u n i t  u n i f o r m  r a n d o m  n u m b e r s  i n t o  u n i t  n o r m a l  v a r i “  
a t e s .  T h e y  a r e  t h e  i n v e r s e  t r a n s f o r m a t i o n  m e t h o d ,  t h e  r e ­
j e c t i o n  m e t h o d ,  a n d  t h e  c o m p o s i t i o n  m e t h o d .  I n  t h i s  s t u d y ,  
t h r e e  w e l l - k n o w n  t h e o r e t i c a l l y  g o o d  u n i t  n o r m a l  t r a n s f o r m a ­
t i o n  a l g o r i t h m s ;  B o x - M u l l e r  p a r t i a l  i n v e r s i o n ,  B o x - M u l l e r  
r e j e c t i o n ,  a n d  H a s t i n g s *  i n v e r s i o n  r o u t i n e s 5  h a v e  b e e n  u s e d  
i n  c o n j u n c t i o n  w i t h  t h e  s e v e n  g e n e r a t o r s  m e n t i o n e d  i n  t h e  
p r e v i o u s  p a r a g r a p h .  H e n c e ,  i n  t h i s  s t u d y ,  we e m p i r i c a l l y  
e v a l u a t e  t h e  q u a l i t y  o f  s e v e n  g e n e r a t o r s ,  t w e n t y - o n e  c o m b i ­
n a t i o n s ,  a n d  t w o  IB M  IPISL l i b r a r y  u n i t  n o r m a l  g e n e r a t o r s :  
GGNML a n d  GGNPM. 6
1 . 2 . 2  C r i t e r i a  a n d M e t h o d o l o g i e s  f o r  E v a l u a t i on  
a n d  C o m p a r i s o n
N u m b e rs  g e n e r a t e d  b y  c o m p u t e r s  a r e  b a s e d  o n  m a t h e m a t i c a l  
r e l a t i o n s  ( c o n g r u e n t i a l  m e t h o d s )  a n d  a r e  c o m p l e t e l y  d e t e r ­
m in e d  b y  t h e  s t a r t i n g  d a t a .  T h e y  a r e  r e f e r r e d  t o  a s  p s e u d o  
r a n d o m  n u m b e r s  a n d  a r e  n o t  t r u l y  r a n d o m ,  H o w e v e r ,  s o  l o n g  
a s  p s e u d o  r a n d o m  n u m b e r s  c a n  p a s s  a s e t  o f  a p p r o p r i a t e  s t a ­
t i s t i c a l  t e s t s  i m p l i e d  b y  t h e  r a n d o m n e s s  h y p o t h e s i s ,  t h e s e  
p s e u d o  r a n d o m  n u m b e r s  c a n ,  f o r  p r a c t i c a l  a p p l i c a t i o n s ,  b e
f i t t i n g  i n t o  t h e  I N S L  l i b r a r y  f r a m e w o r k  a r e  t h e  o n l y  
c h a n g e s  m a d e .
5 See A p p e n d i x - B .
* S e e  A p p e n d i x - B ,
t r e a t e d  a s  t r u l y  r a n d o m  e v e n  i f  t h e y  a r e  n o t .  A l t h o u g h  t h e  
p e r i o d  o f  t h e  s e q u e n c e  i s  o n e  o f  t h e  i m p o r t a n t  c r i t e r i a  f o r  
e v a l u a t i n g  t h e  q u a l i t y  o f  r a n d o m  n u m b e r  g e n e r a t o r s ,  f o r  
p r a c t i c a l  p u r p o s e ,  t h e  c h a n c e s  a r e  t h a t  t h e  s e q u e n c e  n e v e r  
w i l l  r e p e a t .  T h i s  b y  no  means  g u a r a n t e e s  t h a t  t h e  s e q u e n c e  
w i l l  be  u s e f u l  i n  a p p l i c a t i o n s .  H e n c e ,  f o r  a p p l i c a t i o n s ,  
t h e  q u e s t i o n  i s  how t o  d e c i d e  w h e t h e r  o r  n o t  a s e q u e n c e  i s  
s a t i s f a c t o r y .  T h e r e  a r e  t w o  w a y s  i n  w h i c h  a s e q u e n c e  o f  
p s e u d o  u n i t  u n i f o r m  r a n d o m  n u m b e r s  a n d  u n i t  r a n d o m  n o r m a l  
d e v i a t e s  c a n  b e  dee m e d  u n s a t i s f a c t o r y  f o r  a p p l i c a t i o n s .  T h e  
f i r s t  i s  t h a t  t h e  s e q u e n c e  may n o t  c o n s t i t u t e  a  s u f f i c i e n t l y  
r a n d o m  s a m p l e  f r o m  t h a t  d i s t r i b u t i o n ,  a n d  t h e  s e c o n d  i s  t h a t  
i t s  d i s t r i b u t i o n  c a n  f a i l  t o  be  an a d e q u a t e  r e p r e s e n t a t i o n  
o f  t h e  d e s i r e d  d i s t r i b u t i o n  ( 7 K n u t h ,  1 9 6 9 ) .  I n  t h e  q u a l i t y  
e v a l u a t i o n ,  c r i t e r i a  w i l l  be d i r e c t e d  t o w a r d s  t h e s e  t w o  a s ­
p e c t s  i n  o r d e r  t o  a s s e s s  t h e  s u i t a b i l i t y  o f  v a r i o u s  c o m b i n a ­
t i o n s  f o r  a p p l i c a t i o n s .
S i n c e  we c a n  n o t  j u d g e  b y  i n s p e c t i o n  w h e t h e r  o r  n o t  a s e ­
q u e n c e  o f  n u m b e r s  i s  s u f f i c i e n t l y  r a n d o m  a n d  h a s  a d e s i r e d  
d i s t r i b u t i o n ,  some u n b i a s e d  a n d  o b j e c t i v e  t e s t s  m u s t  be a p ­
p l i e d .  T h e  t h e o r y  o f  s t a t i s t i c s  p r o v i d e s  s e v e r a l  g u a n t i t a -
7 T h e  d e s i r e d  d i s t r i b u t i o n s ,  i n  t h i s  s t u d y ,  a r e  t h e  u n i t  u n i ­
f o r m  d i s t r i b u t i o n  a n d  t h e  s t a n d a r d  n o r m a l  d i s t r i b u t i o n  p r o ­
d u c e d  by a g o o d  u n i t  u n i f o r m  r a n u c r a  n u m b e r  g e n e r a t o r  a nd  a 
g o o d  c o m b i n a t i o n  o f  t h e  u n i t  u n i f o r m  r a n d o m  n u m b e r  g e n e r a ­
t o r  a n d  t h e  u n i t  n o r m a l  t r a n s f o r m a t i o n ,  r e s p e c t i v e l y .
t i v e  t e s t s  f o r  r a n d o m n e s s  a n d  g o o d n e s s  o f  f i t  t o  a p a r t i c u ­
l a r  d i s t r i b u t i o n  ( K u u t h ,  1 9 6 9 ,  p .  3 5 ) .
E v e r y  s e r i e s  w h i c h  i s  t o  be  e x t e n s i v e l y  u s e d  s h o u l d  b e  
t e s t e d  c a r e f u l l y .  Two k i n d s  o f  t e s t s  a r e  d i s t i n g u i s h e d :  em­
p i r i c a l  t e s t s  a nd  t h e o r e t i c a l  t e s t s . 8 T h e o r e t i c a l  t e s t s  a r e  
c o m p u t e d  o v e r  t h e  e n t i r e  c y c l e  o r  p e r i o d  o f  t h e  s e g u e n c e .  
F u l l  p e r i o d  o f  s e q u e n c e  i s  r a r e l y  u s e d  i n  p r a c t i c e ,  s o  w h i l e  
t h e o r e t i c a l  t e s t s  a r e  d e s i r a b l e  w h en  p o s s i b l e ,  e m p i r i c a l  
t e s t s  a r e  m o re  c o n v i n c i n g  ( L e w i s ,  1 9 7 5 ,  p .  3 5 ) -  T h i s  s t u d y  
e m p h a s i z e s  a p p l i c a t i o n s ,  t h u s  e m p i r i c a l  t e s t s  a r e  u s e d  f o r  
e v a l u a t i n g  t h e  q u a l i t y  o f  t h e  s e l e c t e d  g e n e r a t o r s  a n d  t h e  
s e l e c t e d  c o m b i n a t i o n s  by  means o f  t e s t i n g  t h e  g e n e r a t e d  s e ­
q u e n c e  f r o m  t h e m .
T h e r e  i s  l i t e r a l l y  n o  end t o  t h e  n u m b e r  o f  t e s t s  t h a t  c a n  
b e  c o n c e i v e d ,  f t e ,  t h e r e f o r e ,  m u s t  s e l e c t  a nd  d e v e l o p  p r o c e ­
d u r e s  f o r  t h e  t e s t s  w h i c h  h a v e  p r o v e d  t o  be  p o w e r f u l ,  i n ­
s t r u c t i v e ,  a n d  e a s i l y  a d a p t e d  t o  c o m p u t e r  c a l c u l a t i o n .  T h e s e  
w i l l  be  u s e d  a s  o b j e c t i v e  m e t h o d o l o g i e s  f o r  e v a l u a t i n g  t h e
8E m p i r i c a l  t e s t  a r e  c o n d u c t e d  b y  m eans  o f  t h e  c o m p u t e r  m a n i ­
p u l a t i n g  g r o u p s  o f  n u m b e r s  o f  s e q u e n c e s  a n d  e v a l u a t i n g  c e r ­
t a i n  s t a t i s t i c s .  T h e o r e t i c a l  t e s t s  e s t a b l i s h  c h a r a c t e r i s ­
t i c s  o f  t h e  s e q u e n c e  b y  u s i n g  n u m b e r  t h e o r e t i c a l  m e t h o d s  
b a s e d  on t h e  r e c u r r e n c e  v a l u e  u s e d  t c  f r o m  t h e  s e g u e n c e .
9 " C o m b i n a t i o n ”  i s  u s e d  t h r o u g h o u t  t h i s  s t u d y  a s  a n  a b b r e v i a ­
t i o n  o f  t h e  c o m b i n a t i o n  o f  t h e  u n i t  u n i f o r m  r a n d o m  n u m b e r  
g e n e r a t o r  a n d  t h e  u n i t  n o r m a l  t r a n s f o r m a t i o n  a l g o r i t h m -
8q u a l i t y  o f  c o m b i n a t i o n s . 9 A l s o ,  f o r  s i m p l i c i t y ,  we u s e  t h e  
same s t a t i s t i c s  a n d  t h e  same p r o c e d u r e s  f o r  e v a l u a t i n g  t h e  
q u a l i t y  o f  t h e  s e l e c t e d  u n i t  u n i f o r m  r a n d o m  n u m b e r  g e n e r a ­
t o r s .  I l e n c e  we m u s t  s e l e c t  t h e  s t a t i s t i c s  a n d  d e v e l o p  t h e  
p r o c e d u r e s  a s  w e l l  a s  t h e  c o r r e s p o n d i n g  c o m p u t e r  p r o g r a m s  
w h i c h  a r e  s u i t a b l e  f o r  b o t h  g e n e r a t o r s  a n d  c o m b i n a t i o n s .
B a s e d  o n  t h e i r  v a l i d i t y ,  s i m p l i c i t y ,  g e n e r a l i t y ,  w id e  u s ­
a g e ,  a s  w e l l  a s  t h e  t h e o r e t i c a l  k n o w l e d g e ,  t h e  a p p r o p r i a t e  
s t a t i s t i c a l  m e t h o d o l o g i e s  a n d  t e s t s  s e l e c t e d  f o r  e v a l u a t i n g  
a n d  c o m p a r i n g  t h e  q u a l i t y  o f  t h e  o u t p u t  i n  t h i s  s t u d y  a r e  a s  
f o l l o w s :
1 .  T e s t s  o f  g o o d n e s s  o f  f i t  f o r  t h e  d i s i r e d  d i s t r i b u ­
t i o n s .  10
a) P e a r s o n ' s  C h i - s q u a r e  g o o d n e s s  o f  f i t  t e s t .
2 .  T e s t s  f o r  r a n d o m n e s s  and  i n d e p e n d e n c e . 11
i o c h i - s g u a r e  g o o d n e s s  o f  f i t  t e s t s  a r e  a l s o  u s e d  e x t e n s i v e l y  
i n  t h e  r e m a i n i n g  t e s t  p r o c e d u r e s .
K e n d a l l  and  S t u a r t  ( 1 9 6 1 )  h a v e  n o t e d  t h a t  i n  
s om e  s e n s e  " g o o d "  i n d e p e n d e n c e  t e s t s  a r e  "  g o o d "  
r a n d o m n e s s  t e s t s  b e c a u s e  t h e  r a n d o m n e s s  h y p o t h e ­
s i s  HO: F 1 = F 2 = - . - = F n  i s  e q u i v a l e n t  t o  t h e  h y ­
p o t h e s i s  o f  i n d e p e n d e n c e  o f  v a l u e s  a n d  c h r o n o ­
l o g i c a l  o r d e r .  More  p r e c i s e l y ,  t h e  u n i v e r i a t e  
s a m p l e  X 1 , X 2 , . . . , X n  ( w h e r e  X i  h a s  p d f  F i )  c a n  b e  
r e p r e s e n t e d  by  t h e  b i v a r i a t e  s a m p l e  ( 1 * X 1 ) ,  
( 2 , X2) , ( n , X n )  w h i c h ,  u n d e r  HO, i s  f r o m  a b i ­
v a r i a t e  p o p u l a t i o n  w i t h  X i  i n d e p e n d e n c e  o f  i .
K o l f o w i t z  ( 1 9 4 3 )  s t a t e d  t h a t  t o  t e s t  w h e t h e r  
x 1 , x 2 , . . . , x n  i s  a "  r a n d o m " s e q u e n c e  means t o  
t e s t  t h e  h y p o t h e s i s  t h a t  X I ,  X 2 , - - . , X n  a r e  i n d e -
9a) R uns  up a n d  d o w n .
i )  T o t a l  n u m b e r  o f  t u n s .
i l )  T h e  n u m b e r  o f  r u n s  by l e n g t h .
b) R u ns  a b o v e  and  b e l o w  t h e  m e d ia n .
i )  T o t a l  n u m b e r  o f  r u n s .
i i )  T h e  n u m b e r  o f  r u n s  b y  l e n g t h .
c )  A u t o c o r r e l a t i o n  a n a l y s i s .
i )  N u m b e r  o f  s i g n i f i c a n t  a u t o c o r r e l a t i o n  
c o e f f i c i e n t s .
i i )  P o r t m a n t e a u  c h i - s q u a r e  s t a t i s t i c .
d)  S p e c t r a l  a n a l y s i s .
i )  N u m b e r  o f  s i g n i f i c a n t  s a m p le  s p e c t r a .
i i )  S a m p l e  mean o f  s a m p l e  s p e c t r a -
i i i )  S a m p le  v a r i a n c e  o f  s a m p l e  s p e c t r a .
i v )  N o r m a l i z e d  s a m p l e  v a r i a n c e  o f  s a m p l e
s p e c t r a .
p e n d e n t l y  d i s t r i b u t e d  a nd  h a v e  i d e n t i c a l  d i s t r i ­
b u t i o n  f u n c t i o n s .
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I f  a s e q u e n c e  b e l i a v e s  s a t i s f a c t o r i l y  f o r  a p p l i c a t i o n s  
w i t h  r e s p e c t  t o  t e s t s  T 1 , T 2 , T 3 , . . . , T N ,  we c a n  n o t  be  s u r e  i n  
g e n e r a l  t h a t  i t  w i l l  n o t  l e  an  u n p l e a s a n t  f a i l u r e  when i t  i s  
s u b j e c t e d  t o  a f u r t h e r  t e s t  T N + 1 .  Y e t  e a c h  t e s t  g i v e s  u s  
m o r e  a n d  m o re  c o n f i d e n c e  i n  t h e  r a n d o m n e s s  o f  t h e  s e g u e n c e .  
I n  p r a c t i c e ,  we a p p l y  a b o u t  h a l f  a d o z e n  d i f f e r e n t  k i n d s  o f  
s a t i s t i c a l  t e s t s  t o  a s e g u e n c e ,  a n d  i f  t h e  s e g u e n c e  p a s s e s  
t h e s e  t e s t s  s a t i s f a c t o r i l y  we c o n s i d e r  i t  t o  b e  r a n d o m  a n d  
t o  h a v e  t h e  d e s i r e d  d i s t r i b u t i o n  f o r  a p p l i c a t i o n s  ( K n u t h ,  
1 9 6 9 ) .
1 . 2 . 3  N u l l  H y p o t h e s i s ,  S i g n i f i c a n c e  L e v e l , a n d
Sa nip l e S i z e
F o l l o w i n g  t h e  t r a d i t i o n a l  a p p r o a c h ,  a n  o b j e c t i v e  t e s t  i s  
made o f  a n  h y p o t h e s i s  a b o u t  r a n d o m n e s s ,  i n d e p e n d e n c e  o r  som e 
d e s i r e d  d i s t r i b u t i o n s .  T h e  t e s t i n g  p r o c e s s  i s  r o u g h l y  com ­
p o s e d  o f  f i v e  p a r t s :  n u l l  h y p o t h e s i s  ( H O ) ,  t e s t  s t a t i s t i c ,
s i g n i f i c a n c e  l e v e l  (ALPHA) a n d  s a m p l e  s i z e  ( N ) , s a m p l i n g  
d i s t r i b u t i o n ,  a n d  c o n c l u s i o n .  I n  t h i s  s t u d y  t h e  n u l l  h y ­
p o t h e s i s  i s  a h y p o t h e s i s  o f  r a n d o m n e s s ,  i n d e p e n d e n c e  o r  some 
d e s i r e d  d i s t r i b u t i o n .  I t  s t a t e s  t h a t  t h e  s e r i e s  i s  r a n d o m ,  
i n d e p e n d e n t ,  a n d  t h a t  t h e  s e r i e s  i s  n o r m a l l y  o r  u n i t  u n i ­
f o r m l y  d i s t r i b u t e d .  F u r t h e r  f o r  t h e  g o o d n e s s  o f  f i t  t e s t ,  
t h e  n u l l  h y p o t h e s i s  i s  a s i m p l e  h y p o t h e s i s  w i t h  t h e  k n o w n  
p a r a m e t e r s .
T h r e e  l e v e l s  of; s i g n i f i c a n c e :  0 - 0 1 ,  0 . 0 5  a n d  0 . 2  w i l l  b e
u s e d  i n  t h i s  s t u d y .  T he  0 . 0 1  a nd  0 . 0 5  l e v e l s  a r e  a common 
v a l u e  o f  ALPHA, a n d  t h e  0 . 2  l e v e l  i s  a s t r i n g e n t  l e v e l  i n  
t e r m s  o f  t h e  p r o b a b i l i t y  o f  a c c e p t i n g  a f a l s e  h y p o t h e s i s ,  
a n d  f o r  p o w e r  c o m p u t a t i o n s .  I n  o r d e r  t o  o b t a i n  m o r e  p o w e r ­
f u l  r e s u l t s  f r o m  t h e  s t a t i s t i c a l  t e s t s  s t a t e d  i n  s u b s e c t i o n  
1 . 2 . 2  a n d  t o  r e d u c e  t h e  p r o b a b i l i t y  o f  e i t h e r  t y p e  I  e r r o r s ,  
ALPHA, o r  t y p e  I I  e r r o r s ,  BETA,  we u s e  l a r g e  s a m p l e s  f o r  
e v a l u a t i n g  t h e  g e n e r a t o r s  a n d  t h e  c o m b i n a t i o n s  i n  t h i s  
s t u d y .  T h e  p r o p e r  c h o i c e  o f  a  s a m p l e  s i z e  i s  s o m e w h a t  o b ­
s c u r e .  L a r g e  v a l u e s  o f  N w i l l  t e n d  t o  s m o o t h  o u t  l o c a l l y  
n o n r a n d o m  b e h a v i o r ,  a n d  s u c h  b e h a v i o r  i s  an u n d e s i r a b l e  
c h a r a c t e r i s t i c  t h a t  i s  o f  s i g n i f i c a n t  i m p o r t a n c e  i n  m o s t  
c o m p u t e r  a p p l i c a t i o n s  o f  r a n d o m  n u m b e r s .  T h i s  m akes  a c a s e  
f o r  s m a l l  v a l u e s  o f  N- A c o m p r o m i s e  may be  t a k e n  by d i v i d ­
i n g  a l o n g  s e r i e s  i n t o  KL s e t s  w i t h  N n u m b e r s  p e r  s e t ,  w h e r e  
N i s  r e l a t i v e l y  s m a l l ;  t h e n  t e s t i n g  b o t h  t h e  l o c a l  a n d  t h e  
g l o b a l  c h a r a c t e r i s t i c s  o f  t h e  s e r i e s  ( K u n t h ,  1 9 6 9 ) .  I n  a d ­
d i t i o n ,  s i n c e  t h e  p s e u d o  r a n d o m  n u m b e r s  g e n e r a t e d  f r o m  c o m ­
p u t e r s  a r e  d e t e r m i n e d  b y  t h e  i n i t i a l  s e e d  n u m b e r s ,  we may 
r e d u c e  t h i s  i n f l u e n c e  b y  g e n e r a t i n g  IS E T  i n d e p e n d e n t  s a m p l e s  
u s i n g  I S E T  d i f f e r e n t  i n i t i a l  s e e d s .
I n  t h i s  s t u d y ,  we i n v e s t i g a t e  t h e  q u a l i t y  o f  t h e  g e n e r a ­
t o r s  a n d  t h e  c o m b i n a t i o n s  by  g e n e r a t i n g  50  i n d e p e n d e n t  sam ­
p l e s  ( I S E T = 5 0 )  a s  a w h o l e  s e r i e s .  E ach  s a m p l e  c o n t a i n s  50
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s e t s  ( K L = 5 0 ) ,  a n d  e a c h  s e t  c o n t a i n s  1200  n u m b e r s  ( N = 1 2 0 0 ) .  
N e x t ,  we t e s t  t h e  c h a r a c t e r i s t i c s  o f  e a c h  s e t ,  e a c h  s a m p l e ,  
a n d  t h e  w h o l e  s e r i e s .  F i n a l l y ,  we u s e  t h e  t e s t  r e s u l t s  t o  
e v a l u a t e  t h e  q u a l i t y  o f  t h e  g e n e r a t o r s  a n d  t h e  c o m b i n a t i o n s .
1 . 3  PREVIEW OF CONCIOSIGNS
I n  m o s t  s i m u l a t i o n  a p p l i c a t i o n s  i t  i s  i m p l i c i t l y  a s s u m e d  
t h a t  i f  a n y  " g o o d "  u n i t  u n i f o r m  r a n d o m  n u m b e r  g e n e r a t o r  i s  
u s e d  i n  c o m b i n a t i o n  w i t h  a n y  Mg o o d ”  t r a n s f o r m a t i o n  a l g o r ­
i t h m ,  t h e  r e s u l t i n g  r a n d o m  v a r i a t e s  w i l l  h a v e  g o o d  p r o p e r ­
t i e s  o f  r a n d o m n e s s  a n d  w i l l  h a v e  t h e  d e s i r e d  f i t .  T h e  r e ­
s u l t s  o f  t h i s  p a p e r  w i l l  l i k e l y  show  t h i s  a s s u m p t i o n  t o  be  
f a l s e  m o r e  o f t e n  t h a n  t r u e .  T h u s  i f  i t  i s  t o  be  t r u e  t h e  
s i m u l a t i o n  p r a c t i t i o n e r  m u s t  be  c a u t i o u s  i n  t h e  s e l e c t i o n  o f  
b o t h  t h e  u n i t  u n i f o r m  g e n e r a t o r  a n d  t h e  t r a n s f o r m a t i o n  a l ­
g o r i t h m  t o  be  u s e d .
1 . h  OUT L I N E  OF THE STUDY
The  f o r m a l  p r e s e n t a t i o n  o f  t h e  s t u d y  i s  d i v i d e d  i n t o  
s e v e n  p a r t s .  C h a p t e r  o n e  p r e s e n t s  t h e  o b j e c t i v e  a n d  t h e  
j u s t i f i c a t i o n  o f  t h e  s t u d y ,  t h e  s c o p e  and  t h e  l i m i t a t i o n s  o f  
t h e  s t u d y ,  a p r e v i e w  o f  c o n c l u s i o n s ,  t o  t h e  s t u d y  a n d  t h e  
o u t l i n e  o f  t h e  s t u d y .  C h a p t e r  t w o  p r e s e n t s  a r e v i e w  a n d  s e ­
l e c t i o n  o f  s t a t i s t i c a l  t e s t s  f o r  t h e  g o o d n e s s  o f  f i t ,  i n d e -
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p e n d e n c e ,  a n d  r a n d o m n e s s  t e s t s .  F i v e  s t a t i s t i c a l  t e s t s  u s e d  
a s  o b j e c t i v e  m e t h o d o l o g i e s  f o r  q u a l i t y  e v a l u a t i o n s  a n d  com­
p a r i s o n s  f o r  g e n e r a t o r s / c o m b i n a t i o n s  a r e  p r e s e n t e d  i n  C h a p ­
t e r  t h r e e  t h r o u g h  C h a p t e r  s i x -  C h a p t e r  t h r e e  p r e s e n t s  t h e
s e l e c t e d  g o o d n e s s  o f  f i t  t e s t s  { t h e  c h i - s q u a r e  g o o d n e s s  o f  
f i t  t e s t )  f o r  t h e  d i s t r i b u t i o n  a n d  f o r  u s e  i n  c o n j u n c t i o n  
w i t h  o t h e r  t e s t s .  C h a p t e r  4 p r e s e n t s  t w o  s e l e c t e d  r a n d o m ­
n e s s  a n d  i n d e p e n d e n c e  t e s t s —  r u n s  u p  a n d  d o w n ,  a n d  r u n s  
a b o v e  and  b e l o w  t h e  m e d i a n .  T h e  o t h e r  t w o  s e l e c t e d  r a n d o m ­
n e s s  a n d  i n d e p e n d e n c e  t e s t s —  a u t o c o r r e l a t i o n  a n a l y s i s  a n d  
s p e c t r a l  a n a l y s i s ,  a r e  d i s c r i b e d  i n  c h a p t e r s  f i v e  a nd  s i x ,  
r e s p e c t i v e l y .  E a c h  o f  t h e s e  f o u r  c h a p t e r s  ( C h a p t e r  3 - 6 )  a r e  
c o m p o s e d  o f  t h r e e  p a r t s .  T h e  t h e o r i e s  o f  t h e  t e s t s  a r e  p r e ­
s e n t e d  i n  P i t r t  I ;  t h e  p r o c e d u r e s  f o r  t h e  t e s t s  and  t h e  t e s t  
r e s u l t s  a r e  e x h i b i t e d  i n  P a r t  I I  a n d  P a r t  I I I ,  r e s p e c t i v e l y .  
C h a p t e r  s e v e n  g i v e s  a s u m m a ry  o f  t h e  r e s u l t s  o b t a i n e d  f r o m  
e a c h  e x p e r i m e n t a l  s t a t i s t i c a l  t e s t  a n d  a s t a t e m e n t  o f  t h e  
e v a l u a t i o n  and  t h e  c o n c l u s i o n s  d r a w n  f r o m  t h i s  s t u d y .
C h a p te r  I I
REVIEW AND SELECTION OF S T A T I S T I C A L  TESTS
S i n c e  n u m b e r s  g e n e r a t e d  f r o m  t h e  c o m p u t e r  a r e  b a s e d  o n  
m a t h e m a t i c a l  c o n g r u e n t i a l  r e l a t i o n s ,  t h e y  a r e  n e t  t r u l y  r a n ­
dom -  H o w e v e r ,  f o r  p r a c t i c a l  a p p l i c a t i o n s ,  i n  g e n e r a l ,  t h e  
g e n e r a t e d  n u m b e r s  s h o u l d  be  s u f f i c i e n t l y  r a n d o m  a n d  i n d e p e n ­
d e n t ,  a n d  s h o u l d  f i t  w e l l  t o  t h e i r  d e s i r e d  d i s t r i b u t i o n .  
T h u s  t h e  q u a l i t y  e v a l u a t i o n s  o f  t h e  s e l e c t e d  g e n e r a t o r s  a n d  
t h e  s e l e c t e d  c o m b i n a t i o n s  i n  t h i s  e m p i r i c a l  s t u d y  m u s t  be 
b a s e d  o n  o b j e c t i v e  s t a t i s t i c a l  t e s t s  t o  a s s e s s  t h e  g o o d n e s s  
o f  f i t  t o  t h e  d e s i r e d  d i s t r i b u t i o n ,  r a n d o m n e s s  a n d  i n d e p e n ­
d e n c e  o f  t h e i r  c o r r e s p o n d i n g  g e n e r a t e d  n u m b e r s .
T h e r e  a r e  n u m e r o u s  s t a t i s t i c a l  g o o d n e s s  o f  f i t ,  r a n d o m ­
n e s s ,  a n d  i n d e p e n d e n c e  t e s t s  i n  t h e  l i t e r a t u r e .  H o w e v e r ,  i n  
m o s t  c a s e s  u n i v e r s a l l y  a c c e p t e d  n o  m e th o d  o f  c o n s t r u c t i n g  a 
g o o d  t e s t  i s  k n o w n  ( l e v e n e ,  1 9 5 2 ) -  I n  a d d i t i o n  i t  i s  n o t  
u s u a l l y  p o s s i b l e  t o  s a y  t h a t  o n e  t e s t  i s  m o r e  p o w e r f u l  t h a n  
a n o t h e r ,  u n l e s s  t h e  s e t  o f  a l t e r n a t i v e  h y p o t h e s e s  i s  s u f f i ­
c i e n t l y  s p e c i f i e d .  I n  t h i s  s t u d y ,  h o w e v e r ,  t h e  a l t e r n a t i v e s  
a r e  v a g u e  a n d  u n c l e a r -  T h u s  t h e  p u r p o s e  o f  t h i s  c h a p t e r  i s  
t o  i n v e s t i g a t e  a n d  t o  c o m p a r e  t h e  p o w e r s  o f  t h e  g o o d n e s s  o f  
f i t ,  r a n d o m n e s s ,  a n d  i n d e p e n d e n c e  t e s t s  i f  t h e y  a r e  a v a i l a -
-  14 -
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b l e ,  a n d  t o  s t u d y  t h e  b e h a v i o r  a n d  t h e  c h a r a c t e r i s t i c  o f  
t h e s e  t e s t s .  Th e n  we s e l e c t  s e v e r a l  t e s t s  w h i c h  h a v e  b e e n  
s h o w n  t o  be  r e l i a b l e  a n d  w h i c h  seem t o  b e  t h e  m o s t  s u i t a b l e  
f o r  t h e  p u r p o s e  o f  t h i s  s t u d y .  B a s e d  o n  v a l i d i t y ,  s i m p l i c ­
i t y ,  g e n e r a l i t y ,  a n d  w i d e  u s a g e ,  t h e  t e s t s  we s e l e c t e d  a r e  
t h e  P e a r s o n  c h i - s q u a r e  g o o d n e s s  o f  f i t  s t a t i s t i c  f o r  t h e  d e ­
s i r e d  d i s t r i b u t i o n  a n d  o t h e r  g o o d n e s s  o f  f i t  t e s t s  i n  c o n ­
n e c t i o n  w i t h  o t h e r  t e s t s ;  r u n s  up  a n d  d o w n ,  r u n s  a b o v e  a n d  
b e l o w  t h e  m e d i a n  f o r  r a n d o m  o s c i l l a t o r y  t e s t s ;  a u t o c o r r e l a ­
t i o n  a n a l y s i s  a n d  s p e c t r a l  a n a l y s i s  f o r  s e q u e n c e  i n d e p e n ­
d e n c e  t e s t s .
2 -  1 GOODNESS- O F - F I T  TESTS
2 . 1 . 1  I n  t r o d u c t i o n
h g o o d  u n i t  u n i f o r m  r a n d o m  n u m b e r  g e n e r a t o r ,  o r  a g o o d  
c o m b i n a t i o n  o f  a u n i t  u n i f o r m  r a n d o m  n u m b e r  g e n e r a t o r  a n d  
u n i t  n o r m a l  t r a n s f o r m a t i o n  a l g o r i t h m ,  s h o u l d  g e n e r a t e  num­
b e r s  w h i c h  h a v e  a u n i t  u n i f o r m  d i s t r i b u t i o n ,  a n d  a u n i t  n o r ­
m a l  d i s t r i b u t i o n ,  r e s p e c t i v e l y .  T h u s  o n e  c r i t e r i o n  f o r  t h e  
e v a l u a t i o n  o f  q u a l i t y  o f  t h e  s e l e c t e d  g e n e r a t o r s  a n d  t h e  s e ­
l e c t e d  c o m b i n a t i o n s  i s  t o  a s s e s s  t h e  g e n e r a t e d  s e q u e n c e  f o r  
t h e i r  f i t  t o  t h e  d e s i r e d  d i s t r i b u t i o n .  S e v e r a l  m e t h o d s  o f  
g o o d n e s s  o f  f i t  t e s t s  may be e m p l o y e d  t o  d e t e r m i n e  how w e l l
t h e  n u m b e r s  g e n e r a t e d  f i t  t h e i r  d e s i r e d  d i s t r i b u t i o n .  O v e r  
t h e  y e a r s ,  many p r o c e d u r e s  f o r  g o o d n e s s  o f  f i t  p r o b l e m s  h a v e
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b e e n  p r o p o s e d .  I n  a d d i t i o n  some p r o c e d u r e s  h a v e  b e e n  s t u ­
d i e d  f o r  t h e i r  p o w e r  p r o p e r t i e s .  I n  t h e  n e x t  s e c t i o n ,  we 
i n v e s t i g a t e  a n d  c o m p a r e  t h e i r  p o w e r s  a n d  t h e i r  c h a r a c t e r i s ­
t i c s  a s  p r e s e n t e d  i n  t h e  l i t e r a t u r e .  T h e n  we s e l e c t  P e a r ­
s o n ' s  c h i - s g u a r e  {CS) g o o d n e s s  o f  f i t  t e s t  as  m o s t  a p p r o p r i ­
a t e  f o r  t h i s  s t u d y .
2 . 1 . 2  L i t e r a t u r e  R e v i e w  a n d  S t a t i s t i c s  S e l e c t  i o n
S h a p i r o ,  M i l k  a n d  Chen ( 1 9 6 8 )  made an e x t e n s i v e  e m p i r i c a l  
s a m p l i n g  s t u d y  o f  t h e  c o m p a r a t i v e  s e n s i t i v i t i e s  o f  n i n e  s t a ­
t i s t i c a l  t e s t s  f o r  e v a l u a t i n g  t h e  n o r m a l i t y  o f  a c o m p l e t e  
s a m p l e .  T h e y  a r e  t h e  s t a n d a r d  t h i r d  moment  ^ ( b 1 ) ,  t h e  s t a n ­
d a r d  f o u r t h  moment  ( b 2 ) f o r  s t a n d a r d  t e s t s , 1 2  K o l m o g o r o v -  
S m i r n o v  (KS)  ( K o l m o g r o v ,  1 9 3 3 ) ,  P e a r s o n  c h i - s g u a r e  g o o d n e s s  
t e s t  (CS) ( 1 9 0 0 ) ,  C r a m e r - V o n  M i s e s  (CVM) ( C r a m e r , 192 8  a n d  
Von M i s e s ,  193 1) ,  m o d i f i e d  KS (D) ( D u r b i n ,  1 9 6 1 ) ,  and  a 
w e i g h t e d  C r a m e r - V o n - M i s e s  (UCVM) ( A n d e r s o n  a n d  D a r l i n g ,  1954)  
f o r  d i s t a n c e  t e s t s ,  R a n g e /  s t a n d a r d  d e v i a t i o n  (u)  ( D a v i d ,  
e t , a l . , 1954)  f o r  r a t i o  t e s t s ,  a n d  S h a p i r o - H i l k  t e s t  (W)
( 1 9 6 5 ) 13 f o r  a n a l y s i s  o f  v a r i a n c e  t e s t s .  F o u r t y —f i v e  a l t e r ­
n a t i v e  d i s t r i b u t i o n s  i n  t w e l v e  f a m i l i e s  w i t h  f i v e  s a m p l e s  
e a c h  o f  s i z e s  ( N = 1 0 ,  1 5 ,  2 0 ,  3 5 ,  5 0 )  w e re  s t u d i e d .  F o r  a l l
1 2 The e a r l i e s t  w o r k  o n  t e s t i n g  f o r  d e p a r t u r e  f r o m  n o r m a l i t y  
i s  b a s e d  on  b 1 and  t 2 .
1 3 T h e  d e f i n i t i o n s  o f  t h e  t e s t s  a r e  i n  t h e  A p p e n d i x  C.
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s t a t i s t i c s  e x c e p t  W, t h e  e m p i r i c a l  n u l l  d i s t r i b u t i o n  was  
b a s e d  o n  M=500 s a m p l e s  f o r  e a c h  s a m p l e  s i z e .  F o r  t h e  H s t a ~  
t i s t i c ,  i t  was b a s e d  on n - 5 0 0 0  f o r  N < 2 0 ,  a n d  on
M = ( 1 0 0 , 0 0 0 / N )  f o r  20  < N < 5 0 .  A l t e r n a t i v e  d i s t r i b u t i o n s ,  
i n  g e n e r a l ,  w e r e  c l a s s i f i e d  i n t o  t h e  d i s c r e t e  c a s e  a n d  t h e  
c o n t i n u o u s  c a s e .  F u r t h e r m o r e ,  t h e  c o n t i n u o u s  c a s e  was c l a s ­
s i f i e d  i n t o  f i v e  m a j o r  g r o u p s ,  a c c o r d i n g  t o  v a l u e s  o f  W B 1 J 
a n d  B2 a s  f e l l o w s :
G r o u p  1 :  1 B1 J > 0 . 3 ,  B2 > 3 . 0  ( a s y m m e t r i c ,  l o n g - t a i l e d )  .
G r o u p  2 :  I /J31 J > 0 . 3 ,  B2 < 3 . 0  ( a s y m m e t r i c ,  s h o r t - t a i l e d ) .
G r o u p  3 :  | | < 0 . 3 ,  E2 > 4 . 5  ( s y m m e t r i c ,  l o n g - t a i l e d ) .
G r o u p  *1: \ / J i l l  ) < 0 . 3 ,  E2 > 2 . 5  ( s y m m e t r i c ,  s h o r t - t a i l e d ) .
G r o u p  5 :  1 aJ B 1 1 < 0 . 3 ,  2 . 5 < B 2  < 4 . 5  ( n e a r  n o r m a l ) .
I n  t h e i r  s t u d y ,  t h e  a u t h o r s  f o u n d  t h a t  t h e  p o w e r  o f  t h e
t e s t  p r o c e d u r e s  d e p e n d s  on  t h e  n a t u r e  o f  t h e  a l t e r n a t i v e
d i s t r i b u t i o n s  a n d  t h e  s a m p l e  s i z e  ( i n  m o s t  c a s e  t h e  s e n s i ­
t i v i t y  i n c r e a s e s  m a r k e d l y  w i t h  t h e  s a m p l e  s i z e ) .  F rom  t h e  
r e s u l t s  o f  S h a p i r o  a n d  W i l k '  p o w e r  c o m p a r i s o n s ,  f o r  t h e  sam­
p l e  o f  s i z e  N = 5 0 ,  t h e  p o w e r s  o f  t h e  s t a t i s t i c s  c o n s i d e r e d
a r e  b r o a d l y  i n  t h e  f o l l o w i n g  o r d e r  o f  d e s c e n d i n g  p o w e r s ;  VJ
> b2 > CS > I) > u > KS > WCft > yj b 1 > C' i .  Some g e n e r a l  c o n ­
c l u s i o n s  w e r e  g l e a n e d  b y  t h e  a u t h o r s  f r o m  t h e  e m p i r i c a l  t e s t
r e s u l t s .
' i * ! h e  a v e r a g e  p o w e r s  o f  t h e  44  a l t e r n a t i v e s  s t u d i e d  a t  a 1 0 % 
l e v e l  f o r  s a m p l e  s i z e  50 a r e  W = 6 9 . 9 8 ;  L> 2= 53 .74 ;  C S = 5 2 . 8 8 ;
0 = 5 1 . 7 9 ;  u = 4 9 . 2 9 ;  K S = 4 3 . 9 5 ;  W C M = 4 3 .0 5 ;  , J b 1  = 3 6 . 2 5 ;
C M = 3 5 . 6 2 .
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T he  d i s t a n c e  t e s t s  (K S ,  CM, KCM, E - b a s e d  o n  t h e  c o m p a r i ­
s o n  o f  t h e  h y p o t h e s i z e d  c u m m u l a t i v e  d i s t r i b u t i o n  f u n c t i o n  
w i t h  t h e  e m p i r i c a l  d i s t r i b u t i o n  f u n c t i o n )  a r e  t y p i c a l l y  i n ­
f e r i o r  i n  s e n s i t i v i t y  a g a i n s t  c o n t i n u o u s  d i s t r i b u t i o n  a l t e r ­
n a t i v e s  w i t h  s om e  e x c e p t i o n s  m a i n l y  i n  c o n n e c t i o n  w i t h  d i s ­
c r e t e  a l t e r n a t i v e s  i n  t h e  c a s e  o f  t h e  D s t a t i s t i c -  T he  D 
s t a t i s t i c  h a s  e x c e p t i o n a l  p e r f o r m a n c e  f o r  d i s c r e t e  a l t e r n a ­
t i v e s .
The u s t a t i s t i c  h a s  p a r t i c u l a r l y  g o o d  p r o p e r t i e s  a g a i n s t  
s y m m e t r i c ,  e s p e c i a l l y  s h o r t  t a i l e d  ( e . g .  t h e  u n i f o r m )  d i s ­
t r i b u t i o n s ,  b u t  i t  s e e m s  t o  h a v e  no p o w e r  w i t h  r e s p e c t  t o  
a s y m m e t r y  ( h i g h l y  s k e w e d  a n d  v e r y  l o n g  t a i l e d  d i s t r i b u ­
t i o n s )  .
J b l  i s  g u i t e  s e n s i t i v e  t o  m o s t  f o r m s  o f  s k e w n e s s ,  t u t  i t  
i s  i n  g e n e r a l  i n s e n s i t i v e  i n  t h e  c a s e  o f  s y m m e t r i c  a l t e r n a ­
t i v e s  s u c h  a s  t h e  u n i f o r m  d i s t r i b u t i o n .  I t  i s  v e r y  p o o r  i n  
c o m p a r i s o n  w i t h  t h e  d i s c r e t e  d i s t r i b u t i o n s .  T h e  b2 s t a t i s ­
t i c  p e r f o r m s  c o m p a r a t i v e l y  w e l l  w i t h  f i n i t e  r a n g e  d i s t r i b u ­
t i o n s  a s  w e l l  a s  w i t h  s y m m e t r i c  l o n g  t a i l e d  i n f i n i t e  r a n g e  
d i s t r i b u t i o n s .  I t  i s ,  h o w e v e r ,  n o t  e f f e c t i v e  a g a i n s t  s k e w e d  
a n d  d i s c r e t e  d i s t r i b u t i o n s .  G e n e r a l l y  ,J b 1 r e s p o n d s  t o  s k e w ­
n e s s  a n d  b2 t o  k u r t o s i s .  C o m b i n a t i o n s  o f  b o t h  , J b 1  a n d  b2  
u s u a l l y  p r o v i d e  a s e n s i t i v e  j u d g e m e n t  ( D ’ A g o s t i n o  a n d  P e a r -  
£ ° n , 1 9 7 3 ;  B ° wman a n d  S h e n t o n ,  1 9 7 5 *  P e a r s o n ,  D ' A g o s t i n o  a n d  
Bowrcan,  1 9 7 7 )
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CS ( b a s e d  on  a n u m e r i c a l  m e a s u r e  o f  t h e  d i f f e r e n c e  b e t ­
ween t h e  o b s e r v e d  a n d  t h e  t h e o r e t i c a l  d i s t r i b u t i o n )  h a s  g o o d  
p o w e r  a g a i n s t  t h e  h i g h l y  s k e w e d  d i s t r i b u t i o n s  a n d  r e a s o n a b l e  
s e n s i t i v i t y  t o  v e r y  l o n g  t a i l e d n e s s .  S h a p i r o  a n d  W i l k  i n d i ­
c a t e d  t h a t  f o r  s a m p l e  s i z e  50 f o r  many a l t e r n a t i v e  d i s t r i b u ­
t i o n s  CS i s  t h e  m o r e  p o w e r f u l -  H o w e v e r ,  i t  h a s  t h e  d i s a d ­
v a n t a g e s  t h a t  t h e  n u m b e r  a n d  t h e  c h a r a c t e r  o f  c l a s s
i n t e r v a l s  u s e d  i s  a r b i t r a r y .  A l l  i n f o r m a t i o n  c o n c e r n i n g
s i g n  a n d  t r e n d  o f  d i s c r e p a n c i e s  i s  i g n o r e d  a n d  t h a t ,  f o r
s m a l l  s a m p l e s ,  t h e  n u m b e r  o f  c e l l s  m u s t  be  v e r y  s m a l l .
The W s t a t i s t i c  ( o b t a i n e d  by  t h e  r a t i o  o f  t h e  b e s t  o r  a p ­
p r o x i m a t e l y  b e s t  l i n e a r  u n b a i s e d  e s t i m a t o r  o f  t h e  p o p u l a t i o n  
v a r i a n c e  t o  t h e  s a m p l e  v a r i a n c e )  e x h i b i t s  s e n s i t i v i t y  t o  
n o n - n o r m a l i t y  o v e r  a w i d e  r a n g e  o f  a l t e r n a t i v e  d i s t r i b u ­
t i o n s .  F o r  c o n t i n u o u s  a l t e r n a t i v e s ,  i t  i s  t h e  o n l y  t e s t
w h i c h  n e v e r  h a s  v e r y  l o w  p o w e r  w h e r e  a n o t h e r  t e s t  h a s  h i g h  
p o w e r .  F o r  d i s c r e t e  a l t e r n a t i v e s  i t  c o m p a r e s  p o o r l y  o n l y
a g a i n s t  t h e  r e s u l t s  f o r  t h e  D t e s t  a n d  o c c a s i o n a l l y  t h e  CS 
s t a t i s t i c s .  I t  p r o v i d e s  w h a t  u i g h t  be t e r m e d  a v e r y  g o o d  
o m n i b u s  t e s t . 1 5
1 5 An o m n i b u s  t e s t  i s  a p p r o p r i a t e  f o r  d e t e c t i n g  a n y  f o r m  o f  
d e v i a t i o n  f r o m  n o r m a l i t y  d u e  e i t h e r  t o  s k e w n e s s  o r  t o  k u r -  
t o s i s .  So i t  i s  u s e d  i f  we do n o t  h a v e  a n y  p r i o r  k n o w ­
l e d g e  o f  t h e  e x p e c t e d  d i r e c t i o n  o f  d e p a r t u r e  f r o m  n o r m a l ­
i t y .
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H o w e v e r ,  f r o m  a p r a c t i c a l  v i e w p o i n t ,  t h i s  p r o c e d u r e  h a s  
d i s a d v a n t a g e s .  F o r  e a c h  s a m p l e  o f  s i z e  N, a d i f f e r e n t  s e t  
o f  a p p r o p r i a t e  w e i g h t s  f o r  t h e  o r d e r  o b s e r v a t i o n s  f o r  t h e  
n u m e r a t o r  o f  1 i s  r e g u i r e d .  T h e y  a r e  o b t a i n e d  by  a p p r o x i m a ­
t i o n  t o  t h e  c o v a r i a n c e  m a t r i x  o f  t h e  n o r m a l  o r d e r  s t a t i s ­
t i c s .  To d a t e ,  t h e  e l e m e n t s  o f  t h e  c o v a r i a n c e  m a t r i x  o f  t h e  
n o r m a l  o r d e r  s t a t i s t i c s  a r e  a v a i l a b l e  o n l y  f o r  s a m p l e s  o f  
s i z e s  u p  t o  2 0 .  T h e s e  w e r e  p r e s e n t e d  b y  S h a r h a n  a n d  G r e e n ­
b e r g  ( 1 9 5 6 ) .  F o r  l a r g e  s a m p l e  s i z e s ,  i t  i s  a w k a r d  t o  a p ­
p r o x i m a t e  o r  t o  t a b u l a t e  t h e m .  F u r t h e r m o r e ,  a s e t  o f  s i g n i ­
f i c a n t  p o i n t s  i s  n e e d e d  f o r  e a c h  s a m p l e  o f  s i z e ,  N.  B e c a u s e  
• S ' s  m o m e n ts  b e y o n d  t h e  f i r s t ,  a r e  u n k n o w n ,  i t  i s  d i f f i c u l t  
t o  f i n d  t h e  a p p r o x i m a t e  n u l l  d i s t r i b u t i o n  o f  f l .  S i m u l a t i o n  
r u n s  seem t o  b e  t h e  o n l y  a v a i l a b l e  way t o  o b t a i n  t h e  n u l l  
d i s t r i b u t i o n .  F o r  l a r g e  s a m p l e  s i z e s ,  i t  may b e  d i f f i c u l t  
t o  d e t e r m i n e  t h e  p e r c e n t a g e  p o i n t s  o f  i t s  d i s t r i b u t i o n .  
T h u s  S h a p i r o  a n d  W i l l s  d i d  n o t  e x t e n d  t h e i r  t e s t s  b e y o n d  s a m ­
p l e s  o f  s i z e  5 0 .  T h e y  s u p p l i e d  t h e  w e i g h t s  a n d  p e r c e n t a g e
p o i n t s  r e g u i r e d  f o r  t h e  t e s t  up  t o  s a m p l e  o f  s i z e  5 0 .  T h u s ,  
a l t h o u g h  t h i s  s t a t i s t i c  h a s  s u r p r i s i n g l y  g o o d  p o w e r  p r o p e r ­
t i e s  f o r  a n o r m a l i t y  d e p a r t u r e  t e s t ,  i t  i s  u n a v a i l a b l e  f o r
l a r g e  s a m p l e  s i z e ,  s a y  N > 100 ( D ’ A g o s t i n o ,  1 9 7 1 ) .
S h a p i r o  and  B i l k  d i d  n e t  e x t e n d  t h e  Vi t e s t  b e y o n d  t h e  
s a m p l e  o f  s i z e  5 0 ,  D ' A g o s t i n o  ( 1 9 7 1 )  p r e s e n t e d  a new t e s t ,  
DA ( r a t i o  o f  D o w n t o n ’ s  l i n e a r  u n b i a s e d  e s t i m a t o r  o f  t h e  p o ­
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p u l a t i o n  s t a n d a r d  d e v i a t i o n  t o  t h e  s a m p l e  s t a n d a r d  d e v i a ­
t i o n )  , o f  n o r m a l i t y  a p p l i c a b l e  f o r  s a m p l e  o f  s i z e s  o f  50 o r  
l a r g e r .  To i n v e s t i g a t e  t h e  p o w e r  o f  DA, h e  g e n e r a t e d  f r o m  
200 t o  4 00  r a n d o m  s a m p l e s  o f  s i z e  50  f o r  e a c h  o f  s e v e r a l  a l ­
t e r n a t i v e  d i s t r i b u t i o n s ,  42  i n  a l l .  He p e r f o r m e d  a t w o -  
s i d e d  10 p e r c e n t  l e v e l  s i g n i f i c a n c e  t e s t  o n  t h e m .  M o s t  o f  
t h e  a l t e r n a t i v e s  w e r e  c o n s i d e r e d  b y  S h a p i r o  ( 1 9 6 8 ) .  An em­
p i r i c a l  s a m p l i n g  s t u d y  o f  t h e  c o m p a r a t i v e  p o w e r  o f  t h e  DA 
t e s t  w i t h  F ,  / J b 1 ,  b 2  a n d  u i n d i c a t e d  t h a t  t h e  DA t e s t  com­
p a r e s  f a v o r a b l y  w i t h  t h e  W, f j b l ,  b 2 ,  and  u .  1 6
I h e  s t a t i s t i c  DA i s  an  o m n i b u s  t e s t .  I t  c a n  d e t e c t  d e v i ­
a t i o n  f r o m  n o r m a l i t y  d u e  e i t h e r  t o  s k e w n e s s  o r  t o  k u r t o s i s .  
I t  i s  u s e f u l  when t h e  t y p e  o f  d e v i a t i o n  f r o m  n o r m a l i t y  i s  
u n k n o w n .  I t  m a i n t a i n s  a g o o d  p o w e r  o v e r  a w i d e  s p e c t r u m  o f  
a l t e r n a t i v e s .  I t  i s  a s  p o w e r f u l  a s  o r  m e re  p o w e r f u l  t h a n  
j j b 1 f o r  s y m m e t r i c  a l t e r n a t i v e s  a n d  f o r  a b o u t  h a l f  o f  t h e  
s k e w e d  d i s t r i b u t i o n s  c o n s i d e r e d .  F o r  a b o u t  t h r e e - q u a r t e r s  
o f  b o t h  t h e  s y m m e t r i c  a n d  t h e  s k e w e d  a l t e r n a t i v e s ,  DA i s  a s  
p o w e r f u l  a s  o r  m o r e  p o w e r f u l  t h a n  b 2 .  A l s o  DA i s  a s  p o w e r ­
f u l  a s  o r  m o re  p o w e r f u l  t h a n  u f o r  a b o u t  t w o - t h i r d s  o f  t h e  
s y m m e t r i c  a l t e r n a t i v e s  w h i l e  i t  i s  a l m o s t  a l w a y s  s o  f o r  
s k e w e d  a l t e r n a t i v e s -  T h e  m a in  u s e  o f  DA c o m e s  when W i s  
u n a v a i l a b l e ,  f o r  e x a m p l e  w hen  N > 1 0 0 .
1 6 T h e  a v e r a g e  p o w e r s  o f  28  a l t e r n a t i v e  s t u d i e s  a t  a 10% 
l e v e l  f o r  s a m p l e  s i z e  N=50 a r e  W = 5 9 . 8 2 ;  b 2 = 5 2 » 1 8 ;
E A = 4 9 . 8  9 ;  u = 4 6 . 3 9 ;  ^ 1 1  = 3 8 . 3 2 .
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S h a p i r o  a n d  F r a n c i a  ( 1 S 7 2 )  p r o p o s e d  a m o d i f i c a t i o n  o f  t h e  
S h a p i r o -  H i l k '  R s t a t i s t i c  (W ' )  , an  a p p r o x i m a t e  a n a l y s i s  o f  
t h e  v a r i a n c e  t e s t ,  f o r  t e s t i n g  n o r m a l i t y -  I t  c a n  be  u s e d  
f o r  a l a r g e  s a m p l e -  T h e  c o e f f i c i e n t s  R* n e e d s  d e p e n d  o n l y  
o n  t h e  e x p e c t e d  v a l u e s  o f  t h e  n o r m a l  o r d e r  s t a t i s t i c s  a n d  
t h e y  a r e  a v a i l a b l e  ( ^ H a r t e r ,  196 1 ;  P e a r s o n  a n d  H a r t l e y ,  
1 9 7 2 ,  T a b l e  9 ) .  An e m p i r i c a l  s a m p l i n g  s t u d y  was c o n d u c t e d  
t o  c o m p a r e  t h e  s e n s i t i v i t i e s  o f  t h e  S a nd  t h e  R* t e s t s  i n  
d e t e c t i n g  n o n - n o r m a l i t y .  Cne h u n d r e d  s a m p l e s  o f  s i z e  N = 3 5  
a n d  50 w e r e  g e n e r a t e d  r a n d o m l y  f r o m  37 a l t e r n a t i v e  d i s t r i b u ­
t i o n s .  T h e  a l t e r n a t i v e  d i s t r i b u t i o n s  came f r o m  12 d i f f e r e n t  
f a m i l i e s  a n d  r e p r e s e n t e d  a w i d e  v a r i e t y  o f  s a m p l e s  i n c l u d i n g
s k e w e d  a n d  s y m m e t r i c  a s  w e l l  a s  c o n t i n u o u s  a n d  d i s c r e t e  d i s ­
t r i b u t i o n s .
T h e  r e s u l t s  o f  t h i s  s t u d y  i n d i c a t e  t h a t ,  o v e r a l l ,  t h e  
s e n s i t i v i t i e s  o f  t h e  W t e s t  and  t h e  a p p r o x i m a t e  W' t e s t  a r e  
e q u i v a l e n t .  Any d i f f e r e n c e  d e p e n d s  o n  t h e  c h a r a c t e r i s t i c s  
o f  t h e  a l t e r n a t i v e  d i s t r i b u t i o n s .  I n  g e n e r a l ,  t h e  H '  t e s t  
a p p e a r s  t o  be  m o re  s e n s i t i v e  t h a n  t h e  fl t e s t  when t h e  a l t e r ­
n a t i v e  d i s t r i b u t i o n  i s  c o n t i n u o u s  a n d  s y m m e t r i c  w i t h  a h i g h  
f o u r t h  m o m e n t ,  when i t  i s  n e a r  n o r m a l ,  a n d  when i t  i s  d i s ­
c r e t e  a n d  s k e w e d .  T h e  t w o  t e s t s  a p p e a r  t o  be  e q u i v a l e n t  f o r  
a l t e r n a t i v e  d i s t r i b u t i o n s  w h i c h  a r e  c o n t i n u o u s  a n d  asym me­
t r i c  w i t h  h i g h  f o u r t h  m om ent  a s  w e l l  as  b e i n g  d i s c r e t e  and  
s y m m e t r i c .  T he  W i s  s u p e r i o r  t o  t h e  H ' t e s t  f o r  t h e  o t h e r  
a l t e r n a t i v e  d i s t r i b u t i o n s -
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The  u s e  o f  t h e  14' p r o c e d u r e  f o r  s a m p l e  s i z e s  g r e a t e r  t h a n  
50 was r e c o m m e n d e d ,  a n d  t h e  e x t e n s i o n  t o  s a m p l e  s i z e s  o v e r  
100 c a n  r e a d i l y  be a c c o m p l i s h e d .  H o w e v e r ,  o n e  m u s t  be  c a r e ­
f u l  i n  s u c h  e x t r a p o l a t i o n s .  P e a r s o n  a n d  D ' A g o s t i n o  ( 1 9 7 7 )  
s u g g e s t e d  t h a t  t h e  U'  t e s t  m u s t  be  u s e d  w i t h  c a u t i o n  i f  
t h e r e  a r e  m u l t i p l e  t i e s  e x i s t i n g  i n  t h e  o r d e r e d  o b s e r v a ­
t i o n s .
The  p o w e r  o f  G e a r y ' s  En t e s t ,  t h e  r a t i o  o f  t h e  mean d e v i ­
a t i o n  t o  t h e  s t a n d a r d  d e v i a t i o n  ( G e a r y ,  1 9 3 5 ) ,  was i n v e s t i ­
g a t e d  b y  D ' A g o s t i n o  a n d  Po sm an  ( 1 S 7 h ) .  T h e  p o w e r  o f  G e a r y *  
Wn t e s t  was  c o m p a r e d  w i t h ^ J f c l ,  b 2 ,  EA,  W ( f o r  s a m p l e  s i z e s ,  
N = 2 0 ,  5 0 ) ,  a n d  fl* ( f o r  s a m p l e  s i z e ,  N = 1 0 0 ) .  F o r  s a m p l e s  o f  
s i z e  N=20 ,  5 0 ,  a n d  1 0 0 ,  t h e y  g e n e r a t e d  2 0 0  r a n d o m  s a m p l e s
f o r  e a c h  a l t e r n a t i v e  a n d  p e r f o r m e d  t h e  t e s t s  u n d e r  c o n s i d e r ­
a t i o n  a t  t h e  0 . 0 1 ,  0 . 0 5 ,  0 . 1 ,  a n d  0 . 2  l e v e l s ,  b o t h  o n e  a nd  
t w o - s i d e d  t e s t s .  The  a l t e r n a t i v e s  c o n s i d e r e d  w e r e  t h e  35 
g i v e n  i n  t h e  T a b l e  3 o f  D ' A g o s t i n o  (1 9 7 1 )  a l o n g  w i t h  t h e  21 
c o n t a m i n a t e d  n o r m a l s  u s e d  i n  a p o w e r  s t u d y  b y  C h e n  ( 1 9 7 1 ) .  
T h e  r e s u l t  o f  t h i s  t e s t  i s  t h a t  t h e r e  was n o  s p e c i f i c  s i t u a ­
t i o n  w h e r e  G e a r y '  Wn t e s t  c l e a r l y  a n d  f o r  p r a c t i c a l  p u r p o s e s  
d o m i n a t e s  a l l  o t h e r  t e s t s  o f  n o r m a l i t y .  H o w e v e r ,  i t  s t i l l  
h a s  g o o d  p o w e r  p r o p e r t i e s  a n d  h a s  t h e  m e r i t  o f  s i m p l i c i t y .
P e a r s o n  ( 1 9 3 5 )  i n v e s t i g a t e d  t h e  p o w e r  o f  t h e  Hn t e s t .  He 
f o u n d  t h a t  f o r  a s k e w n e s s  t e s t ,  t h e ^ j b !  t e s t  i s  b e t t e r  t h a n
2a
Wn. F o r  l a r g e  s a m p l e  s i z e ,  t h e  b i a s  o f  h2 i s  l e s s  t h a n  V?n. 
T h u s  f o r  k u r t o s i s  t e s t ,  12  i s  b e t t e r  t h a n  Wn,
T h e  p o w e r s  o f  KS ,  CM, WCH, D A ,  W, a n d  W* w e r e  a l s o  s t u ­
d i e d  b y  S t e p h e n s  ( 1 9 7  4) .  F o r  t h e  n o r m a l i t y  t e s t ,  he f o u n d  
t h a t  t h e  p o w e r  o f  KS i s  t h e  p o o r e s t  am ong  t h e  s t a t i s t i c s  
c o n s i d e r e d .  H o w e v e r ,  t h e  CM a n d  HCM t e s t s  a r e  m o re  p o w e r f u l  
t h a n  t h o s e  f o u n d  by S h a p i r o ,  W i l k  a n d  C h e n  ( 1 9 6 8 ) .  S t e p h ­
e n s  c o n c l u d e d  t h a t  t h e  CM a n d  t h e  WCM s t a t i s t i c s  a r e  c o c a p a r -  
a b l e  t o  W. The  r e a s o n  i s  t h a t  h e  u s e d  t h e  e s t i m a t e d  mean 
a n d  v a r i a n c e  f r c m  s a m p l e  d a t a  i n s t e a d  o f  u s i n g  t h e  t r u e  mean 
a n d  t h e  v a r i a n c e  f o r  t h e  d i s t r i b u t i o n  f u n c t i o n .
F o r  t h e  DA t e s t ,  S t e p h e n s  f o u n d  r e l a t i v e l y  p o o r e r  p o w e r  
t h a n  f o r  D and  W*. The  r e a s o n  i s  t h a t  t h e  c o e f f i c i e n t s  o f  H 
a n d  V!» n e e d  t o  h a v e  g o o d  p r o p e r t i e s  a n d  g o c d  a p p r o x i m a t i o n ,  
r e s p e c t i v e l y .  I n  t h e  DA t e s t ,  t h e s e  c o e f f i c i e n t s  w e re  r e ­
p l a c e d  b y  v a l u e s  w h i c h  c a n  e a s i l y  be  c a l c u l a t e d  ( 
C i n = 1 / 2 *  (N + 1 ) - i  ) ,  b u t  t h e  p o w e r  d r o p p e d  c o n s i d e r a b l y .
D y e r  ( 1 9 7 4 )  a l s o  s u g g e s t e d  t h a t  e v e n  i f  o n e  b e l i e v e s  t h a t  
t h e  t r u e  mean and  v a r i a n c e  a r e  k n o w n ,  o ne  s h o u l d  s t i l l  a s ­
sume t h e m  u n k o w n  f o r  t h e  n o r m a l i t y  t e s t  a n d  e s t i m a t e  t h e m  i n  
m a k i n g  t h e  t e s t .  T h e  r e s u l t s  he f o u n d  i n d i c a t e  t h a t  t h e  
p o w e r s  o f  W,  CM, WCM, a n d  KS a r e  l a r g e r  when u s i n g  t h e  e s t i ­
m a te d  mean a n d  v a r i a n c e  t h a n  when u s i n g  t r u e  v a l u e s .
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P e a r s o n ,  D ' A g o s t i n o  a n d  Bowman ( 1 9 7 7 )  s t u d i e d  t h e  p o w e r  
o f  f o u r  o m n i b u s  t e s t s :  K ,  R , 1 7  W and  D A , 1® a n d  f o u r  d i r e c ­
t i o n a l  T e s t s : 1 9 4^ fc1,  b 2 ,  r i g h t  a n g l e  a n d  t h e  u p p e r  t a i l  o r
l o w e r  t a i l  DA t e s t s . 2 0  T h e y  a l s o  c o n s i d e r e d  t h e  u t e s t ,  b u t  
i n  a l l  o f  t h e s e  c a s e s  i t  was l e s s  p o w e r f u l  t h a n  t h e  a p p r o ­
p r i a t e  s i n g l e  t a i l  fc2 t e s t .  U n d e r  t h e  a s s u m p t i o n  t h a t  t h e  
l i k e l y  d i r e c t i o n s  o f  d e p a r t u r e  f r o m  n o r m a l i t y  was  k n o w n .  
T h e y  a p p l i e d  t h e s e  t e s t s  a t  t h e  5% l e v e l  f o r  2 0 0  s a m p l e s  o f  
N = 2 0 ,  5 0 ,  a n d  1 0 0 .  Each  s a m p l e  was d r a w n  f r o m  among 5 8
n o n n o r m a l  p o p u l a t i o n s  i n v o l v i n g  1 2  d i s t r i b u t i o n s .
F r o m  t h e  t e s t  r e s u l t s ,  t h e y  f o u n d  t h a t  t h e  p o w e r  o f  t h e  
t e s t s  d e p e n d s  o n  t h e  n a t u r e  o f  t h e  a l t e r n a t i v e  d i s t r i b u t i o n  
a n d  t h e  s a m p l e  s i z e .  ^ inong f o u r  o m n i b u s  t es t s ,  t h e  w t Gs t  
i s  t h e  m o s t  s e n s i t i v e  t e s t .  I n  a d d i t i o n ,  i f  p r i o r  k n o w l e d g e  
w a r r a n t s  t h e  u s e  o f  t h e  c o r r e c t  d i r e c t i o n a l  t e s t ,  t h e  d i r e c ­
t i o n a l  t e s t  se e m s  t o  b e  m o re  p o w e r f u l  t h a n  a n y  o n e  o f  t h e  
f o u r  o m n i b u s  t e s t s .
17 K a n d  P. a r e  o m n i b u s  t e s t s  i n v o l v i n g  t h e  r a t i o s  o f / J b 1  and  
b 2  j o i n t l y .
18A s  a n  o m n i b u s  t e s t ,  DA s h o u l d  be  t w o  s i d e d ,  i . e .  b o t h  t h e  
u p p e r  a n d  t h e  l o w e r  p e r c e n t a g e  p o i n t s  o f  DA a r e  n e e d e d .
1<»The d i r e c t i o n a l  t e s t  i s  e s p e c i a l l y  s e n s i t i v e  t o  t h e  e x ­
p e c t e d  t y p e  o f  d e p a r t u r e .  So i t  i s  u s e d  i f  i t  i s  p o s s i b l e  
t o  s p e c i f y  t h e  way  i n  w h i c h  t h e  d a t a  a r e  l i k e l y  t o  d e p a r t  
f r o m  n o r m a l i t y .
2 ° S i n c e  DA c a n  be  p o s i t i v e  o r  n e g a t i v e  s i m u l a t i o n  s t u d i e s  
s u g g e s t  t h a t  i t  c a n  be u s e d  a s  a d i r e c t i o n a l  t e s t  i n  t h e  
sam e  way as  b 2 .  E x t r e m e  p o s i t i v e  v a l u e s  i n d i c a t e  t h a t  t h e  
p o p u l a t i o n  w i l l  h a v e  k u r t o s i s  w i t h  E2 < 3 ,  n e g a t i v e  v a l u e s  
i m p l y  32  >3 ( P e a r s o n ,  1 9 7 7 ) .
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F o r  s k e w e d  p o p u l a t i o n s  a n d  f o r  s a m p l e  s i z e s  N=20 a n d  5 0 ,  
t h e s e  a u t h o r s  e s t i m a t e d  f o u r  o m n i b u s  t e s t s  a n d  t w o  d i r e c -  
t i o n a l  t e s t s ,  b2 a n d  DA,  T h e y  f o u n d ,  t h a t  f o r  p o p u l a t i o n s
I - 7  ( i , e . ,  B2 < 1 . 0 ) ,  t h e  o m n i b u s  W t e s t  i s  m ore  p o w e r f u l  
t h a n  t h e  K and  B t e s t s ,  a n d  t h e  p o w e r s  o f  K a n d  S a r e  e q u i ­
v a l e n t -  F o r  l e p t o k u t i c  p o p u l a t i o n  ( B2 > 3 - 0 ) ,  i . e .  p o p u ­
l a t i o n s  1 1 - 1 6  a n d  1 8 - 2 7 ,  t h e y  f o u n d  t h a t  t h e  r e l a t i v e  p o w e r s  
o f  t h e  o m n i b u s  t e s t s  a r e  i n  t h e  f o l l o w i n g  o r d e r ;  K > B > DA
> W. H o w e v e r ,  f o r  p o p u l a t i o n  17 ,  t h e  W t e s t  i s  t h e  m o s t
p o w e r f u l -  F o r  l o n g  t a i l e d  p o p u l a t i o n s ,  2 8 - 3 2  ( i . e . ,  B2 > 
3 . 6  ) ,  t h e  DA t e s t  t u r n s  o u t  t o  be  t h e  m o s t  s e n s i t i v e  o f  t h e  
o m n i b u s  t e s t s .
When c o m p a r i n g  t w o  d i r e c t i o n a l  t e s t s  w i t h  t h e  o m n i b u s  
t e s t s  t h e y  f o u n d  t h a t  f o r  p o p u l a t i o n s  1 - 7 ,  t h e  l o w e r  t a i l  fc2 
t e s t  i s  d e f i n i t e l y  m ore  p o w e r f u l  t h a n  t h e  u p p e r  t a i l e d  DA 
t e s t  a n d  t h e  o t h e r  f o u r  o m n i b u s  t e s t s .  F o r  p o p u l a t i o n s
I I - 3 2 ,  t h e  u p p e r  t a i l e d  b2  a n d  t h e  l o w e r  t a i l e d  DA t e s t s  a r e  
m e re  p o w e r f u l  t h a n  a n y  o n e  o f  t h e  o m n i b u s  t e s t s .
F o r  s k e w e d  p o p u l a t i o n s  a n d  f o r  s a m p l e  s i z e s  N=20 a n d  5 0 ,
t h e  a u t h o r s  e s t i m a t e d  t h e  p o w e r  o f  f o u r  o m n i b u s  t e s t s  and  
t w o  d i r e c t i o n a l  t e s t s ;  t h e  u p p e r  t a i l e d  , J b 1 d i s t r i b u t i o n  a n d  
t h e  r i g h t  a n g l e  t e s t s .  T h e y  f o u n d  t h a t  t h e  W t e s t  i s  t h e  
m o s t  s e n s i t i v e  o f  t h e  o m n i b u s  t e s t s  c o n s i d e r e d .  H o w e v e r ,  i f  
t h e r e  i s  r e a s o n  t o  b e l i e v e  t h a t  t h e  p o p u l a t i o n  i s  p o s i t i v e l y
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s k e w e d ,  /^B1 > 0 ,  t h e  t e s t  b a s e d  on  t h e  u p p e r  t a i l  o f  t h e  Jb1 
d i s t r i b u t i o n ,  { o r  i f  ,JB1 < 0 ,  t h e  t e s t  b a s e d  o n  t h e  l o w e r  
t a i l e d  o f  ^ J b l  d i s t r i b u t i o n )  i s  l i k e l y  t o  be  m o re  s e n s i t i v e  
t h a n  a n y  o n e  o f  t h e  o m n i b u s  t e s t s  o r  t h e  r i g h t  a n g l e  t e s t .
F o r  s a m p l e  s i z e  N = 1 0 0 ,  t h e  p o w e r s  o f  t h r e e  o m n i b u s  t e s t s  
(K ,  !?, a n d  EA) a n d  o n e  d i r e c t i o n a l  t e s t  { t h e  u p p e r  a n d  t h e  
l o w e r  t a i l  o f  DA) w e r e  s t u d i e d .  The  a u t h o r s  f o u n d  t h a t  i f  
t h e  p o p u l a t i o n  i s  s y m m e t r i c  a n d  l e p t o k u r t i c ,  t h e  d i r e c t i o n a l  
t e s t  u s i n g  t h e  l o w e r  t a i l  o f  t h e  DA d i s t r i b u t i o n  i s  m o re  
p o w e r f u l  t h a n  t h e  o m n i b u s  t e s t s .  F u r t h e r  i f  t h e  p o p u l a t i o n  
i s  s k e w e d ,  t h e  K a n d  E t e s t s  a r e  m o r e  s e n s i t i v e  t h a n  t h e  DA 
t  e s t .
From t h e  p o w e r  c o m p a r i s o n  r e v i e w  f o r  t h e  g o o d n e s s  o f  f i t  
t o  n o r m a l i t y ,  t w o  d i r e c t i o n a l  t e s t s  b l  a n d  b 2 } h a v e  g o o d  
p o w e r  p r o p e r t i e s  wh en  we h a v e  p r i o r  k n o w l e d g e  o f  t h e  l i k e l y  
d e p a r t u r e  f r o m  n o r m a l i t y  f o r  t h e  a l t e r n a t i v e  d i s t r i b u t i o n s  
( P e a r s o n ,  1 9 7 7 ) .  I n  t h i s  s t u d y ,  t h e  a l t e r n a t i v e  d i s t r i b u ­
t i o n s  a r e  v a g u e  a n d  u n k n o w n .  T h u s  e v e n  i f  t h e ^ b l  and  t h e  
b 2  t e s t s  h a v e  t h e  m e r i t  o f  s i m p l i c i t y  and  g o o d  p o w e r  p r o p e r ­
t i e s ,  t h e y  a r e  n o t  s u i t a b l e  f o r  u s e  f o r  t h e  n o r m a l i t y  t e s t s  
i n  t h i s  s t u d y .  I n  a d d i t i o n ,  f o r  n o r m a l i t y  t e s t s ,  i f  we c a n  
n o t  f i n d  a s i n g l e  t e s t  s e n s i t i v e  b o t h  as  r e g a r d s  s k e w n e s s  
a n d  k u r t o s i s ,  we c a n  a p p l y  t w o  s e p a r a t e  t e s t s  t o  d e t e c t  
s k e w n e s s  a n d  k u r t o s i s  ( E e a r s o n ,  1 8 3 5 ) .  b2 i s  g o o d  f o r  a
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k u r t o s i s  t e s t ;  h o w e v e r ,  i t s  d i s t r i b u t i o n  h a s  p r o v e d  d i f f i ­
c u l t  t o  h a n d l e  ( P e a r s o n ,  D ’ A g o s t i n o  a nd  Bowman, 1 9 7 7 ) .  H e n c e  
s u i t a b l e  t a b l e s  o f  t h e  c r i t i c a l  v a l u e s  o f  t h e  n u l l  d i s t r i b u ­
t i o n s  i s  n o t  a v a i l a b l e  f o r  N > 5 0 .  T h u s  t h i s  t e s t  i s  n o t  
a v a i l a b l e  f o r  l a r g e  s a m p l e  s i z e  a p p l i c a t i o n s .  N e i t h e r  i s  
t h e  l e s s  p o w e r f u l  u t e s t  c o n s i d e r e d  i n  t h i s  s t u d y  s i n c e  t h e  
p e r c e n t a g e  p o i n t s  o f  i t s  n u l l  d i s t r i b u t i o n  a r e  n o t  a v a i l a b l e  
f o r  N>50-
Among t h e  o m n i b u s  t e s t s  r e v i e w e d ,  t h e  H t e s t  i s  t h e  m o s t  
p o w e r f u l  s t a t i s t i c  f o r  a g o o d n e s s  o f  f i t  t e s t  f o r  t h e  n o r m a l  
d i s t r i b u t i o n .  Due t o  t h e  d i f f i c u l t i e s  d i s c u s s e d  b e f o r e ,  
h o w e v e r ,  t h i s  t e s t  i s  a v a i l a b l e  o n l y  up t c  s a m p l e  o f  s i z e s  
o f  5 0 .  T h u s  i t  i s  n o t  a v a i l a b l e  f o r  t h e  s a m p l e  s i z e  o f  1 2 0 0  
p e r  s e t  c o n s i d e r e d  i n  t h i s  s t u d y .
The  n e x t  m o s t  p o w e r f u l  o m n i b u s  t e s t  i s  t h e  ST* s t a t i s t i c .  
A l s o ,  due  t o  c o m p u t a t i o n a l  d i f f i c u l t y ,  i t  i s  n o t  f e a s i b l e  t o  
u s e  i t  f o r  l a r g e  s a m p l e  s i z e s ,  c e r t a i n l y  n o t  a s  l a r g e  a s  
N = 1 2 0 0 .  T h e  n u l l  d i s t r i b u t i o n  t h e o r y  o f  t h i s  t e s t  i s  d i f f i ­
c u l t ;  e v e n  a s y m p t o t i c  t h e o r y  i s  l a c k i n g .  S i m u l a t i o n  r u n s ,  
t h e r e f o r e ,  seem  t o  be t h e  o n l y  p r a c t i c a l  m e th o d  t o  e s t i m a t e  
t h e  n u l l  d i s t r i b u t i o n .  F o r  l a r g e  s a m p le  s i z e s ,  i t  i s  t i m e  
c o n s u m i n g  t o  o b t a i n  t h e  c r i t i c a l  v a l u e s  o f  t h e  n u l l  d i s t r i ­
b u t i o n .  I n  a d d i t i o n ,  P e a r s o n ,  D ' A g o s t i n o ,  and  Bowman ( 1 9 7 7 )  
s h o w e d  how d i f f i c u l t y  i t  i s  t o  a p p l y  t h i s  t e s t  when i n  p r a c ­
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t i c e  t h e  s a m p l e  d a t a  may c o n t a i n  " t i e s "  r e s u l t i n g  f r o m  
r o u n d i n g ,
A l t h o u g h  K a n d  R o m n i b u s  t e s t s  a r e  c o m p a t a b l e  w i t h  t h e  H 
t e s t  a n d  show  g o o d  p o w e r  i n  Bowman a n d  S h e n t o n ’ s  s t u d i e s  
( 1 9 7 7 } , 21 d u e  t o  t h e  l i m i t a t i o n s  i m p o s e d  by  c o m p u t a t i o n  
p r o b l e m s ,  we c a n  n o t  u s e  t h e s e  o m n i b u s  t e s t s  i n  t h i s  s t u d y .  
On t h e s e  t w o  t e s t s ,  a q u i t e  g o o d  a p p r o x i m a t i o n  t o  t h e  p r o b a ­
b i l i t y  i n t e g r a l s  o f  , Jb1  a n d  b2  i s  r e q u i r e d .  A l t h o u g h  
D ’ A g o s t i n o  a n d  P e a r s o n  ( 1 9 7 3 )  p r e s e n t e d  a c h a r t  o f  an  e m p i r ­
i c a l  p r o b a b i l i t y  i n t e g r a l ,  P ,  o f  t h e  d i s t r i b u t i o n  o f  b 2  f r o m  
a n o r m a l  p o p u l a t i o n ,  t h e  s a m p l e s  a r e  o n l y  f c r  s i z e s  up  t o  
2 0 0 .  I h u s  we c a n  n o t  u s e  t h e s e  o m n i b u s  t e s t s  f o r  s a m p l e  
s i z e  N= 1 2 0 0  i n  t h i s  s t u d y .
I h e  KS ,  8 CM, c a ,  a n d  D s t a t i s t i c s  a r e  i n f e r i o r  i n  s e n s i ­
t i v i t y  i n  c o n t i n u o u s  d i s t r i b u t i o n s  a c c o r d i n g  t o  S h a p i r o  a n d  
W i l k  ( 1 9 6 8 ) .  H o w e v e r ,  HCM a p p e a r s  t o  h a v e  g o o d  p o w e r  , 
a n d  i t  i s  c o m p a r a b l e  t o  t h e  H t e s t ,  i f  t h e  e s t i m a t e d  mean 
a n d  v a r i a n c e  a r e  u s e d  i n  m a k i n g  t h e  t e s t  ( S t e p h e n s ,  1 9 7 4 ;  
D y e r ,  1 9 7 4 ) .
2 1 Xhe  a v e r a g e  p o w e r s  o f  52 a l t e r n a t i v e  s t u d i e s  a t  5ft l e v e l  
f o r  s a m p l e  s i z e  N=50 a r e  W = 6 5 . 2 3 ;  K = 6 2 . 1 9 ;  R = 6 2 . 1 2 ;  
BA= 5 7 . 4 2 .
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T h u s #  i n  p r a c t i c e ,  f o r  l a r g e  s a m p l e  a p p l i c a t i o n s ,  WCM, 
D A ,  Bn a n d  CS may a l l  be c o n s i d e r e d  as  g o o d  o m n i b u s  s t a t i s ­
t i c s  f o r  t h e  n o r m a l i t y  t e s t .  Among t h e s e  f o u r  s t a t i s t i c s ,  
CS w i l l  b e  u s e d ,  i n  t h i s  s t u d y ,  f o r  t h e  n o r m a l i t y  t e s t  a n d  
o t h e r  g o o d n e s s  o f  f i t  t e s t s .  T h i s  i s  d u e  t o  i t s  r o b u s t n e s s ,  
s i m p l i c i t y ,  f l e x i b i l i t y  a n d  g e n e r a l i t y ,  a n d  w i d e  u s e .  I n  
a d d i t i o n ,  i t  i s  t h e o r e t i c a l l y  w e l l - k n o w n . 2 2
I n  t e r m  o f  f l e x i b i l i t y  a n d  g e n e r a l i t y  a s  a g o o d n e s s  o f  
f i t  t e s t ,  t h e  CS s t a t i s t i c  i s  d i s t r i b u t i o n  f r e e .  No a s s u m p ­
t i o n  i s  r e g u i r e d  c o n c e r n i n g  t h e  u n d e r l y i n g  d i s t r i b u t i o n .  
The  a p p l i c a t i o n  o f  a c h i - s g u a r e  t e s t  i s  o f t e n  j u s t i f i e d  i n  
t h e  f o l l o w i n g  m a n n e r .
1 .  G i v e n  a n y  t y p e  o f  u n d e r l y i n g  d i s t r i b u t i o n ,  i f  mu­
t u a l l y  e x c l u s i v e  a n d  e x h a u s t i v e  c a t e g o r i e s  a r e  e s ­
t a b l i s h e d  a n d  r a n d o m  s a m p l e s  a r e  t a k e n ,  t h e n  t h e  
n u m b e r  f a l l i n g  i n t o  e a c h  c a t e g o r y  w i l l  f o l l o w  a 
m u l t i n o m i a l  d i s t r i b u t i o n .
2 2
G e n e r a l l y  on  t h e o r e t i c a l  g r o u n d s  i t  i s  p o s s i b l e  
t o  s p e c i f y  w h i c h  o f  t h e s e  t e s t s  i s  t h e  m os t  e f ­
f i c i e n t  and  p o w e r f u l .  I t  iuay h a p p e n ,  h o w e v e r ,  
t h a t  o w i n g  t o  m a t h e m a t i c a l  d i f f i c u l t i e s  i n  p u t ­
t i n g  t h e  i d e a l  t e s t  i n t o  w o r k i n g  f o r m  o r  t o  
p r a c t i c a l  d i f f i c u l t i e s  a r i s i n g  f r o m  t h e  e x t e n t  
o f  c o m p u t a t i o n  i n v o l v e d ,  t h e  s t a t i s t i c a n  w i l l  
c h o o s e  t o  e m p l o y  a s e c o n d  b u t  s i m p l e r  t e s t  
{ P e a r s o n ,  19 3 5 ) .
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2 .  I f  s u f f i c i e n t l y  l a r g e  s a m p l e s  a r e  t a k e n ,  t h e n  t h e  
m u l t i n o m i a l  a p p r o a c h e s  t h e  m u l t i v a r i a t e  n o r m a l  
d i s t r i b u t i o n .
3 .  B y  s q u a r i n g  a n d  s u m m in g  s t a n d a r d i z e d  n o r m a l  v a r i -  
a t e s  a c h i - s q u a r e  d i s t r i b u t i o n  i s  o b t a i n e d .
T h u s  t h e  CS s t a t i s t i c  w i l l  be  u s e d  f o r  n o r m a l i t y  t e s t s ,  
u n i f o r r a a l i t y  t e s t s  a n d  o t h e r  g o o d n e s s  o f  f i t  t e s t s  i n  t h i s  
s t u d y .
I n  t e r m s  o f  s i m p l i c i t y ,  CS i s  t h e  s i m p l e s t  o f  t h e  t e s t s  
c o n s i d e r e d .  ftCH a n d  DA r e q u i r e  o r d e r  o b s e r v a t i o n s  f o r  t h e i r  
c o m p u t a t i o n ,  s o  m o re  c o m p u t i n g  t i m e  i s  r e g u i r e d .  CS d o e s  
n o t  r e q u i r e  o r d e r  o b s e r v a t i o n s ;  t h i s  w i l l  s a v e  a l a r g e  am­
o u n t  o f  s o r t i n g  t i m e  t h a t  w o u l d  be  r e q u i r e d  f o r  t h e  l a r g e  
s a m p l e  u s e d  i n  t h i s  s t u d y .  B e c a u s e  o f  i t s  s i m p l i c i t y ,  f l e x ­
i b i l i t y  a n d  g e n e r a l i t y ,  i t  h a s  becom e a w i d e l y  u s e d  s t a t i s ­
t i c  f o r  g o o d n e s s  o f  f i t  t e s t s .  C o c h r a n  ( 1 9 5 2 )  s t a t e d  t h i s  
t e s t  i s  m o s t  c o m m o n l y  u s e  when t h e r e  i s  a  l a c k  o f  c l e a r  
k n o w l e d g e  o f  a l t e r n a t i v e  h y p o t h e s e s .  T h u s  i t  i s  s u i t a b l e  
f o r  t h i s  s t u d y .
Due t o  i t s  p o p u l a r i t y ,  m o re  t h e o r e t i c a l  a n d  e m p i r i c a l  
s t u d i e s  h a v e  beern d o n e  o f  t h i s  s t a t i s t i c  t h a n  h a v e  b e e n  d o n e  
o f  !i'C M, t tn o r  DA. U n d e r  t h e  n u l l  h y p o t h e s i s ,  t h e  CS s t a t i s ­
t i c  f o r  l a r g e  s a m p l e  s i z e  h a s  a p p r o x i m a t i l y  a c h i - s q u a r e
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d i s t r i b u t i o n  ( F i s h e r ,  1 9 4 2 ) .  T h u s  t o  t e s t  t h e  n u l l  
h y p o t h e s i s  t h e  u p p e r  t a i l  o f  t h e  c h i - s q u a r e  d i s t r i b u t i o n  i s  
u s e d  a s  t h e  c r i t i c a l  r e g i o n .  T a b l e s  o f  p e r c e n t a g e  p o i n t s  o f  
t h e  c h i - s q u a r e  d i s t r i b u t i o n  up  t o  d e g r e e s  o f  f r e e d o m  1 0 0  a r e  
a v a i l a b l e .  I v e n  i f  d e g r e e s  o f  f r e e d o m  a r e  g r e a t e r  t h a n  1 0 0 , 
t h e  a p p r o x i m a t i o n  f o r m u l a  CSp= ( ( Z p *  ( 2 * v - 1) * * 0 . 5 )  * * 2 ) / 2  ,  c a n  
b e  u s e d  f o r  e s t i m a t i n g  t h e  p e r c e n t a g e  p o i n t s . 2 3  w h e r e  Zp i s  
t h e  1 0 0 p t h  p e r c e n t i l e  o f  t h e  s t a n d a r d  n o r m a l  d i s t r i b u t i o n ,  
( P e a r s o n  a n d  H a r t l e y ,  1 9 7 2 ) .  I n  a d d i t i o n ,  t h e  l i m i t i n g  
p o w e r  f u n c t i o n  o f  t h e  c h i - s q u a r e  t e s t  may b e  a p p r o x i m a t e d  b y  
a n o n - c e n t r a l  c h i - s q u a r e  d i s t r i b u t i o n .  I t  d e p e n d s  o n  t w o  
p a r a m e t e r s :  t h e  d e g r e e s  o f  f r e e d o m  a n d  a p a r a m e t e r  o f  n o n ­
c e n t r a l i t y .
Many a u t h o r s  h a v e  s h o w n  t h a t  t h e  C S . s t a t i s t i c  i s  v a l i d  
a n d  r o b u s t  e v e n  i f  t h e  e x p e c t e d  f r e q u e n c i e s  a r e  s m a l l  b u t  
e q u a l  i n  e a c h  c l a s s .  T h e  l a r g e r  t h e  s a m p l e  s i z e  u s e d  t h e  
m o r e  p o w e r  t h e  CS t e s t  w i l l  p r o v i d e .  T h e  s i z e  o f  s a m p l e  
d e t e r m i n e s  w h e t h e r  t h e  t e s t  r e a l l y  i s  a s e v e r e  t e s t  o f  t h e  
n u l l  h y p o t h e s i s .  C o c h r a n  ( 1 9 5 2 )  r e p o r t e d  t h a t  t h e  p o w e r  o f  
t h e  CS t o  d e t e c t  an  u n d e r l y i n g  d i s a g r e e m e n t  b e t w e e n  t h e o r y  
a n d  d a t a  i s  c o n t r o l l e d  b y  t h e  s i z e  o f  t h e  s a m p l e .  He s h o w e d
2 3 D ’ A g o s t i n o  ( 1 9 7 1 )  o f f e r e d  t h e  t a b l e  o f  p e r c e n t i l e  p o i n t s  
( . 5 ,  1 ,  2 . 5 ,  5 ,  1 0 ,  9 0 ,  9 5 ,  9 7 . 5 ,  9 9 ,  9 9 - 5 )  o f  DA f o r  sam­
p l e s  o f  s i z e ,  N=50 (1 0 )  1 0 0 , 1 5 0  (5 0 )  1000)  . G e a r y  ( 1 9 3 5 )  s u p ­
p l i e d  t h e  t a b l e  o f  109! a n d  5$ ( u p p e r  a n d  l o w e r )  p r o b a b i l ­
i t y  p o i n t s  o f  Du a t  s a m p l e s  o f  s i z e  N=5 ( 5 ) 5 0 , 7 5  (2 5 )  1 0 0 ,  
5 0 0 , 1 0 0 0 .
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t h a t  t h e  U n i t i n g  p o w e r  d i s t r i b u t i o n  o f  t h e  CS t e n d s  t o  o n e  
a s  t h e  s a m p l e  s i z e  N b e c o m e s  l a r g e .  H e nce  t h e  CS s t a t i s t i c  
i s  c o n s i s t e n t .
S i n c e  f o r  l a r g e  s a m p l e  s i z e s ,  t h e  CS s t a t i s t i c  i s  a p p r o x ­
i m a t e d  by  t h e  c h i - s q u a r e  d i s t r i b u t i o n ,  t h e  v a l i d i t y  a n d  t h e  
r o b u s t n e s s  o£ CS i s  b e y o u n d  d o u b t  f o r  l a r g e  s a m p l e  s i z e s .  
H o w e v e r ,  n o t  much i s  k n o w n  f o r  c e r t a i n  c o n c e r n i n g  t h e  d e g r e e  
o f  a p p r o x i m a t i o n  f o r  a g i v e n  s a m p l e  s i z e ,  a n d  t h e r e  i s  c o n ­
s i d e r a b l e  d i f f e r e n c e  o f  o p i n i o n  a s  t o  t h e  s a m p l e  ' s i z e  r e ­
g u i r e d .  K e n d a l l  ( 1 9 5 2 )  r e p o r t e d  t h a t  t h e  c h i - s q u a r e  a p p r o x ­
i m a t i o n  may c o n f i d e n t l y  be  a p p l i e d  when t h e  t h e o r e t i c a l  c e l l  
f r e q u e n c i e s  a r e  20  o r  m o r e .  C r a m e r  ( 1 9 4 6 )  s u g g e s t e d  t h a t
t h e  e x p e c t i o n s  i n  t h e  c e l l s  s h o u l d  be  a t  l e a s t  1 0 .  F i s h e r  
( 1 9 4 1 )  s t a t e s  t h a t  t h e y  s h o u l d  be  a t  l e a s t  5 .  C o c h r a n  
( 1 9 5 2 )  r e c o m m e n d e d  a c o m p r o m i s e  i n  w h i c h  80% o f  t h e  e x p e c ­
t i o n s  s h o u l d  e x c e e d  f i v e  a n d  t h e  r e m a i n d e r  s h o u l d  e x c e e d  
o n e .  V e s s e r a n  ( 1 9 5 8 ) ,  Good ( 1 9 6 1 ) ,  R i s e  ( 1 9 6 3 )  a n d  S l a k t e r  
( 1 9 6 5 )  p r o v i d e d  e v i d e n c e  t h a t  t h e  c h i - s g u a r e  d i s t r i b u t i o n  
may g i v e  a g o o d  a p p r o x i m a t i o n  t o  t h e  d i s t r i b u t i o n  o f  t h e  CS 
s t a t i s t i c ,  e v e n  w h e n  t h e  e x p e c t e d  f r e q u e n c i e s  a r e  a s  l o w  a s  
1 o r  2 i f  t h e y  a r e  e q u a l .  S l a k t e r  ( 1 9 6 6 )  o f f e r e d  s ome
f u r t h e r  e v i d e n c e  o n  t h e  r o b u s t n e s s  o f  t h e  CS g o o d n e s s  o f  f i t  
w i t h  r e s p e c t  t o  v a l i d i t y  wh en  t h e  e x p e c t e d  f r e q u e n c i e s  a r e  
a s  s m a l l  a s  1 / 2  o r  1 / 4  b u t  e q u a l .  R o s c o e  and  B y a r s  ( 1 9 7 1 )  
s t a t e d  t h a t  e x c e l l e n t  a p p r o x i m a t i o n s  a r e  o b t a i n e d  w i t h  a v e r ­
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a g e  e x p e c t e d  f r e q u e n c i e s  c f  one  c r  tw o  i n  t e s t s  o f  g o o d n e s s  
o x  f i t  t o  u n i f o r m ,  a n d  t w c  o r  t h r e e  w i t h  t h e  n o n - u n i f o r m  
t e s t s .
A l t h o u g h  d i f f e r e n t  a u t h o r s  h a v e  d i f f e r e n t  o p i n i o n s  as  t o  
t h e  s a m p l e  s i z e  r e q u i r e d  f o r  t h e  CS t e s t .  We c a n  c o n c l u d e  
t h a t  t h e  CS s t a t i s t i c  i s  v a l i d  a n d  r o b u s t  e v e n  i f  t h e  e x ­
p e c t e d  f r e q u e n c i e s  a r e  s m a l l  b u t  e q u a l .  I n  t h i s  s t u d y ,  f o r  
n o r m a l i t y  t e s t s ,  we u s e  12 0 0 f o r  e a c h  s e t .  T h e  e x p e c t e d
v a l u e s  i n  e a c h  c e l l  a r e  a t o u t  30 a n d  e q u a l .  T h u s  t h e  v a l i d ­
i t y  o f  t h e  CS t e s t  i s  a s s u r e d  f o r  e a c h  s e t  i n  t h i s  s t u d y .  
A s  f o r  t h e  n o r m a l i t y  t e s t s  a n d  o t h e r  g o o d n e s s  o f  f i t  t e s t s  
f o r  e a c h  s a m p l e  a n d  f o r  t h e  w h o l e  s e r i e s ,  t h e  s a m p l e  s i z e  i s  
50 f o r  e a c h  ( i . e .  e a c h  s a m p l e  c o n t a i n s  50 s e t s ,  a n d  I S E T = 5 0  
s a m p l e s  c o m p r i s e  o n e  s e r i e s ) . The  e x p e c t e d  v a l u e s  o f  e a c h  
c e l l  a r e  5 and e q u a l .  A c c o r d i n g  t o  S l a k t e r ,  W i s e ,  e t c .  t h e  
v a l i d i t y  o f  t h e  CS t e s t  i s  a s s u r e d  h e r e .
A l t h o u g h  d i f f i c u l t i e s  ( a r b i t r a r y  c h o i c e  o f  t h e  n u m b e r  o f  
c l a s s e s  a n d  t h e  c l a s s  i n t e r v a l  p o i n t s )  a c c o m p a n y  t h e  u s e  o f  
t h e  CS t e s t  w i t h  c o n t i n u o u s  d i s t r i b u t i o n s ,  t h e s e  d i f f i c u l ­
t i e s  c a n  be  s o l v e d .  I f  we u s e  e q u a l  p r o b a b i l i t i e s  f o r  e a c h  
c e l l ,  t h e  a r b i t r a r y  c h o i c e  o f  t h e  c l a s s  i n t e r v a l  p o i n t s  w i l l  
be  a v o i d e d .  W i t h  r e g a r d  t o  t h i s  m a t t e r ,  M a n n ,  W a ld  ( 1 9 4 2 )  
a n d  Q u m b e l  ( 1 9 4 3 )  r e c o m m e n d e d  t h a t ,  f o r  c o m p u t a t i o n a l  s i m p l ­
i c i t y ,  t h e  e x p e c t e d  v a l u e  b e  t h e  same i n  a l l  c l a s s e s .  I n
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a d d i t i o n  many a u t h o r s  ( a s  s t a t e d  a b o v e )  h a v e  d e m o n s t a t e d  t h e  
r o b u s t n e s s  o f  t h e  CS t e s t  i f  t h e  e x p e c t e d  v a l u e s  a r e  t h e  
same i n  e a c h  c e l l .  T h u s  e q u a l  p r o b a b i l i t i e s  w i l l  be  u s e d  i n  
t h i s  s t u d y .  As f o r  t h e  c h o i c e  o f  t h e  n u m b e r  o f  c l a s s e s ,  Co­
c h r a n  ( 1 9 5 2 )  s u g g e s t e d  t h a t  a m o d e r a t e  n u m b e r  o f  c l a s s e s ,  
s a y  b e t w e e n  10 a n d  2 5 ,  i s  a p p l i e d  i n  t h e  common p r a c t i c e .  
The  p a p e r  b y  Mann a n d  W ald  ( 1 9 4 2 )  d e a l s  w i t h  t h e  c h o i c e  o f  
t h e  n u m b e r  o f  c l a s s e s .  W i l l i a m s  (19  50)  s h o w e d  t h a t  t h e  o p ­
t i m u m  n u m b e r  o f  c l a s s e s  o b t a i n e d  b y  Mann a n d  W a ld  i s  t o o  
l a r g e ,  a n d  he  s u g g e s t e d  t h a t  h a l f  t h e  o p t i m u m  n u m b e r  o f  
c l a s s e s  o b t a i n e d  b y  Mann a n d  W a ld  i s  m o re  s u i t a b l e .
I n  t h i s  s t u d y ,  f o r  t h e  n o r m a l i t y  t e s t  o f  e a c h  s e t ,  t h e  
n u m b e r  o f  s e t s ,  N = 1 2 0 0 .  A c c o r d i n g  t o  Mann a nd  W a l d ' s  o p t i ­
mum n u m b e r  o f  c l a s s e s  and  W i l l i a m s *  m o d i f i c a t i o n ,  32  c l a s s e s  
i s  t h e  o p t i m u m  n u m b e r  o f  c l a s s e s  f o r  s a m p l e  s i z e  1 2 0 0 .  T h u s  
we u s e  32 c l a s s e s  f o r  t h e  n o r m a l i t y  t e s t  o f  e a c h  s e t .  As 
f o r  t h e  n o r m a l i t y  t e s t  o r  o t h e r  g o o d n e s s  o f  f i t  t e s t s  f o r  
e a c h  s a m p l e  and  f o r  t h e  w h o l e  s e r i e s ,  t h e  s a m p l e  s i z e  KL a n d  
t h e  s e r i e s  s i z e  I S 8 T a r e  50  f o r  e a c h .  A c c o r d i n g  t o  C o ­
c h r a n ’ s  m o d e r a t e  n u m b e r  o f  c l a s s e s ,  t h e  s u g g e s t i o n s  o f  e q u a l  
p r o b a b i l i t y  p e r  c e l l  b y  S l a k t e r ,  W i s e ,  e t c  a n d  t h e  c o n v e n ­
t i o n a l l y  u s e d  m in im u m  o f  e x p e c t e d  v a l u e  5 ,  10 c l a s s e s  w i t h  5 
e x p e c t e d  f r e q u e n c i e s  p e r  c l a s s  a r e  u s e d  f o r  t h e  n o r m a l i t y  
t e s t s  and  o t h e r  g o o d n e s s  o f  f i t  t e s t s  f o r  e a c h  s a m p le  a n d  
f o r  t h e  w h c l e  s e r i e s .
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2.2 I N D E P E N D ENCE AND R A N D O M N E S S  TESTS 
2.2,1 I n t r o du c t i o n
T h e  o t h e r  m o re  i m p o r t a n t  c r i t e r i a  t o  e v a l u a t e  t h e  q u a l i t y  
o f  t h e  g e n e r a t o r s  a n d  t h e  c o m b i n a t i o n s  a r e  r a n d o m n e s s  a n d  
i n d e p e n d e n c e .  S i n c e  t h e  n u m b e r s  g e n e r a t e d  o n  c o m p u t e r s  a r e  
b a s e d  o n  m a t h e m a t i c a l l y  c c n g r u e n t i a 1 r e l a t i o n s ,  a n d  t h e  num­
b e r s  a r e  d e t e r m i n e d  b y  t h e  s t a r t i n g  v a l u e ,  e a c h  n u m b e r  o f  
t h e  g e n e r a t e d  s e r i e s  i s  c a l c u l a t e d  s o l e l y  f r o m  i t s  p r e d e c e s ­
s o r s  a n d  s o m e  f i x e d  p a r a m e t e r s  i n  t h e  c o n g x u e n t i a l  e q u a t i o n .  
C o v e y o u  ( 1 9 6 0 )  a n d  G r e e n b e r g e r  { 1 9 6 1 ) 24 f o u n d  t h a t  t h e  s e r ­
i a l  c o r r e l a t i o n s  o f  a g e n e r a t e d  s e q u e n c e  a r e  f u n c t i o n s  o f  
t h e  p a r a m e t e r s  o f  t h e  s e q u e n c e .  T h u s  t h e  r a n d o m n e s s  o f  a 
g e n e r a t e d  s e r i e s  d e p e n d s  on t h e  c h o i c e  o f  p a r a m e t e r s .  T h e  
m a j o r  t y p e  o f  n o n - r a n d o m n e s s  o f  a g e n e r a t e d  s e q u e n c e  i s  s e r ­
i e s  c o r r e l a t i o n .  T h u s  a v i t a l  r e q u i r e m e n t  f o r  t h e  q u a l i t y  
o f  g e n e r a t o r s  and  c o m b i n a t i o n s  i s  t h a t  t h e  e l e m e n t s  o f  t h e  
g e n e r a t e d  s e q u e n c e  b e  i n d e p e n d e n t  o f  e a c h  o t h e r  o r  a t  l e a s t  
u n c o r r e l a t e d .
T h e r e  h a s  b e e n  some n u m b e r - t h e o r e t i c  w o r k ,  s u c h  a s  t h a t  
o f  C o v e y o u  { 1 9 6 0 )  a n a  G r e e n b e r g e r  ( 1 9 6 1 ) ,  r e l a t i n g  t h e  v a ­
2 4 3 e r i a l  c o r r e l a t i o n  NE ( X n , X n  + 1 ) , b e t w e e n  a n u m b e r  a n d  i t s  
i m m e d i a t e  s u c c e s s o r  i n  a f u l l  s e q u e n c e  Xn g e n e r a t e d  b y  
X n + 1 = A * X n + C (m o d  P) { 0 < X n < P ,  a n d  P = b * * m  u s e d  i n  t h e  f o r ­
m u la  a r e  i n  A p p e n d i x - A )  i s :  a .
N R { X n ,X n  + 1 ) = ( 1 - ( 6 * C / p ) ) *  ( 1 -  ( C / p ) ) / A  a c c o r d i n g  t o  C o v e y o u .  
b .  NR ( X n , X n +  1) = ( ( 6 * C * * 2 / p * * 2 )  -  ( 6 * C / p )  + 1) / A  a c c o r d i n g  t o  
G r e e n b e r g e r .
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l u e s  o f  p a r a m e t e r s  t o  c e r t a i n  s t a t i s t i c a l  p r o p e r t i e s  o f  t h e  
r e s u l t a n t  g e n e r a t o r .  T h i s  w o r k  h a s  n o t  b e e n  s u f f i c i e n t l y  
c o m p r e h e n s i v e  t o  i n d i c a t e  a c h o i c e  o f  p a r a m e t e r s  t h a t  c a n  
i n s u r e  a g a i n s t  t h e  u n l i m i t e d  p o s s i b i l i t i e s  f o r  n o n - r a n d o m ­
n e s s  { G r e e n b e r g e r ,  1 9 6 5 ) .  T h e  p a r a m e t e r s  a r e  s e l e c t e d  p r i ­
m a r i l y  o n  t h e  b a s i s  o f  a l i m i t e d  s e t  o f  o b j e c t i v e s  f o r  g e n ­
e r a t o r s ,  s u c h  a s  h i g h  s p e e d ,  l e n g  p e r i o d ,  e t c . ;  t h e s e  a p p e a r  
f a v o r a b l e  o n l y  on  i n t u i t i v e  g r o u n d s ,  a n d  t h e  u s e r  n e e d  t o  
e x a m i n e  a  g e n e r a t e d  s e q u e n c e  c a r e f u l l y  b y  m eans  o f  s t a t i s t i ­
c a l  t e s t s  f o r  s e r i a l  c o r r e l a t i o n ,  r u n s ,  e t c .  ( G r e e n b e r g e r ,  
1 S 6 1 ) .  I n  a d d i t i o n ,  s i m u l a t i o n  i s  u s u a l l y  a f f e c t e d  by a 
n o n - r a n d o m  d e t e r m i n i s t i c a l l y  g e n e r a t e d  s e q u e n c e  w h i c h  i s  
s u p p o s e d  t o  r e s e m b l e  an  i n d e p e n d e n c e - l i k e  o r  r a n d o m n e s s - l i k e  
s e q u e n c e  ( F r a n k l i n ,  1S63) .  H e n c e ,  i n  p r a c t i c a l  a p p l i c a ­
t i o n s ,  r a n d o m n e s s  a n d  i n d e p e n d e n c e  t e s t s  f o r  a g e n e r a t e d  s e ­
q u e n c e  a r e  a d v i s e d ,  a n d  a g o o d  g e n e r a t o r  a n d  a g o o d  c o m b i n a ­
t i o n  s h o u l d  p a s s  t h e s e  t e s t s .
To d e v i s e  a r a n d o m n e s s  o r  a n  i n d e p e n d e n c e  t e s t  i s ,  i n  
g e n e r a l ,  a d i f f i c u l t  p r o b l e m .  C h i e f l y ,  t h i s  may b e  d u e  
p a r t l y  t o  t h e  l a r g e  c l a s s e s  o f  a l t e r n a t i v e s  t o  t h e  n u l l  h y ­
p o t h e s i s  ( ’B c l f o w i t z ,  1 9 4 3 ) .  N e x t ,  t h e  p r i n c i p l e s  s o m e t i m e s  
u s e d  t o  d e r i v e  p r o c e d u r e s  ( u i r . i m a x ,  l i k e l i h c c d ,  B a y e s )  a p ­
p e a r  t o  be e s p e c i a l l y  d i f f i c u l t  t o  a p p l y  i n  t h e  p r o b l e m  o f  
r a n d o m n e s s  e v e n  when t h e  c l a s s  o f  a l t e r n a t i v e s  i s  r e s t r i c t e d  
( L i n d g r e n ,  1 9 6 2 ) .
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A l t h o u g h  n u m e r o u s  t e s t s  f o r  r a n d o m n e s s  and  i n d e p e n d e n c e  
h a v e  b e e n  o f f e r e d  i n  t h e  l i t e r a t u r e ,  many t e s t s  a r e  p r o p o s e d  
o n  an i n t u i t i v e  b a s i s ,  s u c h  a s  r a n k  t e s t s ,  s i g n  t e s t s ,  e t c . ,  
a n d  t h e  a l t e r n a t i v e  h y p o t h e s e s  a r e  r e s t r i c t e d  t o  s u c h
c l a s s e s  a s  t r e n d ,  c y c l e ,  r e g r e s s i o n , e t c .  I t  i s  d i f f i c u l t  t o  
f i n d  u n i f o r m l y  m o s t  p o w e r f u l  t e s t  f o r  d e t e c t i n g  a l l  o f  t h e  
p o s s i b i l i t i e s  f o r  n o n - r a n d o m n e s s .  And t h e r e  i s  no a l t o ­
g e t h e r  s a t i s f a c t o r y  way o f  t e s t i n g  t h e  h y p o t h e s i s  t h a t  a 
s a m p l e  i s  r a n d o m  ( T a t e ,  1 9 5 7 ) .  H e n c e  we s e l e c t  f o u r  s t a t i s ­
t i c s  f o r  r a n d o m n e s s  a n d  i n d e p e n d e n c e  t e s t s  i n  t h i s  s t u d y .
I n  a d d i t i o n ,  d ue  t o  t h e  d i f f i c u l t y  o f  d o i n g  s o ,  f e w  p o w e r  
c o m p a r i s o n s  among r a n d o m n e s s  a n d  i n d e p e n d e n c e  t e s t s  h a v e
b e e n  a c c o m p l i s h e d .  T he  t e s t s  we s e l e c t  h e r e  a r e  b a s e d  on  
t h e i r  w i d e  u s e  a n d  w i d e  s u g g e s t i o n s  by  r e s p e c t e d  a u t h o r s .  
A s  w i l l  b e  s how n  i n  t h e  n e x t  s u b s e c t i o n ,  we h a v e  s e l e c t e d  
r u n s  up  a n d  down a n d  r u n s  a b o v e  and  b e l o w  t h e  m e d ia n  f o r
r a n d o m  o s c i l l a t i o n  t e s t s  a n d  a u t o c o r r e l a t i o n  f u n c t i o n s  ( s e r ­
i a l  c o r r e l a t i o n  c o e f f i c i e n t s )  and  s p e c t r a l  a n a l y s i s  f o r  s e ­
q u e n c e  c o r r e l a t i o n  t e s t s .
2 . 2 . 2  L i  t e r a t u r e  R e v i e w  a n d  St  a t i s t i e s  S e l e c t  i o n
H o s t e l l e r  ( 1 9 4 1 )  s u g g e s t e d  u s i n g  t h e  l e n g t h  o f  t h e  l o n g ­
e s t  r u n  a b o v e  ( o r  b e l o w )  t h e  m e d ia n  as  a t e s t  f o r  t r e n d .  
W a l l i s  ( 1 9 4 1 )  r e c o m m e n d e d  u s i n g  a g o o d n e s s  o f  f i t  t e s t  on  
t h e  n u m b e r  o f  r u n s  o f  l e n g t h  1,  2  o r  m o re  t h a n  2  a s  a t e s t
f o r  r a n d o m n e s s .
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A n d e r s o n  ( 1 9 4 1 )  d e f i n e d  t h e  s e r i a l  c o r r e l a t i o n  c o e f f i ­
c i e n t .  a nd  i n t r o d u c e d  i t  a s  a t r e a s u r e  o f  t h e  r e l a t i o n s h i p  
b e t w e e n  s u c c e s s i v e  v a l u e s  o f  a v a r i a b l e  o r d e r e d  i n  t i m e  o r  
s p a c e .  W a ld  a n d  W c l f o w i t z  ( 1 9 4 3 )  r e p o r t e d  t h a t  t h e  t e s t
b a s e d  o n  t h e  s e r i a l  c o r r e l a t i o n  s e e  ids t o  b e  s u i t a b l e  i f  t h e  
a l t e r n a t i v e  t o  r a n d o m n e s s  i s  e x i s t e n c e  o f  a t r e n d  o r  o f  seme 
r e g u l a r  c y c l i c a l  m o v e m e n t  i n  t h e  d a t a .  K e n d a l l  ( 1 9 4 5 )  r e ­
m a r k e d  t h a t  t h e r e  a r e  t h r e e  m e t h o d s  o f  d e t e r m i n i n g  o s c i l l a ­
t o r y  e l e m e n t s  i n  t i m e  s e r i e s  i n  c u r r e n t  u s e :  a)  d i r e c t
c o u n t i n g  o f  i n t e r v a l s  b e t w e e n  p e a k s  i n  t h e  p r i m a r y  s e r i e s ;  
b )  a n a l y s i s  o f  t h e  d a t a  b y  t h e  c o r r e l o g r a m  m e th o d  
( i . e . , s e r i a l  c o r r e l a t i o n ) ;  c )  a n a l y s i s  by  t h e  p e r i o d o l o g r a m  
( i . e .  s p e c t r a l  a n a l y s i s ) .
L e v e n  ( 1 9 5 2 )  n o t e d  t h a t  r u n s  up a n d  r u n s  d o w n  s t a t i s t i c s  
h a v e  b e e n  i n d e p e n d t l y  d i s c o v e r e d  b y  a n u m b e r  o f  d i f f e r e n t  
a u t h o r s  a n d  h a v e  b e e n  w i d e l y  a d v o c a t e d  f o r  t e s t i n g  r a n d o m ­
n e s s .  Cox a n d  S t u a r t  (19 55 )  p o i n t e d  o u t  t h a t  many d i s t r i b u ­
t i o n  f r e e  t e s t s  h a v e  b e e n  d e v i s e d  t o  t e s t  t h e  h y p o t h e s i s  o f  
r a n d o m n e s s  o f  a s e r i e s  o f  N o b s e r v a t i o n s .  O f  t h e s e ,  t h e  
r a n k  c o r r e l a t i o n  t e s t s  a r e  t h e  m o s t  e f f i c i e n t  t e s t  a g a i n s t  
n o r m a l  t r e n d  a l t e r n a t i v e s .  H o w e v e r ,  t e s t s  b a s e d  on r a n k s  
t h r o w  a w a y  i n f o r m a t i o n  a n d  l o s e  p o w e r  f o r  t h e  t e s t s  e v e n t u ­
a l l y .
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T a t e  ( 1 9 5 7 )  s t a t e d  t h a t  when t h e  o b s e r v a t i o n s  h a v e  a me­
a n i n g f u l  t i m e  o r d e r  o r  s e q u e n c e ,  i t  may he  p o s s i b l e  t o  d e ­
t e c t  c e r t a i n  t y p e s  o f  d e v i a t i o n  f r c m  r a n d c m n e s s  b y  s e r i a l  
c o r r e l a t i o n  ( g o o d  b u t  c o m p l i c a t e d )  o r  b y  n u m b e r  o f  r u n s  
( s i m p l e r  a n d  m o re  p r a c t i c a l ) .  G r e e n  ( 1 9 5 9 )  r e p o r t e d  t h a t  
s e r i a l  d e p e n d e n c y  c a n  b e  c h e c k e d  b y  f i n d i n g  t h e  d i s t r i b u t i o n  
o f  r u n s  a b o v e  a n d  b e l o w  som e c o n s t a n t .  He u s e d  s e r i a l  c o r ­
r e l a t i o n s  a n d  d i s t r i b u t i o n s  o f  r u n  l e n g t h s  i n  c o n n e c t i o n  
w i t h  t h e  CS g o o d n e s s  o f  f i t  t e s t s  t o  c h e c k  s e q u e n c e  d e p e n ­
d e n c e .  F rom  h i s  r e s e a r c h ,  l i e  f o u n d  t h e  r u n  t e s t  t o  be  v e r y  
s e n s i t i v e ,  a n d  he s t a t e d  t h a t  t h e  f a i l u r e  t o  p a s s  t h e  r u n s  
t e s t  d o e s  n o t  n e c e s s a r y  mean t h a t  t h e  n u m b e r s  a r e  b a d l y  
a w r y .
L i n d g r e e n  ( 1 9 6 2 )  s u g g e s t e d  t h a t  r a n d o m n e s s  t e s t s  f o r  a 
s i n g l e  s a m p l e  may be b a s e d  on r u n s  t e s t s ,  s t a n d a r d i z e d  mean 
s q u a r e  s u c c e s s i v e  d i f f e r e n c e  t e s t s  a n d  r a n k s  o f  t h e  o b s e r v a ­
t i o n  t e s t s .  N a y l o r  ( 1 9 6 6 )  a n d  K n u t h  ( 1 9 6 9 )  s t a t e d  t h a t  r a n ­
dom o s c i l l a t i o n  o f  t h e  s e q u e n c e  o f  p s e u d o -  r a n d o m  n u m b e r s  
c a n  b e  t e s t e d  by " t e s t s  o f  r u n s " .  T h e y  a l s o  s t a t e d  t h a t  
s e r i a l  t e s t s  c a n  b e  u s e d  t o  c h e c k  t h e  d e g r e e s  o f  r a n d o m n e s s  
b e t w e e n  s u c c e s s i v e  n u m b e r s  i n  a s e q u e n c e .  The s e r i a l  c o r r e ­
l a t i o n  c o e f f i c i e n t  i s  t h e  o t h e r  m e a s u r e  o f  i n d e p e n d e n c e  o f  
t h e  p s e u d o  r a n d o m  n u m b e r s .  I t  c a n  d e t e c t  d e p e n d e n c e  b e t w e e n  
t w o  n u m b e r s  w h i c h  a r e  k  n u m b e r s  ( l a g  k )  a p a r t .
Downham and R o b e r t s  (1S 6 7 )  a p p l i e d  t e s t s  f o r  r u n s  a b o v e  
a n d  b e l o w  t h e  m e d ia n  a n d  r u n s  u p  and  down i n  c o n j e c t i o n  w i t h  
t h e  CS g o o d n e s s  o f  f i t  t e s t s  a n d  s e r i a l  c o r r e l a t i o n s  up  t o  
l a g  s i x  i n  c o n j u c t i o n  w i t h  t h e  CS g o o d n e s s  o f  f i t  t e s t s  o n  
som e m u l t i p l i c a t i v e  c o n g r u e n t i a l  p s e u d o - r a n d o m  n u m b e r  g e n e r ­
a t o r s  f o r  t h e  s t u d y  o f  t h e i r  s t a t i s t i c a l  p r o p e r t i e s .  C o ­
v e  y c u  a n d  H a c p h e r s o n  ( 1 9 6 7 )  u s e d  s p e c t r a l  t e s t  ( F o u r i e r  a n a ­
l y s i s )  a s  a g u i d e l i n e  f o r  c h o o s i n g  m u l t i p l i e r s  f o r  a n y  
m u l t i p l i c a t i v e  c o n g r u e n t i a l  g e n e r a t o r .  K n u t h  ( 1 9 6 9 )  f o r m u ­
l a t e d  t h e  s p e c t r a l  t e s t  a s  a s e g u e n c e  o f  s t e p s ,  b u t  d i d  n o t  
g i v e  a n y  c o m p u t e r  c o d i n g .  He s t a t e d  t h a t  t h i s  t e s t  i s  e s p e ­
c i a l l y  s e n s i t i v e .  C o l d e r  ( 1 9 7 6 )  d e v e l o p e d  "AS  98  a l g o r ­
i t h m "  f o r  t h i s  t e s t  i n  c o m p u t e r  c o d e  f o r m .  He s u g g e s t e d  
t h a t  t h e  u s e  o f  t h i s  t e s t  f o r  a s s e s s i n g  m u l t i p l i c a t i v e  c o n ­
g r u e n t i a l  g e n e r a t o r s  i s  an  e f f e c t i v e  p r e l u d e  t o  t h e  g e n e r ­
a t e d  s e q u e n c e .  ' I b i s  i s  b e c a u s e  a g o o d  g e n e r a t o r  w i l l  p a s s  
t h i s  t e s t  t u t  n o t  a t a d  g e n e r a t o r .
W h i t t l e s e y  ( 1 9 6 8 )  m e n t i o n e d  t h a t  t h e  a u t o c o r r e l a t i o n  
f u n c t i o n  i s  a m e a s u r e  w i d e l y  u s e d  i n  s t u d y i n g  s t o c h a s t i c  
p r o c e s s e s ,  a n d  he i n v e s t i g a t e d  c e r t a i n  e m p i r i c a l  a n d  t h e o r ­
e t i c a l  p r o p e r t i e s  o f  a u t o c o r r e l a t i o n  f u n c t i o n s  c a l c u l a t e d  
f r o m  s e g u e n c e  o f  n u m b e r s  g e n e r a t e d  by s e v e r a l  d i f f e r e n t  
p s e u d o  r a n d o m  g e n e r a t o r s .
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N a y l o r ,  W e r t z y ,  a n d  W o n n a c o t t  ( 1 9 6 9 )  r e c o m m e n d e d  t h a t  i t  
i s  e s s e n t i a l  t o  q u a n t i f y  a n d  e v a l u a t e  t h e  a u t o c o r r e l a t i o n  a t  
w h i c h  s p e c t r a l  a n a l y s i s  i s  a i m e d .  I n  a d d i t i o n  many a u t h o r s  
{ e . g .  F i s h m a n  a n d  K i v i a t ,  1 9 6 7 ;  J e n k i n s ,  1 9 6 1 ;  S o v e r e i g n ,  
N o l a n ,  a n d  H a n d e l ,  1971)  h a v e  a p p l i e d  t h e  s p e c t r a l  a n a l y s i s  
t o  t i m e  s e r i e s  d a t a  g e n e r a t e d  b y  s t o c h a s t i c  m o d e l s .  Box  a n d  
P i e r c e  ( 1 9 7 0 )  u s e d  t h e  i n d i v i d u a l  a u t o c o r r e l a t i o n  f u n c t i o n  
a t  e a c h  l a g  K a n d  t h e  p o r t m a n t e a u  s t a t i s t i c  a s  a n  o v e r a l l  
t e s t  t o  c h e c k  t h e  r e s i d u a l  o f  an a u t o r e g r e s s i v e  i n t e g r a t e d  
m o v i n g  a v e r a g e  t i m e  s e r i e s  f o r  t h e  c o r r e l a t i o n  t e s t .
E m s h o f f  ( 1 9 7 0 )  c o m m e n te d  t h a t  t h e  t w o  m o s t  f r e q u e n t l y  
u s e d  t e s t s  o f  r a n d o m n e s s  a r e  t h e  f r e q u e n c y  t e s t  a n d  t h e  s e r ­
i a l  t e s t .  H e  f r e q u e n c y  t e s t ,  e x a m i n e s  w h e t h e r  o r  n o t  a l l  
n u m b e r s  a r e  e q u a l  l i k e l y  t o  o c c u r .  s o  i t  i s  i m p r o p e r  t o  use  
i t  f o r  t e s t i n g  r a n d o m n e s s  on n o r m a l l y  d i s t r i b u t e d  v a r i a t e s .  
The  s e r i a l  t e s t  i s  u s e d  t o  d e t e r m i n e  w h e t h e r  p a i r s  o f  d i g i t s  
o c c u r  r a n d o m l y .  T h i s  i s  t h e  p r i m a r y  t e s t  f o r  i n d e p e n d e n c e  
o f  s e q u e n c e s  o f  n u m b e r s .  I n  a d d i t i o n  t o  t h e s e ,  he  s a i d  o n e  
o f  t h e  m o s t  f r e q u e n t l y  u s e d  i s  t h e  r u n s  t e s t .
T o t i t l e ,  R o b i n s o n  a n d  Adams ( 1 9 7 1 )  r e p o r t e d  t h a t  i f  t h e  
g e n e r a t o r  h a s  g o o d  s t a t i s t i c a l  p r o p e r t i e s ,  i t s  r u n s  up  and  
down p e r f o r m a n c e  w i l l  be an  a d e q u a t e  a p p r o x i m a t i o n  t o  t h e  
f o r m u l a  d e r i v e d  b y  l e v e n  a nd  W o l f o w i t z  ( 1 9 4 1 )  f r o m  t h e  a s ­
s u m p t i o n  o f  a c o n t i n u o u s  r e c t a n g u l a r  u n i v e r s e .  T o t i t l e  u s e d
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r u n s  up  a n d  r u n s  down o f  d i f f e r e n t  l e n g t h  e x p l i c i t l y  t o  e x ­
h i b i t  t h e  d i s t i n c t  b e h a v i o r  p a t t e r n s  f o r  c e r t a i n  g e n e r a t o r s .
S i e g e l  ( 1 9 5 9 )  a n d  S w a n s o n  ( 1 9 7 4 )  s u g g e s t e d  t h e  r u n  t e s t s  
f o r  t e s t i n g  t h e  r a n d c m n e s s  o f  a s i n g l e  s a m p l e .  T h e y  c o m ­
m e n te d  t h a t  t h e  a n a l y s i s  o f  r a n d o m n e s s  m u s t  be  b a s e d  o n  t h e  
o r d e r  o f  o c c u r r e n c e  r a t h e r  t h a n  u p o n  t h e  f r e q u e n c y .  The  
r u n s  t e s t  f o c u s e s  on t h e  o r d e r  o f  t h e  o b s e r v a t i o n s .
T h e  Runs c h a r t  i s  a s i m p l e  b u t  p o w e r f u l  s t a t i s t i c a l  t o o l .  
A r u n  o f  s i x  o r  s e v e n  c o n s e c u t i v e  p o i n t s  a l l  l y i n g  a b o v e  o r  
b e l o w  t h e  m e d ia n  i n d i c a t e s  t h e  e x i s t e n c e  o f  a s p e c i a l  c a s e  
o f  v a r i a t i o n ,  u s u a l l y  a t r e n d .  A r u n  o f  s i x  o r  s e v e n  s u c ­
c e s s i v e l y  p r o g r e s s i n g  d o w n w a r d  o r  s u c c e s s i v e l y  p r o g r e s s i n g  
u p w a r d  h a s  t h e  sam e s i g n i f i c a n c e .  I n d e e d ,  i t  i s  a n  i m p o r ­
t a n t  s t a t i s t i c a l  p o i n t  t h a t  some o f  t h e  a c s t  p o w e r f u l  s t a -  
t i s t i c a l  t e c h n i q u e s  a r e  t h e  m o s t  s i m p l e  ( l a n u r ,  M o s t e l l e r ,  
L i n k ,  P i e t e r s ,  a n d  R i s i n g ,  1 9 7 2 ) .
A l a n  ( 1 9 7 4 )  f o u n d  t h a t  v a r i o u s  s t a t i s t i c s  h a v e  b e e n  c o n ­
s i d e r e d  i n  t h e  s t a t i s t i c a l  l i t e r a t u r e  f o r  t e s t i n g  r a n d o m n e s s  
a g a i n s t  t r e n d  a l t e r n a t i v e s  i n  t i m e  s e r i e s  d a t a .  F o r  i n ­
s t a n c e ,  t h e y  a r e  S p e a r m a n ’ s r a n k  c o r r e l a t i o n ,  K e n d a l l ’ s  r a n k  
c o r r e l a t i o n ,  r a n k  s e r i a l  c o r r e l a t i o n ,  n u m b e r  a n d  l e n g t h s  o f  
r u n s  o f  e l e m e n t s  a b o v e  a n d  b e l o w  t h e  m e d i a n ,  t h e  r u n s  up  a n d  
d o w n ,  e t c .  l e w i s  ( 1 9 7 5 )  s u g g e s t e d  t h a t  f r a c t i o n a l  p e r i o d
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s e q u e n c e s  a n d  o t h e r  r a n d o m  g e n e r a t o r s  m u s t  b e  t e s t e d  e m p i r i ­
c a l l y  by " c o r r e l o g r a r a s *1 ( i . e .  a u t o c o v a r i a n c e  f u n c t i o n s )  
c a l c u 3 . a t e d  f r o m  N l e n g t h  s e q u e n c e s ,  and  n o r m a l i z e d  a u t o c o r ­
r e l a t i o n  f u n c t i o n s -  A n d e r s o n  ( 1 9 7 7 )  u s e d  t h e  p o r t m a n t e a u  
c h i - s q u a r e  s t a t i s t i c  f o r  c h e c k i n g  o n  t h e  s e r i a l  c o r r e l a t i o n s  
t a k e n  a s  a w h o l e .  F i s h e r  and  M o o r e  ( 1 9 7 8 )  s t a t e d  t h a t  s u c ­
c e s s i v e  s h o r t  ( l o n g )  r u n s  i m p l y  m o re  m i x i n g  ( c l u s t e r i n g )  
t h a n  o n e  s h o u l d  e x p e c t  t o  f i n d  i n  a p u r e l y  r a n d o m  s e g u e n c e .
F rom  t h e  r e v i e w  o f  l i t e r a t u r e  o n  r a n d o m n e s s  a n d  i n d e p e n ­
d e n c e  t e s t s ,  we h a v e  f o u n d  t h a t  r u n s  t e s t s  a n d  s e r i a l  c o r r e ­
l a t i o n  c o e f f i c i e n t s  ( i . e . ,  a u t o c o r e l a t i o n  f u n c t i o n s  f o r  a 
s i n g l e  t i m e  s e r i e s . ) 2 5  a r e  t h e  t w o  m o s t  p o p u l a r  s t a t i s t i c s ;  
m any  a u t h o r s  u s e  t h e m  f o x  . r a n d o m n e s s  a n d  i n d e p e n d e n c e  t e s t s -  
I n  a d d i t i o n  some o t h e r  t e s t s ,  s u c h  as r a n k  t e s t s ,  r a n k  s e r ­
i a l  c o r r e l a t i o n  t e s t s ,  s t a n d a r d i z e d  mean s q u a r e  s u c c e s s i v e  
d i f f e r e n c e  t e s t s ,  and  s e r i a l  t e s t s ,  a r e  r e c o m m e n d e d  b y  some 
a u t h o r s .  T h e y  a r e ,  h o w e v e r ,  n o t  s u i t a b l e  f c r  t h e  r a n d o m n e s s  
a n d  i n d e p e n d e n c e  t e s t s  f o r  t h e  g e n e r a t e d  s e q u e n c e .  T h e  e x ­
p l a n a t i o n  w i l l  b e  d i s c u s s e d  i n  t h e  f o l l o w i n g  p a r a g r a p h s .
t i t h  r e g a r d  t o  r a n k  t e s t s  o r  r a n k  s e r i a l  c o r r e l a t i o n  
t e s t s ,  i f  t h e  d a t a  a r e  n o n n u m e r i c ,  t h e  m e t h o d s  o f  r a n k s  a r e
2 S The g e n e r a t e d  n u m b e r s  c a n  be  r e g a r d e d  a s  a s i n g l e  s t o c h a s ­
t i c  t i m e  s e r i e s  w i t h  d i s c r e t e  l a g  u n i t  e q u a l  o n e .  A s t o ­
c h a s t i c  t i m e  s e r i e s  i s  a s e t  o f  r a n d o m  o b s e r v a t i o n s  g e n e r ­
a t e d  s e q u e n t i a l l y  i n  t i m e .
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o f t e n  t h e  m o s t  p o w e r f u l  m e t h o d s  a v a i l a b l e .  I f  t h e  d a t a  a r e  
n u m e r i c ,  h o w e v e r ,  a t e s t  b a s e d  o n  r a n k s  a c c o u n t s  t o  t h r o w i n g
away i n f o r m a t i o n  ( M a n n ,  1 9 4 5 ) .  S u c h  a l o s s  o f  i n f o r m a t i o n
u s u a l l y  r e s u l t s  i n  a c o r r e s p o n d i n g  l o s s  o f  p o w e r  ( C o n o v e r ,  
19 7 1 )  .
As f o r  s t a n d a r d i z e d  mean s q u a r e  s u c c e s s i v e  d i f f e r e n c e s ,  
t h i s  t e s t  i s  b a s e d  o n  t h e  s t a t i s t i c  r = ( d / s ) ,  w h e r e  d d e ­
n o t e s  t h e  mean s q u a r e  s u c c e s s i v e  d i f f e r e n c e ,  s  m e a s u r e s  v a r ­
i a n c e  i n d e p e n d e n t  o f  t h e  o r d e r  o f  t h e  o b s e r v a t i o n s ;  c o n s e ­
q u e n t l y  i t  i n c l u d e s  t h e  e f f e c t  o f  t h e  t r e n d .  I f  t r e n d  i s  
p r e s e n t ,  d i s  n o t  a l t e r e d  n e a r l y  s o  much as  t h e  v a r i a n c e  
e s t i m a t e  s  w h i c h  i n c r e a s e s  g r e a t l y .  The  c r i t i c a l  r e g i o n  r  
< some c o n s t a n t  s h o u l d  be e m p l o y e d  i n  t e s t i n g  a g a i n s t  t h e
a l t e r n a t i v e  o f  a t r e n d .  T h u s  we n e e d  t o  k now  t h e  d i s t r i b u ­
t i o n  o f  r .  H o w e v e r ,  t h e  d i s t r i b u t i o n  o f  d i n  s a i a p l e s  o f  N
h a s  n o t  b e e n  d e r i v e d .  T a b l e s  o f  c r i t i c a l  v a l u e s  a r e  o n l y  
a v a i l a b l e  u p  t o  N = 5 0 .  I n  a d d i t i o n ,  t h e  d s t a t i s t i c  i s  n o t  
c o n s i s t e n t  (Newmann a n d  H a r t ,  1 9 4 1 ) .  H e n c e  i t  i s  i m p r o p e r  
f o r  t h i s  s t u d y .
Some a u t h o r s  h a v e  s u g g e s t e d  t h a t  s e r i a l  t e s t s  c a n  be u s e d  
f o r  d e t e c t i n g  s e r i a l  a s s o c i a t i o n s  o r  t h e  d e g r e e s  o f  r a n d o m ­
n e s s  b e t w e e n  t h e  s u c c e s s i v e  n u m b e r s .  H o w e v e r ,  t h e s e  may be  
r e g a r d e d  a s  s p e c i a l  c a s e s  o f  a u t o c o r r e l a t i o n  f u n c t i o n s .  F o r  
l a g  o n e ,  t h e  a u t o c o r r e l a t i o n  f u n c t i o n  i s  t h e  same a s  t h e  
s e r i a l  t e s t .
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A u t o c o r r e l a t i o n  a n a l y s i s  n o t  o n l y  c a n  d i s c o v e r  s e r i a l  
c o r r e l a t i o n s  b e t w e e n  s u c c e s s i v e  n u m b e r s  b u t  a l s o  c a n  e x a m i n e  
s e r i a l  c o r r e l a t i o n s  b e t w e e n  n u m b e r s  l a g g e d  k t i m e  u n i t s  
a p a r t .  T h u s  i t  i s  m o r e  p o w e r f u l  a n d  m o re  g e n e r a l  t h a n  t h e  
s e r i a l  t e s t .  I n  a d d i t i o n  i t  m u s t  b e  u s e d  f o r  r a n d o m n e s s  and  
i n d e p e n d e n c e  t e s t s  f o r  g e n e r a t e d  s e q u e n c e s  s i n c e  t h e  c o r r e ­
l a t i o n  b e t w e e n  s u c c e s s i v e  n u m b e r s  i s  n o t  t h e  o n l y  o n e  o f  i m ­
p o r t a n c e ,  t h e  c o r r e l a t i o n  b e t w e e n  t h e  c u r r e n t  r a n d o m  n u m b e r  
a n d  a t  l e a s t  i t s  n e x t  1 0  o r  2 0  s u c c e s s o r s  s h o u l d  be c o n t ­
r o l l e d  ( C o v e y o u ,  1 9 6 0 ) .
I n  a l l ,  f o r  t h e  q u a l i t y  e v a l u a t i o n  o f  r a n d o m n e s s  a n d  i n ­
d e p e n d e n c e  o f  t h e  g e n e r a t o r s  a nd  t h e  c o m b i n a t i o n s ,  we h a v e  
s e l e c t e d  r u n s  t e s t s  a nd  a u t o c o r r e l a t i o n  t e s t s .  F o r  r u n s  
t e s t s ,  we w i l l  use  t w o  k i n d s :  r u n s  up and  d o w n ,  a n d  r u n s
a b o v e  t h e  m e d i a n  a n d  b e l o w  t h e  m e d i a n .  I n  a d d i t i o n  we u s e  
s p e c t r a l  a n a l y s i s  a s  a c c m p l e m e r t a r y  t e s t  f o r  a u t o c o r r e l a ­
t i o n  a n a l y s i s  s i n c e  b o t h  o f  t h e m  a r e  F o u r i e r  t r a n s f o r m  o f  
e a c h  o t h e r ,  a n d  s p e c t r a l  a n a l y s i s  c a n  o f f e r  m o re  i n f o r m a ­
t i o n .  A l s o ,  many p r e v i o u s  a u t h o r s  h a v e  a p p l i e d  s p e c t r a l  a n ­
a l y s i s  a s  a  t e s t  o f  c o n g r u e n t i a l  g e n e r a t o r s ,  a n d  t h e y  h a v e  
f o u n d  i t  t o  be  e s p e c i a l l y  s e n s i t i v e :  g o o d  g e n e r a t o r s  p a s s
t h e  t e s t  b u t  n o t  b a d  o n e s .  H e n c e ,  i n  t h i s  s t u d y ,  we w i l l  
u s e  t h i s  a n a l y s i s  a s  an e m p i r i c a l  t e s t  o n  t h e  s e l e c t e d  g e n ­
e r a t o r s  a n d  t h e  s e l e c t e d  c o m b i n a t i o n s .
C h a p t e r  I I I  
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3 .  1 ENTRODDCTION
Among t h e  n u m e r o u s  g o o d n e s s  o f  f i t  t e s t s  f o r  d i s t r i b u ­
t i o n s ,  we h a v e  s e l e c t e d  t h e  CS t e s t  f o r  t h i s  s t u d y .  T h i s  i s  
d u e  t o  i t s  s i m p l i c i t y ,  f l e x i b i l i t y ,  r o b u s t n e s s  a n d  b e c a u s e  
i t  i s  w e l l - k n o w n .  I n  a d d i t i o n  CS i s  m o s t  c o m m o n ly  u s e d  when 
t h e r e  i s  n o t  a c l e a r  a l t e r n a t i v e  h y p o t h e s i s .  I n  t h e  s t a n ­
d a r d  a p p l i c a t i o n s  o f  t h i s  t e s t ,  t h e  B o b s e r v a t i o n s  i n  a r a n ­
dom s a m p l e  f r o m  a p o p u l a t i o n  a r e  c l a s s i f i e d  i n t o  K m u t u a l l y  
e x c l u s i v e  a nd  e x h a u s t i v e  c l a s s e s .  I t  g i v e s  a n u m e r i c a l  mea­
s u r e  o f  t h e  d i f f e r e n c e  b e t w e e n  t h e  o b s e r v e d  and  t h e  t h e o r e t ­
i c a l  d i s t r i b u t i o n .  And t h e  t h e o r e t i c a l  c h i - s g u a r e  d i s t r i b u ­
t i o n  c a n  be u s e d  t o  d e f i n e  a c r i t i c a l  r e g i o n  f o r  t h e  
h y p o t h e s i s  t e s t  s i n c e  f o r  l a r g e  s a m p l e  s i z e s ,  t h e  CS s t a t i s ­
t i c  i s  a p p r o x i m a t e d  b y  t h e  c h i - s g u a r e  d i s t r i b u t i o n  w i t h  K - 1 
d e g r e e s  o f  f r e e d o m .
CS c a n  b e  u s e e  t o  t e s t  w h e t h e r  o r  n o t  a s i g n i f i c a n t  d i f ­
f e r e n c e  e x i s t s  b e t w e e n  an o b s e r v e d  n u t r b e r  c f  o b j e c t s  f a l l i n g  
i n  e a c h  c a t e g o r y  a n d  an  e x p e c t e d  n u m b e r  b a s e d  on  t h e  n u l l
h y p o t h e s i s .  T h e  n u m b e r  o f  o b s e r v a t i o n s  f a l l i n g  i n t o  a g i v e n  
c a t e g o r y  i s  c a l l e d  t h e  o b s e r v e d  f r e q u e n c i e s  o f  t h a t  c a t e -
- 47 -
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g o r y .  T he  n u l l  h y p o t h e s i s  s t a t e s  t h e  e x p e c t e d  f r e q u e n c i e s  
f o r  e a c h  e x c l u s i v e  a n d  e x h a u s t i v e  c a t e g o r y .  F o r  e a c h  c a t e ­
g o r y ,  t h e r e  i s  a p r o b a b i l i t y  t h a t  an o b s e r v a t i o n  r a n d o m l y  
s e l e t e d  f r o m  t h e  h y p o t h e s i z e d  p o p u l a t i o n  w i l l  f a l l  i n  t h a t  
c a t e g o r y .  U n d e r  t h e  n u l l  h y p o t h e s i s ,  we may d e s i g n a t e  t h e  
p r o b a b i l i t y  a s  P 1 , P 2 ,  P 3 , . . . , P k ,  f o r  c a t e g o r i e s  1 , 2 , . . . , k ,
r e s p e c t i v e l y ,  a n d  we c a n  o b t a i n  t h e  e x p e c t e d  f r e q u e n c i e s  f o r  
e a c h  c a t e g o r y  by  c o m p u t i n g  t h e  p r o d u c t  o f  N a n d  t h e  c o r r e s ­
p o n d i n g  c a t e g o r y  p r o b a b i l i t y .
T h e  t e s t  c o n s i s t s  o f  e s t a b l i s h i n g  m u t u a l l y  e x c l u s i v e  and  
e x h a u s t i v e  c a t e g o r i e s .  I t  c o m p a r e s  t h e  o b s e r v e d  a n d  e x ­
p e c t e d  n u m b e r  o f  o c c u r r e n c e s  i n  e a c h  c a t e g o r y  a n d  c a l c u l a t e s  
c o r r e s p o n d i n g  c h i - s g u a r e  s t a t i s t i c  a s  an  a p p r o p r i a t e  m e a s u r e  
o f  a g r e e m e n t  ( o r  d i s a g r e e m e n t )  b e t w e e n  o b s e r v e d  a n d  e x p e c t e d  
f r e q u e n c i e s .  The u s u a l  P e a r s o n  ( 1 9 0 0 )  c h i - s q u a r e  s t a t i s t i c  
i s  c o m p u t e d  by d i v i d i n g  t h e  s q u a r e d  d i f f e r e n c e  b e t w e e n  o b ­
s e r v e d  a n d  e x p e c t e d  f r e q u e n c i e s  by  t h e  c o r r e s p o n d i n g  e x ­
p e c t e d  f r e q u e n c i e s  i n  e a c h  c a t e g o r y  a n d  s u m m in g  o v e r  a l l  c a ­
t e g o r i e s .  U s i n g  t h e  n o t a t i o n ,  t h e  P e a r s o n  c h i - s q u a r e  
s t a t i s t i c  i s  d e f i n e d  a s
CS=S(JM ( ( O i - N * P i )  * * 2 /  ( N * P i )  )
w h e r e  o i  i s  t h e  n u m b e r  o f  o b s e r v a t i o n s  f o r  t h e  i t h  c a t e ­
g o r y  a n d  N * P i  i s  t h e  e x p e c t e d  n u m b e r s  o f  f r e q u e n c i e s  f o r  t h e  
i t h  c a t e g o r y  u n d e r  t h e  n u l l  h y p o t h e s i s ,  HO. N i s  t h e  s a m p l e  
s i z e ,  a n d  P i  i s  t h e  p r o b a b i l i t y  f o r  t h e  i t h  c a t e g o r y .  I t  i s  
a s s u m e d  i n  t h i s  s t u d y  t h a t  P 1=P2 = . . «=Pk»
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I f  t h e  a g r e e m e n t  b e t w e e n  t h e  o b s e r v e d  a n d  e x p e c t e d  f r e ­
q u e n c i e s  i s  c l o s e ,  t h e  d i f f e r e n c e s  ( O i - N * P i ) * * 2  w i l l  be  
s m a l l  a n d  c o n s e q u e n t l y  CS w i l l  b e  s m a l l -  I f  t h e  d i v e r g e n c e  
i s  l a r g e ,  h o w e v e r ,  t h e  v a l u e  o f  CS a s  c o m p u t e d  b y  t h e  f o r ­
m u la  s t a t e d  a b o v e  w i l l  a l s o  be  l a r g e .  R o u g h l y  s p e a k i n g ,  t h e  
l a r g e r  t h e  CS i s ,  t h e  m o re  l i k e l y  i t  i s  t h a t  t h e  o b s e r v e d  
f r e q u e n c i e s  do n o t  come f r o m  t h e  p o p u l a t i o n  o n  w h i c h  t h e  
n u l l  h y p o t h e s i s  i s  b a s e d .  S i n c e  f o r  l a r g e  s a m p l e s ,  CS i s  
d i s t r i b u t e d  a p p r o x i m a t e l y  a s  c h i - s q u a r e  w i t h  K - 1 d e g r e e s  o f  
f r e e d o m -  T h e  u p p e r  t a i l  ( o n e - t a i l e d  t e s t )  o f  t h e  c h i - s q u a r e  
d i s t r i b u t i o n  i s  u s e d  a s  t h e  c r i t i c a l  r e g i o n -  I f  t h e  c o m ­
p u t e d  CS v a l u e  i s  l a r g e r  t h a n  t h e  c r i t i c a l  v a l u e  o b t a i n e d  
f r o m  t h e  c h i - s q u a r e  t a b l e  a t  s i g n i f i c a n c e  l e v e l  ALPHA, t h e  
n u l l  h y p o t h e s i s  w i l l  be r e j e c t e d  a t  t h a t  s i g n i f i c a n c e  l e v e l .  
O t h e r w i s e ,  t h e  n u l l  h y p o t h e s i s  w i l l  be  a c c e p t e d .
3 . 2  JLOQCEDUPES OF CS TEST FOR GOODNESS OF F I T
T h r e e  p r o c e d u r e s  a r e  u s e d  h e r e  f o r  t e s t i n g  t h e  s e r i e s  f o r  
f i t  t o  t h e  d e s i r e d  d i s t r i b u t i o n .
1 .  T e s t  e a c h  s e t  f o r  f i t  t o  t h e  d e s i r e d  d i s t r i b u t i o n .
F o r  l a r g e  s a m p l e  s i z e s ,  t h e  CS s t a t i s t i c  ap ­
p r o x i m a t e s  t h e  c h i - s q u a r e  d i s t r i b u t i o n .  T h u s  i f  a 
s e r i e s  h a s  a d e s i r e d  d i s t r i b u t i o n  u n d e r  t h e  n u l l  
h y p o t h e s i s  a t  t h e  s i g n i f i c a n c e  l e v e l  ALPHA, t h e  CS
v a l u e  c o m p u t e d  f r o m  t h a t  s e r i e s  i s  l e s s  t h a n  o r  
e q u a l  t o  t h e  c r i t i c a l  v a l u e  o b t a i n e d  f r o m  t h e  
c h i - s q u a r e  d i s t r i b u t i o n  t a b l e .
I h e  p r o c e d u r e  f o r  a c c o m p l i s h i n g  t h e  t e s t  i s  e x ­
p e c t e d  as  f o l l o w s :
a) D e t e r m i n e  t h e  s a m p l e  s i z e  N o f  e a c h  s e t ,  s a y  
N = 1 2 0 0 .
b) G e n e r a t e  t h e  s e r i e s  X f r o m  t h e  c o m p u t e r .
c )  By means o f  Mann and  W a l d ’ s  o p t i m u m  n u m b e r  o f  
c l a s s e s  w i t h  W i l l i a m s *  m o d i f i c a t i o n ,  d e t e r m i n e  
t h e  n u m b e r  o f  c l a s s e s  a n d  e s t a b l i s h  K m u t u a l l y  
e x c l u s i v e  a n d  e x h a u s t i v e  c a t e g o r i e s ,  K=32 f o r  
N= 120 0 .
d) Use t h e  e q u a l  p r o b a b i l i t y  1 / 3  2 p e r  c l a s s  t o  
c o m p u t e  e x p e c t e d  f r e q u e n c i e s  K i  f o r  e a c h  c a t e ­
g o r y .  E i = N / K  • E i =  3 7 . 5  f o r  11 = 1 2 0 0  a n d  K = 3 2 .
e) U n d e r  t h e  n u l l  h y p o t h e s i s  a n d  e q u a l  p r o b a b i l i t y  
1 / 3 2  p e r  c l a s s ,  c o m p u t e  t h e  u p p e r  a nd  t h e  l o w e r  
b o u n d s  f o r  e a c h  c l a s s .
f )  C o u n t  t h e  o b s e r v e d  f r e q u e n c i e s  O i  f o r  t h e  i t h  
c a t e g o r y .
g) C o m p u te  t h e  CS s t a t i s t i c
CS=SUM{ ( O i - E i ) * * 2 / E i ) , f o r  i =  1 , 2 , . . . , K = 3 2 .
h) S e t  up  s i g n i f i c a n c e  l e v e l  ALPHA. L e t  A L ­
P H A S .  0 1 ,  0 . 0 5  and  0 . 2 .
i )  F i n d  t h e  c r i t i c a l  v a l u e , C P I ,  f o r  t h e  h y p o t h e s i s  
t e s t .  A t  s i g n i f i c a n c e  l e v e l s  A L P E A = 0 . 0 1 ,  0 . 0 5 ,  
a n d  0 . 2  w i t h  K - 1 = 3 1  d e g r e e s  o f  f r e e d o m ,  
C R T = 5 2 . 2 ,  4 5 . 0  a n d  3 7 . h ,  r e s p e c t i v e l y -
T h e  h y p o t h e s i s  a n d  i t s  a l t e r n a t i v e  a r e :
HO: A t  s i g n i f i c a n c e  l e v e l  ALPHA, i f  t h e  s e r ­
i e s  X g e n e r a t e d  i s  f r o m  a p o p u l a t i o n  u n d e r  t h e  
n u l l  h y p o t h e s i s ,  t h e  c o m p u t e d  CS v a l u e  i s  l e s s  
t h a n  o r  e g u a l  t o  CRT.
HA :  A t  s i g n i f i c a n c e  l e v e l  ALPHA i f  t h e  s e r ­
i e s  X i s  n o t  f r o m  a p o p u l a t i o n  c o n s i s t e n t  w i t h  
t h e  n u l l  h y p o t h e s i s ,  t h e  c o m p u t e d  CS v a l u e  i s  
g r e a t e r  t h a n  CRT.
2 .  T e s t  e a c h  s a m p l e  o f  KL =5 0  s e t s  f o r  t h e  d e s i r e d  
d i s t r i b u t i o n  f i t  b y  means o f  t h e  CS g o o d n e s s  o f  
f i t  t e s t .
I f  t h e  s a m p l e  o f  KL=50  s e t s  h a s  a d e s i r e d  d i s ­
t r i b u t i o n  f i t ,  t h e n  t h e  KL=50  CS s t a t i s t i c s  c o m ­
p u t e d  f r o m  e a c h  s e t  h a v e  a c h i - s g u a r e  w i t h  K -1 = 3 1  
d e g r e e s  o f  f r e e d o m .  T h u s  we c a n  u s e  t h e  CS g o o d ­
n e s s  o f  f i t  t e s t  t o  c h e c k  w h e t h e r  o r  n o t  t h e  sam ­
p l e  h a s  a d e s i r e d  d i s t r i b u t i o n  f i t .
The p r o c e d u r e  f o r  a c c o m p l i s h i n g  t h e  t e s t  i s  as
f o l l o w s :
a) Use P r o c e d u r e  m e n t i o n e d  a fcove  t o  c o m p u t e  t h e  CS 
s t a t i s t i c  f o r  e a c h  s e t -  T h e r e  a r e  K L = 5 0  CS 
s t a t i s t i c s  w h i c h  h a v e  c h i - s g u a r e  d i s t r i b u t i o n  
w i t h  K—1 = 2 1  d e g r e e s  o f  f r e e d o m  i f  t h e  s a m p l e  
h a s  a d e s i r e d  d i s t r i b u t i o n  f i t .
b)  By t h e  c o n v e n t i o n a l  m e t h o d  u s i n g  m in im u m  e x ­
p e c t e d  v a l u e  5 a nd  C o c h r a n ' s  m o d e r a t e  n u m b e r  o f  
c l a s s e s  b e t w e e n  10 t o  2 5 ,  e s t a l l i s h  m u t u a l l y  
e x c l u s i v e  a n d  e x h a u s t i v e  c a t e g o r i e s ,  K 1 ,  f o r  KL 
s a m p l e s  a nd  l e t  K1=10 f o r  K L = 5 0 .
c) Use  e g u a l  p r o t a b i l i t i e s  1 / 1 0  t o  c o m p u t e  t h e  e x ­
p e c t e d  f r e q u e n c y  E i  f o r  t h e  i t h  c a t e g o r y .  Use 
E i = 5  f o r  KL=50 a n d  P i  = 0 . 1.
d) U n d e r  t h e  n u l l  h y p o t h e s i s  a n d  e g u a l  p r o b a b i l i t y  
1 / 1 0  p e r  c l a s s ,  c o m p u t e  t h e  u p p e r  a n d  l o w e r  
b o u n d s  f o r  e a c h  c l a s s .
e) C o u n t  t h e  o b s e r v e d  f r e q u e n c i e s  O i  f o r  t h e  i t h  
c a t e g o r y  i n  K 1 c a t e g o r i e s .
f )  C o m p u te  t h e  CS s t a t i s t i c
CS=SUM ( ( E i - C i ) * * 2 / E i ) , f o r  i = 1 , 2 , . . . , K = 10 .
g) S e t  up  s i g n i f i c a n c e  l e v e l s  A L P U A = 0 . 0 1 ,  0 . 0 5  and  
0 . 2  f o r  t h e  h y p o t h e s i s  t e s t s .
h) F i n d  t h e  c r i t i c a l  v a l u e ,  CRT, f o r  t h e  h y p o t h e ­
s i s  t e s t s .  A t  s i g n i f i c a n c e  l e v e l s  A L P H A = 0 . 0 1 ,  
0 . 0 5  a n d  0 . 2  w i t h  K 1 - 1 = 9  d e g r e e s  o f  f r e e d o m ,  
C R l = 2 1 . 7 ,  1 6 . 9  a n d  1 2 . 2 ,  r e s p e c t i v e l y .
The  h y p o t h e s i s  and  i t s  a l t e r n a t i v e  a r e :
HO: T h e  s a m p l e  o f  KL=50 s e t s  i s  f r o m  t h e  d e ­
s i r e d  d i s t r i b u t i o n  u n d e r  t h e  n u l l  h y p o t h e s i s  a t  
s i g n i f i c a n c e  l e v e l  ALPHA i f  t h e  c o m p u t e d  CS v a ­
l u e  i s  l e s s  t h a n  o r  e g u a l  t o  CRT.
HA: T h e  s a m p l e  o f  K L - 5 0  s e t s  i s  n o t  f r o m  t h e
d e s i r e d  d i s t r i b u t i o n  u n d e r  t h e  n u l l  h y p o t h e s i s  
a t  s i g n i f i c a n c e  l e v e l  ALPHA i f  t h e  c o m p u t e d  CS 
v a l u e  i s  g r e a t e r  t h a n  CRT.
3 .  T e s t  t h e  w h o l e  s e r i e s  o f  IS E T = 5 0  s a m p l e s  f o r  t h e  
d e s i r e d  d i s t r i b u t i o n  by  n u m b e r  o f  s i g n i f i c a n t  sam­
p l e s  c o u n t e d  a b o v e  a n d  by  means o f  t h e  CS g o o d n e s s  
o f  f i t  t e s t .
A t  s i g n i f i c a n c e  l e v e l  ALPHA, we u s e  t w o  w ays  t o  
j u d g e  w h e t h e r  o r  n o t  t h e  w h o l e  g e n e r a t e d  s e r i e s  
h a s  a d e s i r e d  d i s t r i b u t i o n  f i t .  f i r s t .  I f  t h e  
w h ° ' l e  *'5er i e s  o f  I S E T = 5 0  s a m p l e s  h a s  a d e s i r e d  d i s -
t r i b u t i o n  f i t ,  t h e n  t h e  n u m b e r  o f  s i g n i f i c a n t  sam­
p l e s  c o u n t e d  o v e r  I S E T = 5 0  s a m p l e s  i s  l e s s  t h a n  o r  
e q u a l  t o  t h e  u p p e r  b o u n d  f o r  n u m b e r  o f  s i g n i f i c a n t  
s a m p l e s  ( I S E T * A L P H A + Z *  ( I S E T * A L P H A * ( 1-ALPHA) ) * * . 5 ,  
w h e r e  Z = 2 . 3 2 8 ,  1 . 6 4 5  a n d  0 . 8 4 5  f o r  A L P H A = 0 . 0 1 ,
0 . 0 5  a n d  0 . 2 ,  r e s p e c t i v e l y ) .  S e c o n d ,  i f  t h e  w h o l e  
g e n e r a t e d  s e r i e s  h a s  a d e s i r e d  d i s t r i b u t i o n  f i t ,  
t h e  IS E T = 5 0  CS s t a t i s t i c s  c o m p u t e d  f r o m  a l l  sam ­
p l e s  h a v e  a c h i - s q u a r e  d i s t r i b u t i o n  w i t h  K 1 - 1 = 9  
d e g r e e s  o f  f r e e d o m .  T h u s  we c a n  u s e  t h e  CS g o o d ­
n e s s  o f  f i t  t e s t  t o  c h e c k  w h e t h e r  o r  n o t  t h e  w h o l e  
g e n e r a t e d  s e r i e s  h a s  a d e s i r e d  d i s t r i b u t i o n  f i t .  
T he  e x p e c t a t i o n  o f  t h i s  p r o c e d u r e  i s  a s  f o l l o w s :
a) Use p r e v i o u s  P r o c e d u r e  t o  c o m p u t e  t h e  CS s t a ­
t i s t i c  f o r  e a c h  s a m p l e .  T h e r e  a r e  J S E T - 5 0  CS 
s t a t i s t i c s  w h i c h  h a v e  a c h i - s q u a r e  d i s t r i b u t i o n  
w i t h  K 1—1 = 9 d e g r e e s  o f  f r e e d o m  i f  t h e  w h o l e  
g e n e r a t e d  s e r i e s  h a s  a d e s i r e d  d i s t r i b u t i o n  
f i t .
b) U s i n g  t h e  c o n v e n t i o n a l  m in im u m  e x p e c t e d  v a l u e  
o f  5 a n d  C o c h r a n ' s  m o d e r a t e  n u m b e r  o f  c l a s s e s  
b e t w e e n  10 t o  2 5 ,  e s t a b l i s h  m u t u a l l y  e x c l u s i v e  
a n d  e x h a u s t i v e  c a t e g o r i e s ,  K2 ,  a nd  l e t  K2 = 1 0  
f o r  I S E T = 5 0  i n  t h i s  s t u d y .
c)  Use e q u a l  p r o l a b i l i t i e s  1 / 1 0  t o  c o m p u t e  t h e  e x ­
p e c t e d  f r e q u e n c i e s  E i  f o r  t h e  i t h  c a t e g o r y -  
T h u s ,  E i = 5  f o r  IS E T = 5 0  a n d  P i = 0 . 1.
d) U n d e r  t h e  n u l l  h y p o t h e s i s  and  e q u a l  p r o b a b i l i ­
t i e s  1 / 1 0  p e r  c l a s s ,  c o m p u t e  t h e  u p p e r  a n d  
l o w e r  b o u n d s  f o r  e a c h  c l a s s .
e) C o u n t  t h e  o b s e r v e d  f r e q u e n c i e s ,  O i  f o r  t h e  i t h  
c a t e g o r y  i n  K 2 c a t e g o r i e s .
f )  C o m p u t e  t h e  CS s t a t i s t i c
CS=SUH ( ( E i - G i ) * * 2 / E i ) ,  f o r  i = 1 , 2 , . - . , K 2 = 1 0 .
0 ) S e t  up  s i g n i f i c a n c e  l e v e l s  A L P H A = 0 .0 1 ,  0 . 0 5  a n d  
0 - 2  f o r  t h e  h y p o t h e s i s  t e s t s .
h) F i n d  t h e  c r i t i c a l  v a l u e ,  CRT, f o r  t h e  h y p o t h e ­
s i s  t e s t s -  A t  s i g n i f i c a n c e  l e v e l s  A L P H A = 0 .0 1 ,  
0 . 0 5 ,  a n d  0 . 2  w i t h  K 2 - 1 = 9  d e g r e e s  o f  f r e e d o m ,  
C R T = 2 1 . 7 ,  1 6 . 8  a n d  1 2 . 2 ,  r e s p e c t i v e l y .
T he  h y p o t h e s i s  and  i t s  a l t e r n a t i v e  a r e :
HO: The  w h o l e  s e r i e s  o f  I S E T = 5 0  s a m p l e s  i s
f r o m  t h e  d e s i r e d  d i s t r i b u t i o n  u n d e r  t h e  n u l l  
h y p o t h e s i s  a t  t h e  s i g n i f i c a n c e  l e v e l  ALPHA i f  
t h e  n u m b e r  o f  s i g n i f i c a n t  s a m p l e s  i s  l e s s  t h a n  
o r  e q u a l  t o  i t s  u p p e r  b o u n d ,  o r  i f  t h e  c o m p u t e d  
CS v a l u e  i s  l e s s  t h a n  o r  e q u a l  t o  CRT.
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HA: T h e  w h o l e  s e r i e s  o f  IS E T = 5 0  s a m p l e s  i s
n o t  f r o m  t h e  d e s i r e d  d i s t r i b u t i o n  u n d e r  t h e  
n u l l  h y p o t h e s i s  a t  s i g n i f i c a n c e  l e v e l  ALPHA i f  
t h e  n u m b e r  o f  s i g n i f i c a n t  s a m p l e s  i s  g r e a t e r  
t h a n  i t s  u p p e r  b o u n d ,  o r  i f  t h e  c o m p u t e d  CS v a ­
l u e  i s  g r e a t e r  t h a n  CU T .
3 - 3  EMPI R I C A L  TEST RESUL T S , D I S CUSSIONS AND E VALUATIONS
T h e  g o o d n e s s  o f  f i t  t e s t  r e s u l t s  f o r  7 g e n e r a t o r s  a nd  23 
c o m b i n a t i o n s  a r e  s h o w n  i n  T a b l e  1 ,  To t e s t  t h e  f i t  t o  a d e ­
s i r e d  d i s t r i b u t i o n , we g e n e r a t e d  50 i n d e p e n d e n t  s a m p l e s .  
E a c h  s a m p l e  c o n t a i n e d  5 0  s e t s  o f  1200 n u m b e r s  p e r  s e t .
F o r  e a c h  s e t . ,  we e s t a b l i s h e d  3 2  m u t u a l l y  e x c l u s i v e  a n d  
e x h a u s t i v e  c a t e g o r i e s ,  t h e n  c o m p u t e d  c h i - s g u a r e  v a l u e s  f o r  
t h e  d i s t r i b u t i o n  o f  t h e  1200 n u m b e r s  i n  t h e  s e t .  We t h u s  
o b t a i n e d  o n e  c h i - s g u a r e  v a l u e  w i t h  31 d e g r e e s  o f  f r e e d o m  f o r  
e a c h  s e t  a n d  50 c h i - s q u a r e  v a l u e s  f o r  e a c h  s a m p l e -
N e x t ,  we s e t  up  1 0  m u t u a l l y  e x c l u s i v e  a n d  e x h a u s t i v e  
c l a s s e s  f o r  t h e  50 i n d e p e n d e n t  c h i - s q u a r e  v a l u e s  f o r  e a c h  
s a m p l e .  T h e n  we d e r i v e d  o n e  c h i - s q u a r e  v a l u e  w i t h  9 d e g r e e s  
o f  f r e e d o m  f r o m  t h e s e  a n d  c o m p u t e d  50 c h i - s q u a r e  v a l u e s  f o r  
a l l  i n d e p e n d e n t  s a m p l e s .  F i n a l l y ,  a t  t h e  s i g n i f i c a n c e  l e v e l  
ALPHA,  we c o u n t e d  t h e  n u m b e r  o f  s i g n i f i c a n t  ( r e j e c t e d )  s a m -
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p i e s  b y  cons p a r i n g  t h e  o b s e r v e d  s a m p l e  c h i - s g u a r e  v a l u e  w i t h  
t h e  a p p r o p r i a t e  c r i t i c a l  c h i - s g u a r e  v a l u e .
C o l u m n s  3 ,  4 ,  a n d  5 l i s t  t h e  n u m b e r s  o f  s i g n i f i c a n t  sam­
p l e s  a t  l e v e l s  0 . 2 ,  0 . 0 5 ,  a n d  0 . 0 1 ,  r e s p e c t i v e l y .  A t  s i g n i ­
f i c a n c e  l e v e l s  0 . 2 ,  0 - 0 5 ,  a n d  0 . 0 1 ,  t h e  u p p e r  b o u n d s  f o r  t h e  
n u m b e r s  o f  s i g n i f i c a n t  s a m p l e s  a r e  1 2 ,  5 ,  a n d  2 ,  r e s p e c ­
t i v e l y .  F o r  e x a m p l e ,  a t  l e v e l  0 . 2 ,  t h e r e  a r e  6  s i g n i f i c a n t  
s a m p l e s  am ong  t h e  50  i n d e p e n d e n t  s a m p l e s  g e n e r a t e d  f r o m  AD-  
RAND. The  u p p e r  c r i t i c a l  b o u n d  o f  t h e  n u m b e r  o f  s i g n i f i c a n t  
s a i o p l e s  i s  12 a t  l e v e l  0 . 2 .  So t h e  n u m b e r s  g e n e r a t e d  f r o m  
AOP.AND a r e  j u d g e d  t o  b e  u n i t  u n i f o r m  d i s t r i b u t i o n  by  i n v e s ­
t i g a t i n g  t h e  n u m b e r  o f  s i g n i f i c a n t  s a m p l e s  g e n e r a t e d .
A g a i n ,  we c a s h e d  50  s a m p l e s 1 c h i - s g u a r e  v a l u e s  i n t o  10 
m u t u a l l y  e x c l u s i v e  a n d  e x h a u s t i v e  g r o u p s  a n d  c o m p u t e d  o n e  
g r a n d  c h i - s g u a r e  v a l u e  w i t h  9 d e g r e e s  o f  f r e e d o m  f o r  e a c h  
w h o l e  g e n e r a t e d  s e r i e s .  T h i r t y  g r a n d  c h i - s q u a r e  v a l u e s  a r e  
e x h i b i t e d  i n  C o lu m n  6 ,  a n d  t h e i r  c r i t i c a l  c h i - s q u a r e  v a l u e s  
f o r  t h e  w h o l e  s e r i e s  a r e  1 2 . 2 ,  1 6 . 9 ,  a n d  2 1 . 7  f o r  s i g n i f i ­
c a n c e  l e v e l s  0 . 2 ,  0 . 0 5 ,  a n d  0 . 0 1 ,  r e s p e c t i v e l y .  F o r  i n ­
s t a n c e ,  t h e  o b s e r v e d  c h i - s q u a r e  v a l u e  f o r  t h e  w h o l e  s e r i e s  
g e n e r a t e d  f r o m  ADRAND i s  5 . 6  a t  s i g n i f i c a n c e  l e v e l  0 . 2 .  
S i n c e  t h e  c r i t i c a l  c h i - s q u a r e  v a l u e  i s  1 2 . 2 ,  t h e  n u m b e r s  
g e n e r a t e d ,  f r o m  ADRAND a r e  j u d g e d  t o  h a v e  a g o o d  f i t  t o  t h e  
u n i t  u n i f o r m  d i s t r i b u t i o n  a t  t h e  s t r i g e n t  0 . 2  l e v e l .
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C o l u n n  2 s u m m a r i z e s  t h e  a c t u a l  t o t a l  n u m b e r  o f  r e j e c t i o n s  
f r o m  t h e  g o o d n e s s  o f  f i t  t e s t s .  R A N I) U ,  f o r  e x a m p l e /  h a s  2 
r e j e c t i o n s  i n  t h e  t e s t  f o r  g o o d n e s s  o f  f i t  t o  t h e  d i s t r i b u ­
t i o n .  T he  d i s t r i b u t i o n s  t e s t e d  f o r  a r e  u n i t  u n i f o r m  a n d  
u n i t  n o r m a l .
rI a i l e  1 i n f o r m s  u s  o f  6  t y p e s  o f  p o s s i b l e  r e j e c t i o n s .  
T h r e e  o f  t h e m  a r e  i n d i c a t e d  b y  t h e  n u m b e r  o f  s i g n i f i c a n t  
s a m p l e s  ( C o l u m n s  3 ,  4 ,  a n d  5) a n d  t h e  o t h e r  t h r e e  ( C o lu m n  6 ) 
a r e  p o i n t e d  o u t  b y  o v e r a l l  c h i - s q u a r e  v a l u e s  a t  l e v e l s  0 . 2 , 
0 . 0 5 ,  a n d  0 . 0 1 ,  r e s p e c t i v e l y .  I n  a d d i t i o n ,  t h e  a c t u a l  t o t a l  
n u m b e r s  o f  r e j e c t i o n s  t h a t  c c c u r e d  i n  t h e  t e s t  f o r  g o o d n e s s  
o f  f i t  t o  t h e  u n i t  u n i f o r m  o r  u n i t  n o r m a l  d i s t r i b u t i o n  a r e  
l i s t e d  i n  c o l u m n  2 .
From T a b l e  1 i t  i s  c l e a r  t h a t  m os t  g e n e r a t o r s  o r  c o m b i n a ­
t i o n s  seem t o  f i t  t o  t h e i r  d e s i r e d  ( i . e . ,  u n i t  u n i f o r m  o r  
u n i t  n o r m a l )  d i s t r i b u t i o n s  w e l l .  A t  s i g n i f i c a n c e  l e v e l  0 . 2 ,
t h e  n u m b e r s  o f  s i g n i f i c a n t  s a m p l e s  g e n e r a t e d  b o t h  by  R .  
S h o r e  a n d  by  M S H w i t h  t h e  B o x - d u l l e r  r e j e c t i o n  t r a n s f o r m a ­
t i o n  a r e  14 ( C o l u m n  3 ) .  T h i s  i s  s l i g h t l y  o v e r  1 2 ,  t h e  u p p e r
b o u n d  o f  t h e  s i g n i f i c a n t  s a m p l e s .  E x c e p t  f o r  t h e s e  t w o ,  a l l  
s e l e c t e d  g e n e r a t o r s  a n d  c o m b i n a t i o n s  p a s s  t h e  c h i - s q u a r e  
g o o d n e s s  o f  f i t  t e s t  b a s e d  on  t h e  n u m b e r  o f  s i g n i f i c a n t  sam ­
p l e s .
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l a b l e  1
G o o d n e s s  o f  F i t  t o  D e s i r e d  D i s t r i t u t . i o n s  
G e n e r a t o r s /  | N o . 0 | #  , o f  S i g .  S a m p l e s  a t  L e v e l !  C h i - s g u a r e
C om binat ions  j o f I 0 . 2  I 0 . 0 5  ! 0 . 0 1  | v a l  ue .
1 B e j i , I I I
(1) i (2 ) I (3) i ( “ > I (5)  I ( 6 )
ADRAND 0 6 1 0 5 .  6
R AN DU 2 6 1 0 1 7 . 2 * *
L & L 0 8 1 0 8 . 8
i i & M 2 7 2 0 1 7 . 2 * *
URAND 0 1 0 2 1 9 . 2
R. S h o r e 1 14 s 4 0 9 . 2
5G UBS 0 9 1 0 8 . 8
A DR A N D - B i l l 0 7 3 1 1 1 . 6
RA NDU-BMI 0 1 0 1 0 1 2 . 0
L  & L - B M I 0 1 1 .3 1 1 2 . 0
M & M -B M I 0 9 4 1 4 .  4
URAND-BNI 0 1 0 2 0 1 1 . 2
R .  S h o r e - B  HI 0 1 1 3 0 3 .  6
GGUBS-BKI 1 1 2 3 1 15 .  2 *
A DR A N D -H S I 0 1 1 3 . 1 5 . 2
RANDU-H SI 0 9 3 0 6 . 8
L & L - H S I 0 7 1 1 9 .  2
M S H - H S I 0 9 1 0 5 . 2
URAND-HSi 0 7 2 1 9 . 2
R.  S h o r e - H S I 0 1 1 3 0 8 .  4
GGU B S -H S I 0 7 1 1 8 . 8
ADRA N.D-BMJ 0 8 2 0 1 0 . 4
RANBU-BMJ 0 8 3 0 5 .  2
L & L -B H J 1 6 3 1 1 5 . 6  *
M & M-BHJ 1 14 s 1 0 1 1 . 2
UBAND-BHJ 0 1 0 2 0 1 0 . 0
R. S h o r e - B H J 1 5 0 0 1 6 . 3  *
GGUBS-Bf iJ 1 7 3 1 1 2 . 8  *
GGNPM 0 1 2 0 0 4 .  4
GGNML 0 8 1 0 1 0 . 3
* :  S i g n i f i c a n t  a t  l e v e l  0 . 2
S i g n i f i c a n t  a t  l e v e l s  0 . 2  a n d  0 . 0  5.
* * * :  S i g n i f i c a n t  a t  l e v e l s  0 . 2 ,  0 . 0 5  and  0 . 0 1 .
s ;  S i g n i f i c a n t  a t  l e v e l  ALPHA.
a): T o t a l  n u m b e r  o f  p o s s i b l e  r e j e c t i o n s  i s  6 .
B H I :  S t a n d s  f o r  R o x - M u l l e r  I n v e r s e .
B H J : S t a n d s  f o r  B o x - d u l l e r  I > e j e c t .
H S I :  S t a n d s  f o r  H a s t i n g  I n v e r s e .
U p p e r  b o u n d  f o r  t h e  n u m b e r  o f  s i g n i f i c a n t  s a m p l e s  a t  
l e v e l s  0 . 2 ,  0 . 0  5 a n d  0 . 0 1  a r e  1 2 ,  5 ,  a n d  2 ,  r e s p e c t i v e l y .  
C r i t i c a l  c h i - s g u a r e  v a l u e s  f o r  t h e  w h o l e  g e n e r a t e d  s e r i e s  
a r e  1 2 . 2 ,  1 6 . 9  a n d  2 1 . 7  f o r  s i g n i f i c a n c e  l e v e l s  0 . 2 ,  0 . 0 5  
a n d  0 . 0 1 , r e s p e c t i v e l y .
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f r o m  t h e  i n v e s t i g a t i o n  o f  t h e  o b s e r v e d  g r a n d  c h i - s g u a r e  
v a l u e s  ( C o lu m n  6 ) , i t  i s  c l e a r  t h a t  u n i t ,  u n i f o r m  g e n e r a t o r s ,  
RAHDU a n d  D 8  M, a n d  u n i t  n o r m a l  c o m b i n a t i o n s ,  GGUBS w i t h  
3 o x - M u l l e r  i n v e r s e ,  L  & L w i t h  B o x - D u l l e r  r e j e c t i o n ,  R .
S h o r e  w i t h  B o x - D u l l e r  r e j e c t i o n ,  a n d  GGUBS w i t h  B o x - D u l l e r  
r e j e c t i o n  d o  n o t  p a s s  t h e  g o o d n e s s  o f  f i t  t e s t s  f o r  t h e i r  
d e s i r e d  d i s t r i b u t i o n s  a t  s i g n i f i c a n c e  l e v e l  0 . 2  o r  0 . 0 5 .  
T h e i r  c o r r e s p o n d i n g  o b s e r v e d  g r a n d  c h i - s g u a r e  v a l u e s  a r e
1 7 . 2 ,  1 7 . 2 ,  1 5 . 2 ,  1 5 . 6 ,  1 6 . 8 ,  a n d  1 2 . 8 .  H o w e v e r ,  t h e  c r i t i ­
c a l  c h i - s g u a r e  v a l u e s  a r e  1 2 . 2 ,  1 6 . 9 ,  a n d  2 1 . 7  f o r  l e v e l s
0 . 2 ,  0 . 0 5 ,  a n d  0 . 0 1 ,  r e s p e c t i v e l y .  H e n c e ,  t h e  u n i f o r m  g e n ­
e r a t o r s ,  RANDU a n d  M 8  D a r e  r e j e c t e d  a t  l e v e l s  0 . 2  and
0 . 0 5 ,  a n d  t h e  o t h e r  t h r e e  u n i t  n o r m a l  c o m b i n a t i o n s  a r e  r e ­
j e c t e d  a t  l e v e l  0 . 2 .  T h e  r e s t  o f  t h e  g e n e r a t o r s  a n d  c o m b i ­
n a t i o n s  p a s s  t h e  g o o d n e s s  o f  f i t  t e s t s  t o  t h e  d e s i r e d  d i s ­
t r i b u t i o n s  u s i n g  t h e  g r a n d  c h i - s q u a r e  v a l u e s  d e r i v e d  f r o m  50 
i n d e p e n d e n t  s a m p l e s .
O v e r a l l ,  t h e r e  a r e  2 r e j e c t i o n s  c u t  o f  6  c o m p u t e d  f o r  t h e  
RAN DU a n d  M S D u n i f o r m  g e n e r a t o r s  a n d  1 r e j e c t i o n  e a c h  f o r
H.  S h o r e  a l o n e  and  GGUBS c o m b i n e d  w i t h  t h e  B o x - D u l l e r  i n ­
v e r s e  r o u t i n e ,  L 8 I  w i t h  B o x - D u l l e r  r e j e c t i o n ,  D 8  D w i t h  
B o x - D u l l e r  r e j e c t i o n ,  R. S h o r e  w i t h  B o x - D u l l e r  r e j e c t i o n ,  
a n d  GGUBS w i t h  B o x - D u l l e r  r e j e c t i o n  r o u t i n e s .  T h e r e  a r e  no  
r e j e c t i o n s  i n  r e s t  o f  t h e  u n i f o r m  g e n e r a t o r s  o r  n o r m a l  c o m ­
b i n a t i o n s  ( C o lu m n  2 ) .
C h a p t e r  I V  
TESTS CF EtJNS
4 .  1 INTRODUCTION
A c c o r d i n g  t o  S i e g e l  ( 1 9 5 9 )  a n d  S w a n s o n  ( 1 9 7 4 ) ,  t h e  a n a l y ­
s i s  o f  r a n d o m n e s s ,  m u s t  be  b a s e d  on  o r d e r  o f  o c c u r r e n c e  
r a t h e r  t h a n  u p o n  f r e g u e n c y .  P u n s  t e s t s ,  f o c u s i n g  on  t h e  
o r d e r  o f  t h e  e v e n t s ,  g i v e  u s  i n f o r m a t i o n  w h i c h  i s  n o t  i n d i ­
c a t e d  b y  t h e  f r e g u e n c y  o f  t h e  e v e n t s .  I n  a d d i t i o n ,  a r e v i e w  
o f  t h e  l i t e r a t u r e  i n d i c a t e s  t h a t  t h e  r u n s  t e s t  i s  a s i m p l e  
b u t  p o w e r f u l  s t a t i s t i c a l  t o o l  ( T a n u r ,  1 9 7 2 ;  G r e e n ,  1 9 5 9 ,  
e t a l . ) .  T h u s  t h e  r a n d o m  o s c i l l a t i o n  o f  t h e  s e g u e n c e  o f  
p s e u d o  r a n d o m  n u m b e r s  ( i . e .  r a n d o m n e s s  i n  o r d e r  o f  a p p e a r ­
a n c e ,  o r  p e r m u t a t i o n a l  a r r a n g e m e n t )  w i l l  be t e s t e d  by  t e s t s  
f o r  r u n s  i n  t h i s  s t u d y .
A r u n  i s  d e f i n e d  a s  a s u c c e s s i o n  o f  s i m i l a r  e v e n t s  p r e ­
c e d e d  a n d  s u c c e e d e d  b y  d i f f e r e n t  e v e n t s  o r  by  no  e v e n t  a t  
a l l .  T h e  n u m b e r  o f  e l e m e n t s  i n  a r u n  w i l l  be  r e f e r r e d  t o  a s  
t h e  l e n g t h  o f  t h e  r u n .  Among r u n s  t e s t s ,  some a u t h o r s  u s e  
r u n s  a b o v e  a n d  b e l o w  t h e  m e d i a n ;  some s u g g e s t  r u n s  up  a n d  
d o w n .  T h e  t e s t  f o r  r u n s  up  a n d  down i s  s e n s i t i v e  f o r  d e ­
t e c t i n g  c y c l i c a l  o r  s e a s o n a l  v a r i a t i o n s  i n  t i m e  s e r i e s  b u t  
i s  n o t  s e n s i t i v e  t o  t r e n d  ( W a l l i s  and  M o o r e ,  1 9 4 1 ) .  How­
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e v e r ,  r u n s  a b o v e  a n d  b e l o w  t h e  m e d ia n  c a n  fce u s e d  a s  a t e s t  
f o r  t r e n d  ( M o s t e l i e r ,  1 9 4 1 ) .  T h u s  i n  t h i s  s t u d y  b o t h  o f  
t h e s e  a r e  u s e d  f o r  r a n d o m n e s s  t e s t s .
T h e  t o t a l  n u m b e r  o f  r u n s  a nd  t h e  d i s t r i b u t i o n  o f  t h e  num ­
b e r  o f  r u n s  b y  l e n g t h  w i l l  b e  u s e d  as  t e s t  c r i t e r i a  b o t h  i n  
t e s t s  f o r  r u n s  up  a n d  down a n d  i n  t e s t s  f o r  r u n s  a b o v e  a n d  
b e l o w  t h e  m e d i a n .  The t o t a l  n u m b e r  o f  r u n s  i n  a s a m p l e  
g i v e s  a n  i n d i c a t i o n  o f  w h e t h e r  o r  n o t  t h e  s a m p l e  i s  r a n d o m .  
I t  i s  a p p l i c a b l e  t o  c a s e s  w h e r e  t h e  a l t e r n a t i v e  h y p o t h e s i s  
i s  e i t h e r  a b n o r m a l l y  l o n g  o r  a b n o r m a l l y  s h o r t  r u n s .  T o o  f e w  
r u n s  i n  t o t a l  m i g h t  i n d i c a t e  a t e n d e n c y  f o r  l i k e  o b s e r v a ­
t i o n s  t o  f o l l o w  l i k e  o b s e r v a t i o n s ;  a t i m e  t r e n d  o r  some 
b u n c h i n g  d u e  t o  l a c k  o f  i n d e p e n d e n c e  may be  s u g g e s t e d .  T o o  
many r u n s  may i n d i c a t e  t h a t  e a c h  o b s e r v a t i o n  t e n d s  t o  f o l l o w  
a n d  fce f o l l o w e d  b y  an  o b s e r v a t i o n  o f  t h e  o t h e r  t y p e ;  a 
s y s t e m a t i c  s h o r t - p e r i o d ,  c y c l i c a l  f l u c t u a t i o n s  seem  t o  fce 
i n f l u e n c i n g  t h e  e v e n t s  ( S w a n s o n ,  1 9 7 4 ) .  H o w e v e r ,  a n  " a b n o r ­
m a l l y "  l o n g  r u n  i n  o n e  o r  b o t h  v a r i a t e s  w h i c h  w o u l d  be  r e ­
g a r d e d  a s  a n  i n d i c a t i o n  o f  n o . n r a n d o m n e s s ,  m i g h t  be a c c o m p a ­
n i e d  b y  a l a r g e  n u m b e r  o f  r u n s  o f  l e n g t h  o n e  w h i c h  m i g h t  
m ak e  t h e  t o t a l  n u m b e r  o f  r u n s  n e t  c r i t i c a l l y  l o w .  H e nce  
a n o t h e r  p o s s i b l e  t e s t  i s  a d v i s e d  w h i c h  c o m p a r e s  t h e  n u m b e r  
o f  r u n s  o f  v a r i o u s  l e n g t h s  w i t h  t h e i r  c o r r e s p o n d i n g  e x p e c t e d  
n u m b e r s  by  t h e  p r o p e r  c h i - s g u a r e  ( W c l f o w i t z ,  1943)  . T h i s  
t e £ t  i s n o r m a l l Y  m o r e  s e n s i t i v e  t h a n  t e s t s  b a s e d  on  t h e  t o ­
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t a l  n u m b e r  o f  r u n s  ( W a l l i s  and  M o o r e ,  1 9 4 1 ) .  I t  i s  b a s e d  on  
m o re  i n f o r m a t i o n ,  a n d  i t  c a n  e x h i b i t  d i s t i n c t  b e h a v i o r a l  
p a t t e r n s  i n  t h e  g e n e r a t e d  s e q u e n c e .
F u r t h e r m o r e .  Mood ( 1 9 4 0 )  s h o w e d  t h a t  t h e  t o t a l  n u m b e r  o f  
r u n s  ( r e g a r d l e s s  o f  t h e  l e n g t h  c f  t h e  r u n )  a n d  t h e  n u m b e r  o f  
r u n s  o f  e a c h  l e n g t h  a r e  a s y m p t o t i c a l l y  n o r m a l l y  d i s t r i b u t e d .  
T h u s  t h e  t e s t  s t a t i s t i c  b a s e d  o n  t h e  t o t a l  n u m b e r  o f  r u n s ,  
f o r  l a r g e  s a m p l e  s i z e ,  c a n  be  t r e a t e d  a s  a  n o r m a l  v a r i a t e  
a n d  t h e  s t a n d a r d  n o r m a l  t a b l e  c a n  be  u s e d  t o  d e t e r m i n e  t h e  
c r i t i c a l  v a l u e s  f o r  t h e  h y p o t h e s i s  t e s t .  As f o r  t h e  t e s t  
b a s e d  o n  t h e  d i s t r i b u t i o n  o f  t h e  n u m b e r  o f  r u n s  by  l e n g t h ,  a 
p r o p e r  c h i - s g u a r e  g o o d n e s s  o f  f i t  t e s t  o f  s i g n i f i c a n c e  c a n  
be  us e d  t o  t o s t  t h e  " r a n d o m n e s s  o f  e l e m e n t s  w i t h  r e s p e c t  t o  
o r d e r "  when  d e a l i n g  w i t h  l a r g e  s a m p l e s .
4 . 2  EONS OP AND JDGWM
4 . 2 . 1  I n t r o d u c t i on
A s e q u e n c e  may b e  t e s t e d  f o r  " r u n s  u p "  and  " r u n s  d o w n " .  
T h i s  means we e x a m i n e  t h e  l e n g t h  c f  m c n o t o n e  s u b s e q u e n c e s  o f  
t h e  o r i g i n a l  s e g u e n c e ,  i . e . ,  s e g m e n t s  w h i c h  a r e  i n c r e a s i n g  
o r  d e c r e a s i n g .  T h u s  t h i s  t e s t  i s  b a s e d  on s e q u e n c e s  i n  d i ­
r e c t i o n  o f  m o v e m e n t ,  t h a t  i s ,  u p o n  t h e  s e q u e n c e  o f  l i k e  s i g n  
i n  t h e  d i f f e r e n c e s  b e t w e e n  s u c c e s s i v e  o b s e r v a t i o n s .  And  t h e  
t e s t  i s  d e s i g n e d  t o  r e s u l t  i n  a r e j e c t i o n  o f  t h e  h y p o t h e s i s
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o f  r a n d o m n e s s  i f  t h e  .num bers  i n  t h e  s e q u e n c e  a r e  r e p e a t e d l y  
l a r g e r  ( o r  s m a l l e r )  t h a n  t h e  p r e v i o u s  n u m b e r s .
U n d e r  t h e  r u n s  u p  and  down h y p o t h e s i s ,  t h e  r u n  i s  d e f i n e d  
a s  an  u n b r o k e n  s e q u e n c e  o f  i n c r e a s i n g  o r  d e c r e a s i n g  o b s e r v a ­
t i o n s ,  A m o n o t o n i c a l l y  a s c e n d i n g  s u b s e q u e n c e  o f  o b s e r v a ­
t i o n s  w i l l  be  d e f i n e d  a s  a r u n  " u p ”  d e n o t e d  as  a s e q u e n c e  o f  
"  + "  s i g n s .  A s t e a d i l y  d e c r e a s i n g  s u b s e q u e n c e  o f  o b s e r v a ­
t i o n s  i s  c a l l e d  a r u n  ' ’ d o w n 1' ar id  i s  d e n o t e d  b y  a s e q u e n c e  o f  
s i g n s . 1 Ea ch  p o i n t  a t  w h i c h  t h e  s e r i e s  u n d e r  a n a l y s i s  
c e a s e s  t o  d e c l i n e  a n d  s t a r t s  t o  r i s e ,  o r  c e a s e s  t o  r i s e  a n d  
s t a r t s  t o  d e c l i n e ,  i s  c a l l e d  a t u r n i n g  p c i n t .  A t u r i n g  
p o i n t  i s  a " p e a k "  i f  i t  i s  a ( r e l a t i v e )  max imum o r  a 
" t r o u g h "  i f  a ( r e l a t i v e )  m in im u m .  T h e  i n t e r v a l  b e t w e e n  c o n ­
s e c u t i v e  t u r n i n g  p o i n t s  i s  c a l l e d  a r u n .  The l e n g t h  o f  a 
r u n  i s  t h e  n u m b e r  o f  e l e m e n t s  ( i . e . ,  n u m b e r  o f  " s i g n s  o r  
n u m b e r  o f  s i g n s  i n  i t  ) b e t w e e n  i t s  i n i t i a l  a nd  t e r m i n a l
p o i n t s .  T h u s  a s e r i e s  o f  N o b s e r v a t i o n s  may c o n t a i n  a s  f e w  
a s  z e r o  o r  a s  many a s  N - 2  t u r n i n g  p o i n t s .  And t h e  l e n g t h  o f  
a r u n  may b e  a s  s h o r t  a s  o n e  e v e n t  o r  as  l o n g  a s  N e v e n t s .
U n d e r  t h e  r a n d o m n e s s  h y p o t h e s i s ,  t h e  mean a n d  v a r i a n c e  o f  
t h e  t o t a l  n u m b e r  o f  r u n s  a r e  ( 2 * N - 1 ) / 3  a n d  ( 1 6 * N - 2 9 ) / 9 0 ,
*We s u b t r a c t  e a c h  e l e m e n t  f r o m  i t s  p r e d e c e s s o r  a n d  r e p l a c e  
t h e  r e s u l t  by " o r  a c c o r d i n g  a s  t h e  d i f f e r e n c e  i s  p o ­
s i t i v e  o r  n e g a t i v e .  Ke g e t  r u n s  o f  "  + "  s i g n s  and  , ,- M 
s i g n s ,  c a l l e d  r e s p e c t i v e l y  r u n s  up  a nd  d o w n .
65
r e s p e c t i v e l y ,  a n d  t h e  t o t a l  n u m b e r  o f  r u n s  i s  a s y m p t o t i c a l l y  
n o r m a l l y  d i s t r i b u t e d -  T h u s  f o r  l a r g e  s a m p l e s ,  s a y  N> 2 5 ,  
f o r  a t e s t  b a s e d  o n  t h e  t o t a l  n u m b e r  o f  r u n s ,  an  a p p r o x i m a ­
t i o n  t o  t h e  p r o b a b i l i t y  o f  t h e  t o t a l  n u m b e r  o f  r u n s  may b e  
o b t a i n e d  o y  t r e a t i n g  t h e  t o t a l  n u m b e r  o f  r u n s  a s  a n o r m a l  
d e v i a t e  a n d  o b t a i n i n g  t h e  c r i t i c a l  r a t i o  f r o m  t h e  s t a n d a r d  
n o r m a l  t a b l e  ( B r a d l e y ,  1 9 6 8 ;  L e w i s ,  1 9 7 5 ) .  A t w o - t a i l e d  
t e s t  i s  u s e d  h e r e  s i n c e  t o o  many r u n s  o r  t c o  f e w  r u n s  w i l l  
i n d i c a t e  n o n r a n d o m n e s s .
T h e  e x p e c t e d  v a l u e  o f  t h e  n u m b e r  o f  r u n s  by  l e n g t h  k  a s ­
s u m i n g  a " t r u l y "  r a n d o m  s a m p l e  i s  2 *  ( ( k * * 2 + 3 * k  
+ 1 ) * N - ( k * * 3 + 3 * k * * 2 - k - 4 ) ) / (k + 3 ) ! ( L e v e n e  a n d  H o l f o w i t z ,
1 9 4 4 ;  N a y l o r ,  1 9 6 6 ;  T o o t i t l e ,  1 9 7 1 ;  L e w i s ,  1 9 7 5 ) .  The t e s t  
b a s e d  on  t h e  d i s t r i b u t i o n  o f  n u m b e r  o f  r u n s  b y  l e n g t h  i n ­
v o l v e s  c o u n t i n g  t h e  a c t u a l  n u m b e r  o f  o c c u r r e n c e s  o f  r u n s  o f  
d i f f e r e n t  l e n g t h s  a n d  c o m p a r i n g  t h e s e  a c t u a l  c o u n t s  w i t h  
t h e i r  c o r r e s p o n d i n g  e x p e c t e d  t h e o r e t i c a l  v a l u e s .  Th e n  t h e  
c h i - s q u a r e  g o o d n e s s  o f  f i t  t e s t  may be  u s e d  t o  c h e c k  w h e t h e r  
o r  n o t  a g e n e r a t e d  s e q u e n c e  i s  a c c e p t a b l e  a t  a g i v e n  l e v e l  
o f  s i g n i f i c a n c e  ( N a y l o r ,  B a l i n t f y ,  B u r d i c k ,  a n d  C h u ,  1 9 6 6 ;  
D o w rham  a n d  R o b e r t s ,  1 9 6 7 ) .
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4 . 2 . 2  P r o c e d u r e s  f o r  T e s t i n g  R uns  Up a n d  Down
T h e r e  a r e  t w o  a p p r o a c h e s  u s i n g  r u n s  up  a n d  dow n  f o r  t e s t ­
i n g  t h e  g e n e r a t e d  s e q u e n c e  f o r  r a n d o m  o s c i l l a t i o n .  T h e y  a r e  
t o t a l  n u m b e r  o f  r u n s  a n d  n u m b e r  o f  r u n s  by  l e n g t h ,  r e s p e c ­
t i v e l y .  T h e  f o l l o w i n g  t w o  s u b - s u b s e c t i o n s  w i l l  o u t l i n e  e a c h  
a p p r o c a h .
4 . 2 . 2 .  1 T o t a l  n u m b e r  o f  r u n s
T h r e e  p r o c e d u r e s  a r e  u s e d  h e r e  f o r  t e s t i n g  t h e  g e n e r a t e d
s e r i e s  f o r  r a n d o m n e s s  b y  m eans  o f  t h i s  a p p r o a c h .
1 .  F i r s t ,  t e s t  e a c h  s e t  f o r  r a n d o m n e s s .
U n d e r  t h e  r a n d o m n e s s  n u l l  h y p o t h e s i s ,  f o r  l a r g e  
s a m p l e  s i z e s ,  t h e  t o t a l  n u m b e r  o f  r u n s  i s  a p p r o x i ­
m a t e d  b y  t h e  n o r m a l  d i s t r i b u t i o n  w i t h  mean 
( 2 * N - 1 ) / 3  a n d  v a r i a n c e  ( 1 6 * N - 2 9 )  / 9 0 .  T h u s ,  t h e  
p r o c e d u r e  f o r  t e s t i n g  w h e t h e r  o r  n o t  t h e  s e r i e s  i s  
r a n d o m  i s  a s  f o l l o w s :
a) D e t e r m i n e  t h e  s a m p l e  s i z e  N o f  e a c h  s e t ,  s a y  
N =1200.
fc) G e n e r a t e  t h e  s e r i e s  X .
c)  L i s t  i n  o r d e r  o f  o c c u r r e n c e  t h e  s i g n s  { + / - )  o f  
t h e  d i f f e r e n c e s  b e t w e e n  s u c c e s s i v e  i t e m s .
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d) C o u n t  t h e  t o t a l  n u m b e r  o f  r u n s ,  U, i n  t h e  s e ­
q u e n c e .  T h a t  i s ,  c o u n t  t h e  n u m t e r  o f  u n b r o k e n  
s u b s e q u e n c e s  o f  ,' + "  s i g n s  a n d  s i g n s .
e) C o m p u te  t h e  s t a t i s t i c :
20  = ( U -  ( ( 2 * N - 1 ) / 3 )  ) /  { (  ( 1 6 * N - 2 9 ) / 9 0 )  * * ( 1 / 2 ) )
Ey h y p o t h e s i s ,  ZU i s  a p p r o x i m a t e l y  a  s t a n d a r d  
n o r m a l  d i s t r i b u t i o n .
f )  C h o o s e  a s i g n i f i c a n c e  l e v e l  ALPHA.  L e t  A L -  
PHA=0. 0 1 ,  0 . 0 5  and  0 . 2 ,
g) S e t  up  t h e  t h e o r e t i c a l  c o n f i d e n c e  i n t e r v a l  f o r  
t h e  t o t a l  n u m b e r  o f  o b s e r v e d  r u n s .  T h a t  i s ,
( ( 2 * N - 1 ) / 3 ) - Z *  ( ( 1 6 * N  -  2 9 ) / 9 0 ) * * 0 .  5 < U
< ( ( 2 * N - 1 ) / 3 )  + Z * {  ( 1 6 * N - 2  9 ) / 9 0 )  * * 0 . 5 .  F r o m  t h e
s t a n d a r d  n o r m a l  t a b l e ,  we f i n d  t h e  2 = 2 . 3 2 5 ,  
1 . 9 6  a n d  1 . 2 8 ,  f o r  t w c - t a i l e d  h y p o t h e s i s  t e s t ,  
a t  t h e  s i g n i f i c a n c e  l e v e l s  A L P H A = 0 . 0 1 ,  0 . 0 5  a n d  
0 . 2  r e s p e c t i v e l y .
T h e  h y p o t h e s i s  and  i t s  a l t e r n a t i v e  a r e :
HO; A t  s i g n i f i c a n c e  l e v e l  ALPHA, i f  t h e  s e r ­
i e s  X g e n e r a t e d  i s  r a n d c m ,  t h e  t o t a l  s a m p le  
n u m b e r  o f  r u n s  i s  w i t h i n  t h e  t h e o r e t i c a l  c o n f i ­
d e n c e  i n t e r v a l  c o m p u t e d  a b o v e .
HA: A t  s i g n i f i c a n c e  l e v e l  ALPHA, i f  t h e  s e r ­
i e s  X i s  n o t  r a n d o m ,  t h e  t o t a l  s a m p l e  n u m b e r  o f
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r u n s  i s  n o t  w i t h i n  t h e  t h e o r e t i c a l  c o n f i d e n c e  
i n t e r v a l .
2 .  S e c o n d ,  t e s t  e a c h  o f  t h e  s a m p l e s  o f  K l = 5 0  s e t s  f o r  
r a n d o m n e s s .
I f  t h e  s a m p l e  o f  KL s e t s  i s  r a n d o m ,  t h e n  t h e  
K L = 5 0  ZU v a l u e s  h a v e  a s t a n d a r d  n o r m a l  d i s t r i f c u -  
t i o n .  T h u s  we c a n  u s e  a c h i -  s q u a r e  g o o d n e s s  o f  
f i t  t e s t  t o  t e s t  t h e  n o r m a l i t y  o f  K L = 5 0  ZU s t a t i s ­
t i c s
a) Use t h e  p r o c e d u r e  a b o v e  t o  c o m p u t e  t h e  ZU s t a ­
t i s t i c  f o r  e a c h  s e t .  T h e r e  a r e  K L = 5 0  ZU s t a ­
t i s t i c s  w h i c h  h a v e  an  a p p r o x i m a t e l y  s t a n d a r d  
n o r m a l  d i s t r i b u t i o n  i f  t h e  s a m p l e  i s  r a n d o m .
b) Use t h e  c o n v e n t i o n a l  e x p e c t e d  v a l u e  o f  a t  l e a s t  
5 and  C o c h r a n ’ s m o d e r a t e  n u m b e r  o f  c l a s s e s  b e t ­
ween 1 0  t o  2 5 ,  e s t a b l i s h  K 1 = 1 0  m u t u a l l y  e x c l u ­
s i v e  and  e x h a u s t i v e  c a t e g o r i e s  f o r  K1  s a m p l e s .
c)  Use e q u a l  p r o b a b i l i t i e s  1 / 1 0  t o  c o m p u t e  t h e  e x ­
p e c t e d  f r e q u e n c i e s  E i  f o r  t h e  i t h  c a t e g o r y .  
T h u s ,  £ i = 5  f o r  K L = 5 0  a n d  P i = 0 . 1.
d) U n d e r  t h e  n u l l  h y p o t h e s i s  a n d  e q u a l  p r o b a b i l i t y  
1 / 1 0  p e r  c l a s s ,  c o m p u t e  t h e  u p p e r  and  t h e  l o w e r  
b o u n d s  f o r  e a c h  c l a s s .
e) C o u n t  t h e  o b s e r v e d  f r e q u e n c i e s , O i ,  f o r  t h e  i t h  
c a t e g o r y  i n  K1 c a t e g o r i e s .
f )  C o m p u te  t h e  CS s t a t i s t i c
CS^SOM ( ( E i - C i ) * * 2 / E i ) ,  f o r  i =  1 , 2 , . . - , K 1 = 1 0 .
g)  S e t  u p  s i g n i f i c a n c e  l e v e l s  A L P H A = 0 . 0 1 ,  0 . 0 5  a n d  
0 . 2  f o r  t h e  h y p o t h e s i s  t e s t s .
h) F i n d  t h e  c r i t i c a l  v a l u e ,  CRT, f o r  t h e  h y p o t h e ­
s i s  t e s t .  A t  s i g n i f i c a n c e  l e v e l s  A L P H A = 0 .0 1 ,  
0 . 0 5  a n d  0 . 2  w i t h  K 1 - 1 = 9  d e g r e e s  o f  f r e e d o m ,  
C R T = 2 1 . 7 ,  1 6 . 9  a n d  1 2 . 2 ,  r e s p e c t i v e l y .
The  h y p o t h e s i s  t o  t e  t e s t e d  a n d  i t s  a l t e r n a ­
t i v e  a r e :
HO: T h e  s a m p l e  o f  KL=50  s e t s  h a s  r a n d o m  o s c i l ­
l a t o r y  c h a r a c t e r i s t i c s  a t  t h e  s i g n i f i c a n c e  
l e v e l  ALPHA i f  t h e  c o m p u t e d  CS v a l u e  i s  l e s s  
t h a n  o r  e q u a l  t o  CRT.
KA :  T h e  s a m p l e  o f  K L =5 0  s e t s  d o e s  n o t  h a v e
r a n d o m  o s c i l l a t o r y  c h a r a c t e r i s t i c s  a t  t h e  s i g ­
n i f i c a n c e  l e v e l  ALPHA i f  t h e  c o m p u t e d  CS v a l u e  
i s  g r e a t e r  t h a n  CRT.
3 .  T h i r d ,  t e s t  t h e  c o m b i n e d  s e r i e s  o f  I S E T - 5 0  s a m p l e s  
f o r  r a n d o m n e s s  by  n u m b e r  o f  s i g n i f i c a n t  s a m p l e s  
c o u n t e d  a b o v e  a n d  b y  means o f  t h e  CS g o o d n e s s  o f  
f i t  t e s t .
A t  s i g n i f i c a n c e  l e v e l  ALPHA, we u s e  t w o  w a y s  t o  
j u d g e  w h e t h e r  o r  n o t  t h e  w h o l e  g e n e r a t e d  s e r i e s  i s  
r a n d o m -  F i r s t ,  I f  t h e  w h o l e  s e r i e s  o f  I S E T = 5 0  
s a m p l e s  i s  r a n d o m ,  t h e n  t h e  n u m b e r  o f  s i g n i f i c a n t  
s a m p l e s  c o u n t e d  o v e r  IS E T = 5 0  s a m p l e s  i s  l e s s  t h a n  
o r  e g u a l  t o  t h e  u p p e r  b o u n d  f o r  n u m b e r  o f  s i g n i f i ­
c a n t  s a m p l e s
( I S E T * A L P H A + Z *  ( IS E T * A L P H A *  ( 1 - A L P H A ) ) * * . 5 )  .  S e c ­
o n d ,  I f  t h e  w h o l e  g e n e r a t e d  s e r i e s  o f  I S E T = 5 0  s am ­
p l e s  i s  r a n d o m ,  t h e  I S F T = 5 0  CS v a l u e s  h a v e  a c h i -  
s g u a r e  d i s t r i b u t i o n  w i t h  K 1 - 1 =  9 d e g r e s s  o f
f r e e d o m .  T h u s  we c a n  u s e  a c h i - s g u a r e  g o o d n e s s  o f  
f i t  t e s t  t o  c h e c k  w h e t h e r  o r  n o t  t h e  I S E T - 5 0  CS 
v a l u e s  h a v e  a c h i - s g u a r e  d i s t r i b u t i o n  w i t h  K 1 -1  = 9 
d e g r e e s  o f  f r e e d o m .  T he  p r o c e d u r e  f o r  a c c o m p l i s h ­
i n g  t h i s  t e s t  i s  a s  f o l l o w s :
a)  Use t h e  s e c o n d  p r o c e d u r e  a b o v e  t o  c o m p u t e  t h e  
CS s t a t i s t i c  f o r  e a c h  s a m p l e .  T h e r e  a r e  
I S E T = 5 0  CS s t a t i s t i c s  w h i c h  h a v e  a c h i - s g u a r e  
d i s t r i b u t i o n  w i t h  K 1 - 1 = 9  d e g r e e s  o f  f r e e d o m  i f  
t h e  w h o l e  s e r i e s  i s  r a n d o m .
b) U s i n g  t h e  c o n v e n t i o n a l  e x p e c t e d  v a l u e  o f  5 a n d  
C o c h r a n ' s  m o d e r a t e  n u m b e r  o f  c l a s s e s  b e t w e e n  10 
t o  2 5 ,  e s t a b l i s h  K 2 = 1 0  m u t u a l l y  e x c l u s i v e  and  
e x h a u s t i v e  c a t e g o r i e s .
c )  Use e q u a l  p r o b a b i l i t i e s  1 / 1 0  t o  c o m p u t e  t h e  e x ­
p e c t e d  f r e q u e n c i e s  F i  f o r  t h e  i t h  c a t e g o r y .  
T h u s ,  E i = 5  f o r  I S E T = 5 0  a n d  P i = 0 . 1.
d) U n d e r  t h e  n u l l  h y p o t h e s i s  a n d  w i t h  e q u a l  p r o b a ­
b i l i t y  1 / 1 0  p e r  c l a s s ,  c o m p u t e  t h e  u p p e r  and  
t h e  l o w e r  b o u n d s  f o r  e a c h  c l a s s .
e) C o u n t  t h e  o b s e r v e d  f r e q u e n c i e s ,  O i ,  f o r  t h e  i t h  
c a t e g o r y  am ong t h e  K2  c a t e g o r i e s .
f )  C o m p u te  t h e  CS s t a t i s t i c
C5=SUd ( ( E i - G i ) * * 2 / E i ) ,  f o r  i =  1 ,  2 , .  . . ,  K 2 = 1 0 -
g) S e t  up  s i g n i f i c a n c e  l e v e l s  A L P H A = 0 .Q 1 ,  0 . 0 5  a n d  
0 . 2  f o r  t h e  h y p o t h e s i s  t e s t s .
h) F i n d  t h e  c r i t i c a l  v a l u e ,  CRT, f o r  t h e  h y p o t h e ­
s i s  t e s t .  A t  s i g n i f i c a n c e  l e v e l s  A L P H A = 0 .0 1 ,
0 . 0 5  and  0 . 2  w i t h  k 2 - 1 = 9  d e g r e e s  o f  f r e e d o m ,  
C R T = 2 1 . 7 ,  1 6 . S a n d  1 2 . 2 ,  r e s p e c t i v e l y .
T h e  h y p o t h e s i s  a n d  i t s  a l t e r n a t i v e  a r e :
HO: T h e  v / h o le  s e r i e s  o f  I S E T = 5 0  s a m p l e s  i s
r a n d o m  a t  s i g n i f i c a n c e  l e v e l  ALPHA i f  n u m b e r  o f  
s i g n i f i c a n t  s a m p l e s  i s  l e s s  t h a n  o r  e q u a l  t o  
i t s  u p p e r  b o u n d ,  o r  i f  t h e  c o m p u t e d  CS v a l u e  i s  
l e s s  t h a n  o r  e q u a l  t o  CBT.
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I !A :  T he  w h o l e  s e r i e s  o f  I S E T = 5 0  s a m p l e s  i s
n o t  r a n d o m  a t  s i g n i f i c a n c e  l e v e l  ALPHA i f  num­
b e r  o f  s i g n i f i c a n t  s a m p l e s  i s  g r e a t e r  t h a n  i t s  
u p p e r  b o u n d ,  o r  i f  t h e  c o m p u t e d  CS v a l u e  i s  
g r e a t e r  t h a n  CRT.
4 . 2 . 2 . 2  The  Num be r  o f  Runs  b y  L e n g t h
T h r e e  p r o c e d u r e s  a r e  u s e d  i n  t h i s  a p p r o a c h  f o r  t e s t i n g  
t h e  g e n e r a t e d  s e r i e s  f o r  r a n d c m n e s s .
1. F i r s t ,  t e s t  e a c h  s e t  f o r  r a n d c m n e s s .
I f  t h e  s e r i e s  i s  r a n d o m ,  t h e  n u m b e r  o f  r u n s  o f  
v a r i o u s  l e n g t h s  i s  a s y m p o t i c a l l y  n o r m a l l y  d i s t r i ­
b u t i o n .  T h u s  f o r  l a r g e  s a m p l e  s i z e s ,  t h e  c h i -  
s g u a r e  g o o d n e s s  o f  f i t  t e s t  c a n  b e  u s e d  t o  c o m p a r e  
t h e  n u m b e r  o f  r u n s  o f  d i f f e r e n t  l e n g t h s  w i t h  t h e  
c o r r e s p o n d i n g  e x p e c t e d  n u m b e r  o f  r u n s  t o  c h e c k  t h e  
g e n e r a t e d  s e g u e n c e  f o r  r a n d o m n e s s .
T h i s  p r o c e d u r e  i s  e x p e c t e d  as  f o l l o w s :
a)  D e t e r m i n e  t h e  s a m p l e  s i z e  N o f  e a c h  s e t ,  s a y  
N=1200.
b) G e n e r a t e  t h e  s e r i e s  X f r c i r  t h e  c o m p u t e r .
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c )  L i s t ,  i n  o r d e r  t i e  s i g n s  ( + / ~ )  ° f  i ^ e  d i f f e r e n c e  
b e t w e e n  s u c c e s s i v e  i t e r s .
d) C o u n t  t h e  f r e q u e n c i e s  o f  r u n s ,  O i  ,  t y  l e n g t h  i .
e )  C o m p u te  t h e  e x p e c t e d  t h e r o e t i c a l  f r e q u e n c i e s  
f o r  l e n g t h  : i  f r o m  t h e  f c r u u l a 2
E i =  ( 2 * ( i * * 2 + 3 * i  
+ 1 ) * M - ( i * * 3  + 3 * i * * 2 - i - 4 ) ) /  ( i  + 3) ! 
f o r  i = 1 ,  2 ,  .  .  ( K - 1 )  a n d
Ek= ( ( 2 * N -  1) / 3 )  -SUM ( E i )  , f o r  i = 1 , 2 , . . .  ,  ( K - 1 )  -
L e t  K=5 i n  t h i s  s t u d y .
f )  A d j u s t  t h e  e x p e c t e d  f r e q u e n c y ,  E i
A E i = E i *  (SUM {0  j )  / (  ( 2 * N - 1 ) / 3 )  ) , 
f o r  i = 1 , 2 , . . . , K ,  j = 1 , . . . , K .
g) Compute the CS statistic
CS=SUH ( < 0 i - A J 5 i )  * * 2 / A E i )  , f o r  i = 1 , 2 , . . . , K = 5 .
h )  S e t  up  t h e  s i g n i f i c a n c e  l e v e l s  A L P H A = 0 . 0 1 ,  0 . 0 5  
and  0 . 2 .
2 T h e  e x p e c t  v a l u e  f o r  t h e  5 t h  c a t e g o r y  f o r  N = 12 00  i s  4 . 8 h .  
I t  i s  s l i g h t l y  l e s s  t h a n  t h e  c o n v e n t i o n a l  v a l u e  5 .  T h e  
p r o t a b i l i t i e s  f o r  t h e  n u m b e r  o f  r u n s  b y  l e n g t h  a r e  n o t  
e q u a l .  H o w e v e r ,  a c c o r d i n g  t o  C o c h r a n ’ s  ( 1 9 5 2 )  a n d  H o s c o e  
a n d  B y a r s '  ( 1 9 7 1 )  s u g g e s i o n s  m e n t i o n e d  i n  C h a p t e r  2 ,  we a r e  
s t i l l  c o n f i d e n t  u s i n g  t h e  CS g o o d n e s s  o f  f i t  t e s t  i n  c o n ­
j u n c t i o n  w i t h  t h i s  t e s t .
i )  F i n d  t h e  c r i t i c a l  v a l u e , C B T ,  f o r  t h e  h y p o t h e s i s  
t e s t .  A t  t h e  s i g n i f i c a n c e  l e v e l s  A L P H A = 0 . 0 1 ,  
0 . 0 5  a n d  0 . 2  w i t h  K - 1 = 4  d e g r e e s  o f  f r e e d o m ,  
C RT=13 . 3  ,  9 . 4 9  a n d  5 . 9 9 ,  r e s p e c t i v e l y .
The  h y p o t h e s i s  a n d  i t s  a l t e r n a t i v e  a r e :
HO: A t  s i g n i f i c a n c e  l e v e l  ALPHA , i f  t h e
g e n e r a t e d  s e r i e s  X i s  r a n d o m ,  t h e  c o m p u t e d  CS
v a l u e  i s  l e s s  t h a n  o r  e q u a l  t o  CRT.
HA:  A t  s i g n i f i c a n c e  l e v e l  ALPHA, i f  t h e  g e n ­
e r a t e d  s e r i e s  X i s  n o t  r a n d o m ,  t h e  c o m p u t e d  CS
v a l u e  i s  g r e a t e r  t h a n  CRT.
2 .  S e c o n d ,  t e s t  e a c h  s a m p l e  o f  KL=50  s e t s  f o r  r a n d o m ­
n e s s .
I f  t h e  s a m p l e  o f  KL=50 s o t s  i s  r a n d o m ,  t h e n  t h e  
K L = 5 0  CS s t a t i s t i c s  c o m p u t e d  f r o m  e a c h  s e t  h a v e  a 
c h i - s q u a r e  d i s t r i b u t i o n  w i t h  K - 1 = 4  d e g r e e s  o f  
f r e e d o m .  T h u s  we c a n  u s e  CS g o o d n e s s  o f  f i t  t e s t  
t o  c h e c k  w h e t h e r  o r  n o t  t h e  KL=5D v a l u e s  o f  CS 
s t a t i s t i c s  h a v e  a c h i - s g u a r e  d i s t r i b u t i o n  w i t h  
K - 1  = 4 d e g r e e s  o i  f r e e d o m .
a)  b e d  t h e  p r o c e d u r e  d e s c r i b e d  a b o v e  t o  c o m p u t e  
t h e  CS s t a t i s t i c  f o r  e a c h  s e t .  T h e r e  a r e  K L = 5 0  
CS s t a t i s t i c s  w h i c h  h a v e  t h e  c h i - s g u a r e  d i s t r i -
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b u t i o n  w i t h  K -  1 = 4 d e g r e e s  o f  f r e e d o m  i f  t h e  
s a m p l e  i s  r a n d o m .
b) U s i n g  t h e  c o n v e n t i o n a l  e x p e c t e d  v a l u e  o f  5 a n d  
C o c h r a n ’ s m o d e r a t e  n u m b e r  o f  c l a s s e s  b e t w e e n  10 
t o  2 5 ,  e s t a b l i s h  K1=10 m u t u a l l y  e x c l u s i v e  and 
e x h a u s t i v e  c a t e g o r i e s  f o r  t h e  KL s a m p l e s .
c) Use  e q u a l  p r o l a b i l i t i e s  1 / 1 0  t o  c o m p u t e  e x ­
p e c t e d  f r e q u e n c i e s  E i  f o r  t h e  i t h  c a t e y o r y .  
T h u s ,  E i = 5  f o r  KL=50 a n d  P i = 0 . 1.
d) U n d e r  t h e  n u l l  h y p o t h e s i s  a n d  e q u a l  p r o b a b i l i t y  
O f  1 / 1 0  p e r  c l a s s ,  c o m p u t e  u p p e r  a n d  l o w e r  
b o u n d s  f o r  e a c h  c l a s s .
e) Count the observed frequencies Oi for K1 cate­
gories.
f )  C o m p u te  t h e  CS s t a t i s t i c
CS = s u a <  ( E i - O i ) * * 2 ) / E i ,  f o r  i = 1 , 2 , . . . , K l = 1 0 .
<j) S e t  u p  s i g n i f i c a n c e  l e v e l s  f o r  A L P K A = 0 . 0 1 ,  0 . 0 5  
a n d  0 . 2  f o r  t h e  h y p o t h e s i s  t e s t s .
h) F i n d  t h e  c r i t i c a l  v a l u e , G E T ,  f o r  t h e  h y p o t h e s i s  
t e s t s .  A t  s i g n i f i c a n c e  l e v e l s  A L P H A = 0 .0 1 ,  0 . 0 5  
and  0 . 2  a n d  K 1 - 1 = 9  d e g r e e s  o f  f r e e d o m ,  
CRT=2 1 . 7 ,  1 6 . 5  a n d  1 2 . 2 ,  r e s p e c t i v e l y .
T h e  h y p o t h e s i s  a n d  i t s  a l t e r n a t i v e  a r e :
HO: The  s a m p l e  o f  KL=50 s e t s  i s  r a n d o m  a t
s i g n i f i c a n c e  l e v e l  ALPHA i f  t h e  c o m p u t e d  CS v a ­
l u e  i s  l e s s  t h a n  o r  e q u a l  t o  CRT.
HA: T h e  s a m p l e  o f  K l = 5 0  s e t s  i s  n o t  r a n d o m  a t
t h e  s i g n i f i c a n c e  l e v e l  ALPHA i f  t h e  c o m p u t e d  CS 
v a l u e  i s  g r e a t e r  t h a n  CR T.
3 .  T h i r d ,  t e s t  t h e  w h o l e  s e r i e s  f o r  r a n d o m n e s s  fcy
n u m b e r  o f  s i g n i f i c a n t  s a m p l e s  c o u n t e d  a b o v e  a n d  by  
m eans  o f  CS g o o d n e s s  o f  f i t  t e s t .
A g a i n ,  a t  s i g n i f i c a n c e  l e v e l  ALPHA, we u s e  t w o  
m e t h o d s  t o  j u d g e  w h e t h e r  o r  n o t  t h e  w h o l e  g e n e r ­
a t e d  s e r i e s  i s  r a n d o m .  F i r s t ,  I f  t h e  w h o l e  s e r i e s  
o f  1 5 E T = 5 0  s a m p l e s  i s  r a n d o m ,  t h e n  t h e  n u m b e r  o f  
s i g n i f i c a n t  s a m p l e s  c o u n t e d  o v e r  IS E T = 5 0  s a m p l e s  
i s  l e s s  t h a n  o r  e q u a l  t o  t h e  u p p e r  b o u n d  f o r  num­
b e r  o f  s i g n i f i c a n t  s a m p l e s
( T S 2 T * A L E H A + Z * ( I S E T * A L F H A * (1 -ALPHA) ) * * . 5 )  .  S e c ­
ond , I f  t h e  w h o l e  s e r i e s  o f  IS E T = 5 0  s e t s  i s  r a n ­
dom ,  t h e n  t h e  I S £ T = 5 0  CS s t a t i s t i c s  c o m p u t e d  f r o m  
a l l  s a m p l e s  h a v e  a c h i - s q u a r e  d i s t r i b u t i o n  w i t h  
K 1 - 1 = 9  d e g r e e s  o f  f r e e d o m .  T h u s  we c a n  u s e  t h e  CS 
g o o d n e s s  o f  f i t  t e s t  t o  c h e c k  w h e t h e r  o r  n o t  t h e  
I S 5 T = 5 0  v a l u e s  o f  CS s t a t i s t i c s  h a v e  a c h i - s q u a r e  
d i s t r i b u t i o n  w i t h  K 1— 1 d e g r e e s  o f  f r e e d o m .  T h i s  
p r o c e d u r e  i s  a s  f o l l o w s :
a) Cse t h e  s e c o n d  p r o c e d u r e  a b o v e  t o  c o m p u t e  t h e  
CS s t a t i s t i c  f o r  e a c h  s a m p l e .  T h e r e  a r e  
I 5 E T = 5 0  CS s t a t i s t i c s  w h i c h  h a v e  a c h i - s q u a r e  
d i s t r i b u t i o n  w i t h  K1~1=9  d e g r e e s  o f  f r e e d o m  i f  
t h e  w h o l e  s e r i e s  i s  r a n d o m .
b )  Ey u s i n g  t h e  c o n v e n t i o n a l  m in im u m  e x p e c t e d  v a ­
l u e  o f  5 a n d  C o c h r a n ’ s  m o d e r a t e  n u m b e r  o f  
c l a s s e s  ( b e t w e e n  10 t o  25)  e s t a b l i s h  K 2 = 1 0  mu­
t u a l l y  e x c l u s i v e  a n d  e x h a u s t i v e  c a t e g o r i e s .
c)  Use  e q u a l  p r o b a b i l i t y  1 / 1 0  t o  c o m p u t e  t h e  e x ­
p e c t e d  f r e q u e n c i e s  E i  f o r  t h e  i t h  c a t e g o r y .  
T h u s ,  E i - 5  f o r  I 5 E T = 5 0  and  P i - 0 . 1 .
d) U n d e r  t h e  n u l l  h y p o t h e s i s  a n d  e q u a l  p r o b a b i l i t y  
1 / 1 0  p e r  c l a s s ,  c o m p u t e  t h e  u p p e r  a n d  l o w e r  
b o u n d s  f o r  e a c h  c l a s s .
e)  C o u n t  t h e  o b s e r v e d  f r e q u e n c i e s ,  O i  f o r  t h e  i t h  
c a t e g o r y  i n  t h e  K 2  c a t e g o r i e s .
f )  C o m p u te  t h e  CS s t a t i s t i c
CS=SUM ( ( E i - O i ) * * 2 ) / E i ,  f o r  i = 1 , 2 , . . . , K 2 = 1 0 .
g)  S e t  up  s i g n i f i c a n c e  l e v e l s  A L P H A = 0 .0 1 ,  0 . 0 5  a n d  
0 . 2  f o r  t h e  h y p o t h e s i s  t e s t s .
h) r i n d  t h e  c r i t i c a l  v a l u e ,  CRT, f o r  t h e  h y p o t h e ­
s i s  t e s t s .  A t  s i g n i f i c a n c e  l e v e l s  A L P H A = 0 .0 1 ,
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0 . 0 5  and 0 . 2  w i t h  K 2 - 1 = 9  d e g r e e s  o f  f r e e d o m ,  
C R T = 2 1 . 7 ,  1 6 . 9  a n d  1 2 . 2 ,  r e s p e c t i v e l y .
T h e  h y p o t h e s i s  a n d  i t s  a l t e r n a t i v e  a r e ;
HO; T h e  w h o l e  s e r i e s  o f  I S E T = 5 0  s a m p l e s  i s  
r a n d o m  a t  s i g n i f i c a n c e  l e v e l  ALPHA i f  n u m b e r  o f  
s i g n i f i c a n t  s a m p l e s  i s  l e s s  t h a n  o r  e g u a l  t o  
i t s  u p p e r  b o u n d ,  o r  i f  t h e  c o m p u t e d  CS v a l u e  i s  
l e s s  t h a n  o r  e q u a l  t o  CUT.
HA; T h e  w h o l e  s e r i e s  o f  I S E T = 5 0  s a m p l s  i s  
n o t  r a n d o m  a t  s i g n i f i c a n c e  l e v e l  ALPHA i f  num­
b e r  o f  s i g n i f i c a n t  s a m p l e s  i s  g r e a t e r  t h a n  i t s  
u p p e r  b o u n d ,  o r  i f  t h e  c o m p u t e d  CS v a l u e  i s  
g r e a t e r  t h a n  CRT.
4 . 3  RONS ABOVE AND BELOW THE MEDIAN ( MEAN)
4 . 3 . 1  I n t r o d u c t i o n
The o t h e r  t e s t s  f o r  r u n s  u s e d  i n  t h i s  s t u d y  a r e  t e s t s  f o r  
r u n s  a b o v e  a n d  b e l o w  t h e  m e d i a n  ( o r  mean ) . 3 R u n s  a b o v e  a n d
3 I ' o r  t h e  u n i t  u n i f o r m  d i s t r i b u t i o n  o r  t h e  s t a n d a r d  n o r m a l  
d i s t r i b u t i o n ,  t h e  m e d ia n  o f  t h e  s e q u e n c e  s h o u l d  e q u a l  t h e  
mean o f  t h e  s e q u e n c e ,  and  t h e  m e a n = m e i i a n = 0 . 5  o r  0 ,  r e s p e c ­
t i v e l y .  T h u s  f o r  t h e s e  t w o  d i s t r i b u t i o n s ,  r u n s  a b o v e  a n d  
b e l o w  t h e  mean i s  t h e  same a s  t h e  r u n s  a b o v e  a nd  b e l o w  t h e  
nied i a n .
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b e l o w  t h e  m e d i a n  may be c o n s i d e r e d  a s  r u n s  f r o m  a b i n o m i a l  
p o p u l a t i o n .  The o b s e r v a t i o n s  a r e  c l a s s i f i e d  i n t o  t w o  
c l a s s e s  ( i . e . ,  a b o v e  t h e  m e d ia n  and  b e l o w  t h e  m e d i a n ) .  Un­
d e r  t h e  r a n d o m n e s s  n u l l  h y p o t h e s i s  e a c h  o b s e r v a t i o n  h a s  a 
c o n s t a n t  p r o b a b i l i t y ,  P i = C . 5 ,  o f  f a l l i n g  i n t o  t h e  i t h  c l a s s  
( i = 1 , 2 ) .  T h e n  a s e q u e n c e  o f  K o b s e r v a t i o n s  b e l o n g i n g  t o  t h e  
sam e  c l a s s -  a b o v e  t h e  m e d i a n  ( o r  b e l c w  t h e  m e d i a n ) -  a n d  
w h i c h  i s  p r e c e d e d  a n d  f o l l o w e d  by  o b s e r v a t i o n s  b e l o n g i n g  t o  
a n o t h e r  c l a s s -  b e l o w  t h e  m e d i a n  ( o r  a b o v e  t h e  m e d i a n ) -  i s  
c a l l e d  a r u n  o f  l e n g t h  K.
A r u n  i s  a n  u n b r o k e n  s e q u e n c e  o f  s i m i l a r  e v e n t  ( a b o v e  t h e  
m e d i a n  o r  b e l o w  t h e  m e d a i n ) .  A l l  o b s e r v a t i o n s  b e l o w  t h e  me­
d i a n  may b e  d e s i g n a t e d  by  s i g n s ;  a l l  a b o v e  t h e  m e d ia n
may be  d e s i g n a t e d  b y  * '+ "  s i g n s .  T h u s  t h e  r u n s  o f  " e ”  s i g n s  
a r e  c a l l e d  r u n s  a b o v e  t h e  m e d i a n ,  a n d  t h e  r u n s  o f  n- "  s i g n s  
a r e  c a l l e d  r u n s  b e l o w  t h e  m e d i a n .
T h e  t e s t  f o r  r u n s  a b o v e  a n d  b e l o w  t h e  m e d ia n  i s  d e s i g n e d  
t o  r e s u l t  i n  a r e j e c t i o n  o f  t h e  h y p o t h e s i s  o f  r a n d o m n e s s  i f  
t h e  s e q u e n c e  o f  n u m b e r s  i s  s u c h  t h a t  a n y  n u m b e r  w h i c h  i s  
g r e a t e r  ( o r  l e s s )  t h a n  t h e  m e d ia n  o f  t h e  n u m b e r s  i n  t h e  s e ­
q u e n c e ,  i s  r e p e a t e d l y  f o l l o w e d  by  a n u m b e r  w h i c h  i s  g r e a t e r  
( o r  l e s s )  t h a n  t h e  m e d ia n  o f  t h e  n u m b e r s  i n  t h e  s e q u e n c e .  
I f  t h e  g e n e r a t o r  o r  t h e  c o m b i n a t i o n  i s  p r o d u c i n g  a ra n d o m  
s e q u e n c e ,  t h e n  t h e  c o n d i t i o n a l  p r o b a b i l i t y  t h a t  som e n u m b e r ,
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R i  + 1 ,  i s  g r e a t e r  t h a n  t h e  m e d i a n ,  g i v e n  t h a t  R i  i s  g r e a t e r  
t h a n  m e d i a n ,  i s  e g u a l  t o  t h e  p r o b a b i l i t y  t h a t  R i + 1  i s  l e s s  
t h a n  t h e  m e d i a n ,  g i v e n  t h a t  R i  i s  g r e a t e r  t h a n  t h e  m e d i a n .  
A s i m i l a r  e q u a l i t y  h o l d s  f o r  t h e  c o n d i t i o n a l  p r o b a b i l i t y  i n  
t h e  c a s e  w h e n  R i  i s  l e s s  t h a n  t h e  m e d ia n  ( B u f f a ,  1 9 7 1 ) .
F o r  l a r g e  s a m p l e s ,  a g o o d  a p p r o x i m a t i o n  t o  t h e  s a m p l i n g  
d i s t r i b u t i o n  o f  t h e  t o t a l  n u m b e r  o f  r u n s ,  U ,  i s  t h e  n o r m a l  
d i s t r i b u t i o n  w i t h  mean= { N / 2 ) + 1  a n d  v a r i a n c e -
(N *  ( N - 2 ) ) /  ( 4 *  ( N - 1 ) )  .  T h e r e f o r e  wh en  t h e  s a m p l e  s i z e  i s  
l a r g e ,  t h e  n u l l  h y p o t h e s i s  may b e  t e s t e d  b y  Z U = (  
U - ( N / 2 )  + 1 ) / (  (H *  (N - 2 )  ) / < 4 *  ( B - 1 ) )') * * 0 . 5  ( B r a d l e y ,  1 9 6 3 ;  L e w i s ,  
1 S75) .
A s s u m i n g  r a n d o m  s a m p l e s ,  t h e  e x p e c t e d  v a l u e  o f  t h e  n u m b e r  
o f  r u n s  b y  l e n g t h  K i s  ( N - K + 3 ) / ( 2 * *  ( K - 1 ) ) .  A g a i n  t h e  c h i -  
s g u a r e  g o o d n e s s  o f  f i t  t e s t  may be u s e d  t o  c h e c k  w h e t h e r  o r  
n o t  a g e n e r a t e d  s e g u e n c e  i s  a c c e p t a b l e  a t  a g i v e n  s i g n i f i ­
c a n c e  l e v e l  ( N a y l o r ,  1 9 6 6 ) .
4 . 3 . 2  P r o c e d u r e s  f o r  T e s t i n g Runs A b o v e and  
B e lo w  t h e  Medi a n
Two a p p r o a c h e s  a r e  u s e d  w i t h  r u n s  a b o v e  and  b e l o w  t h e  me­
d i a n  f o r  t e s t i n g  t h e  g e n e r a t e d  s e r i e s  f o r  r a n d o m  o s c i l l a ­
t i o n .  T h e y  a r e  t h e  t o t a l  n u m b e r  o f  r u n s  a n d  t h e  n u m b e r  o f  
r u n s  b y  l e n g t h .  T he  f o l l o w i n g  t w o  s u b - s u b s e c t i o n s  w i l l  d i s ­
c u s s  e a c h ,  r e s p e c t i v e l y .
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4 . 3 . 2 . 1  l o t a l  Number o f  nuns
T h r e e  p r o c e d u r e s  a r e  u s e d  f o r  t e s t i n g  t h e  g e n e r a t e d  s e r ­
i e s  f o r  r a n d o m n e s s  u s i n g  o f  t h i s  a p p r c a c h -
1. F i r s t ,  t e s t  e a c h  s e t  f o r  r a n d c m n e s s .
U n d e r  t h e  r a n d c m n e s s  n u l l  h y p o t h e s i s ,  f o r  l a r g e  
s a m p l e  s i z e s ,  t h e  t o t a l  n u m b e r  o f  r u n s  i s  a p p r o x i ­
m a te d  b y  t h e  n o r m a l  d i s t r i b u t i o n  w i t h  mean { ( N / 2 )  
+ 1 ) a u d  v a r i a n c e  (N* ( N - 2 )  ) / ( 4  (N- 1 ) )  .
The  p r o c e d u r e  i s  e x p e c t e d  a s  f o l l o w s :
a) D e t e r m i n e  t h e  s a m p l e  s i z e  N o f  e a c h  s e t ,  s a y  
N = 12 0 0 .
fc) G e n e r a t e  t h e  s e r i e s  X.
L i s t t h e o r d  e r e d s e q u e n c e  o f  s i g n s  ( + / - )  f o r
e a c h o b s e r v a t i o n . ” + "  i f  t h e  o b s e r v a t i o n i s
a b o v e t h e m e d i a n , a n d  M- ”  i f  t h e  o b s e r v a t i o n i s
b e l o w t h e m e d i a n .
d) C o u n t  t h e  t o t a l  n u m b e r  o f  r u n s ,  U,  i n  t h e  s e ­
q u e n c e .  T h a t  i s ,  c o u n t  n u m b e r  o f  11+"  s  i n  an 
u n b r o k e n  s u b s e q u e n c e  o f  " t ”  s i g n s  a n d  do t h e  
sam e  f o r  s i g n s .
e) C o m p u te  t h e  s t a t i s t i c :
Zrj = ( (O- ( N / 2 )  +1)  ) /  ( (N *  ( N - 2 )  ) / ( h *  (M- 1) ) ) * * 0 .  5 .
ZU i s  d i s t r i b u t e d  a p p r o x i m a t e l y  a s  a s t a n ­
d a r d  n o r m a l  d i s t r i b u t i o n .
f )  S e t  up  t h e  s i g n i f i c a n c e  l e v e l  ALPHA w i t h  AL­
P H A ^ . 0 1 ,  0 . 0 5  a nd  0 . 2 .
g) S e t  up t h e o r e t i c a l  c o n f i d e n c e  i n t e r v a l  f o r  t o ­
t a l  n u m b e r  o f  o b s e r v e d  r u n s .  T h a t  i s ,
{ ( N / 2 )  +1 ) - Z *  (N*  ( N - 2 ) / ( 4 *  ( N - 1 )  ) ) * * 0 .  5 < U <
( N / 2 ) + 1) = 2 *  (N* < ? l - 2 ) / ( 4 *  ( H - 1 ) ) )  * * 0 . 5 .  F r o m  t h e  
s t a n d a r d  n o r m a l  t a b l e ,  t h e  v a l u e  c f  2  i s  2 . 3 2 5 ,
1 . 9 b  a n d  1 . 2 8  f o r  a t w o - t a i l e d  h y p o t h e s i s  t e s t ,  
a t  s i g n i f i c a n c e  l e v e l s  ALPHA ^O .0  1,  0 . 0 5  a n d
0 . 2 , r e s p e c t i v e l y .
T he  h y p o t h e s i s  a n d  i t s  a l t e r n a t i v e  a r e ;
f iO :  A t  s i g n i f i c a n c e  l e v e l  ALPHA, i f  t h e  s e r ­
i e s  X i s  r a n d o m ,  t h e  o b s e r v e d  n u m b e r  o f  t o t a l  
r u n s  i s  w i t h i n  t h e  t h e o r e t i c a l  i n t e r v a l  c o m ­
p u t e d  a b o v e .
H A :  A t  s i g n i f i c a n c e  l e v e l  ALPHA, i f  t h e  s e r ­
i e s  X i s  n o t  r a n d o m ,  t h e  o b s e r v e d  n u m b e r  o f  t o ­
t a l  r u n s  i s  n o t  w i t h i n  t h e  t h e o r e t i c a l  c o n f i ­
d e n c e  i n t e r v a l .
8 3
2 .  S e c o n d ,  t e s t  e a c h  s a m p l e  a n d  t h e  w h o l e  s e r i e s  f o r  
r a n d c m n e s s .
T h e  c r i t e r i a  a n d  t h e  p r o c e d u r e s  < i r e  t h e  same a s  
t h o s e  i n  t h e  a p p r o a c h  u s e d  f o r  t h e  r u n s  up  a n d  
down t e s t  f o r  e a c h  s a m p l e  a n d  t h e  w h o l e  g e n e r a t e d  
s e r i e s ,
4 - 3 . 2 . 2 .  T h e  N u m be r  o f  S u n s  by L e n g t h
A l l  t h e  c r i t e r i a  and  t h e  p r o c e d u r e s  u s e d  h e r e  
a r o  t h e  same a s  t h o s e  u s e d  i n  t h e  t e s t  f o r  " r u n s  
up and d o w n "  w i t h  t h e  e x c e p t i o n  o f  t h e  t h e o r e t i ­
c a l l y  e x p e c t e d  n u m b e rs  o f  r u n s  by  l e n g t h .  Tha t ,  
i s ,  t h e  e x p e c t e d  n u m b e r  o f  r u n s  o f  l e n g t h  K i s  
g i v e n  b y  (N -K  + 3 ) / ( 2 * *  (K + 1 } )  ( N a y l o r ,  1 9 6 6 ) . *
4 . 4  F N P I H I C A L  TEST RESULTS, D I SCUSSIONS ANN EVALUATIONS
The  r e s u l t s  o f  r a n d o m n e s s  t e s t s  u s i n g  t w o  n o n - p a r a m e t r i c  
t e s t s ,  r u n s  up  and  down a nd  r u n s  a b o v e  a n d  b e l o w  t h e  m e d i a n ,  
a r e  s how n  i n  T a b l e s  2 a n d  3 ,  r e s p e c t i v e l y .  I n  o r d e r  t o  
e v a l u a t e  t h e  c h a r a c t e r i s t i c  o f  r a n d o m  o s c i l l a t i o n  o f  t h e  s e -
4 T h e  n u m b e r  o f  l e n g t h s  i n  r u n s  a b o v e  and b e l o w  t h e  m e d ia n  i s  
K=7 .  A t  s i g n i f i c a n c e  l e v e l s  A L F H A = 0 .0 1 ,  0 . 0 5  and  0 . 2  w i t h
d f = 6 ,  t h e  c r i t i c a l  c h i - s q u a r e  v a l u e s  a r e  1 6 . 8 ,  1 2 . 6  a n d
8 . 5 6 ,  r e s p e c t i v e l y .
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l e c t e d  g e n e r a t o r s / c o r a b i n a t i o n s ,  we g e n e r a t e d  50 i n d e p e n d e n t  
s a m p l e s  w h i c h  c o n t a i n  50  s e t s  p e r  s a m p le  a n d  1200  n u m b e rs  
p e r  s e t .
T e s t  b_y t o t a l  nu m b e r  o f  r u n s : F i r s t ,  we c o u n t e d  t h e  num­
b e r  o f  r u n s  f o r  e a c h  s e t -  T h e n ,  f o r  e a c h  s e t  we n o r m a l i z e d  
t h e  o b s e r v e d  n u m b e r  o f  r u n s  by  i t s  e x p e c t e d  n u m b e r  o f  r u n s  
a n d  s t a n d a r d  d e v i a t i o n .  N e x t ,  f o r  e a c h  s a m p l e  we c o m p u t e d  
o n e  c h i - s q u a r e  v a l u e  w i t h  9 d e g r e e s  c£  f r e e d o m  f r o m  50  n o r ­
m a l i z e d  t o t a l  n u m b e r s  o f  o b s e r v e d  r u n s .  f ie t e s t e d  w h e t h e r  
o r  n o t  t h e s e  50 n o r m a l i z e d  t o t a l  n u m b e rs  o f  o b s e r v e d  r u n s  
h a v e  a s t a n d a r d  n o r m a l  d i s t r i b u t i o n  b y  c o m p a r i n g  t h e  com ­
p u t e d  c h i - s q u a r e  v a l u e  w i t h  i t s  c r i t i c a l  c h i - s q u a r e  v a l u e .  
I f  t h e  s a m p l e  i s  n o t  r a n d o m ,  we c o u n t e d  i t  as  a s i g n i f i c a n t  
s a m p l e .  C o lu m n  7 ,  8 ,  a n d  9 ( i n  T a b l e s  2 a n d  3) l i s t  t h e
n u m b e r  o f  s i g n i f i c a n t  s a m p l e s  r e s u l t i n g  f r o m  t h i s  a p p r o a c h .  
T he  c o r r e s p o n d i n g  u p p e r  b o u n d s  f o r  t h e  n u m b e r  o f  s i g n i f i c a n t  
s a m p l e s  a r e  1 2 ,  10 a n d  5 .
C o lu m n  10 s h o w s  t h e  g r a n d  c h i - s q u a r e  v a l u e s  w i t h  9 de ­
g r e e s  o f  f r e e d o m  f o r  t h e  w h o l e  g e n e r a t e d  s e r i e s .  T h e y  a r e  
d e r i v e d  f r o m  t h e  50 i n d e p e n d e n t  c h i - s q u a r e  v a l u e s  o f  t h e  
s a m p l e s .  T h e i r  c r i t i c a l  v a l u e s  a r e  1 2 . 2 ,  1 6 . 9 ,  a n d  2 1 . 7 ,
r e s p e c t i v e l y ,  f o r  l e v e l s  0 . 2 ,  0 . 0 5  a n d  0 . 0 1 .
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T e s t  b y  u s i n g  o f  r u n s  b y  l e n g t h :  F o r  e a c h  s e t ,  we
c o u n t e d  t h e  n u m b e r  o f  r u n s  by l e n g t h  1 ,  2 ,  3 ,  4 ,  5 ,  f o r  r u n s  
up  a n d  d o w n ,  a n d  b y  t h e  n u m b e r  o f  r u n s  by l e n g t h  1 ,  2 ,  3 ,  4 ,  
5 ,  6 ,  7 ,  f o r  r u n s  a b o v e  and  b e l o w  t h e  m e d i a n -  B a s e d  o n  t h e  
o b s e r v e d  n u m b e r  o f  r u n s  fcy l e n g t h  a n d  t h e  e x p e c t e d  n u m b e r  o f  
r u n s  b y  l e n g t h ,  we c a l c u l a t e d  t h e  c h i - s g u a r e  v a l u e s  w i t h  4 
a n d  6  d e g r e e s  o f  f r e e d o m  f o r  r u n s  up  and  down a n d  r u n s  a b o v e  
a n d  b e l o w  t h e  m e d i a n ,  r e s p e c t i v e l y .  F o r  e a c h  s a m p l e ,  we 
c o m p u t e d  50 c h i - s g u a r e  v a l u e s  w i t h  4 d e g r e e s  o f  f r e e d o m  f o r  
r u n s  up a n d  d o w n ,  a n d  50 c h i - s g u a r e  v a l u e s  w i t h  6  d e g r e e s  o f  
f r e e d o m  f o r  r u n s  a b o v e  a nd  b e l o w  t h e  m e d i a n .  T h e n  we f i t t e d  
t h e s e  50 i n d e p e n d e n t  c h i - s g u a r e  v a l u e s  w i t h  4 o r  6  d e g r e e s  
o f  f r e e d o m  i n t o  t h e  o t h e r  c h i - s q u a r e  d i s t r i b u t i o n ;  we o b ­
t a i n e d  o n e  c h i - s g u a r e  v a l u e  w i t h  9 d e g r e e s  o f  f r e e d o m .  
N e x t ,  we t e s t e d  f o r  s i g n i f i c a n t  s a m p l e s  b y  c o m p a r i n g  t h e  o b ­
s e r v e d  c h i - s g u a r e  v a l u e  w i t h  i t s  c r i t i c a l  v a l u e  a t  s i g n i f i ­
c a n t  l e v e l  ALPHA- T h i s  i n f o r m a t i o n  i s  p r e s e n t e d  i n  C o lu m n s  
3 ,  4 a n d  5 i n  T a b l e s  2 a n d  3 f o r  s i g n i f i c a n c e  l e v e l s  0 . 2 ,
0 . 0 5  a n d  0 - 0 1 ,  r e s p e c t i v e l y -  A g a i n  t h e  g r a n d  c h i - s g u a r e  v a ­
l u e s  w i t h  9 d e g r e e s  o f  f r e e d o m  c o m p u t e d  f r o m  a l l  s a m p l e s *  
c h i - s g u a r e  v a l u e s  a r e  d e m o n s t r a t e d  i n  C o lu m n  6  o f  T a b l e s  2 
a n d  3 .
B o t h  f r o m  T a b l e  2 a n d  f r o m  T a b l e  3 ,  t h e r e  a r e  12 p o s s i b l e  
t y p e s  o f  s i g n i f i c a n t  r e s u l t s .  S i x  o f  t h e m  a r e  o b t a i n e d  f r o m  
t e s t s  b y  l e n g t h  ( C o l u m n s  3 ,  4 ,  5 ,  a n d  6 ) ;  t h e  o t h e r  s i x  a r e
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f r o m  t e s t s  by  t o t a l  n u m b e r  o f  r u n s  ( C o lu m n s  7 ,  8 ,  9 ,  a n d
1 0 ) .  Among e a c h  o f  t h e  s i x  b i n d s  o f  r e j e c t i o n s ,  t h r e e  a r e  
i n d i c a t e d  b y  n u m b e r s  o f  s i g n i f i c a n t  s a m p l e s ,  a n d  t h e  o t h e r  
t h r e e  b y  o v e r a l l  c h i - s g u a r e  v a l u e s  a t  l e v e l s  0 . 2 ,  0 . 0 5 ,  a n d  
0 . 0 1 .  T h e  a c t u a l  t o t a l  n u m b e r  o f  r e j e c t i o n s  f r o m  r u n s  u p  
a n d  do w n  a n d  f r o m  r u n s  a b o v e  a n d  b e l o w  t h e  m e d i a n  a r e  s u m ­
m a r i z e d  i n  C o lu m n  2 o f  T a b l e s  2 a n d  3 ,  r e s p e c t i v e l y .
F rom  T a b l e  2 ( r u n s  up  a n d  down t e s t s )  i t  i s  c l e a r  t h a t  
m o s t  g e n e r a t o r s / c o m b i n a t i o n s  do n o t  p a s s  t h e  t e s t s  by  l e n g t h  
o f  r u n  a t  s i g n i f i c a n c e  l e v e l  0 . 2 .  T h i s  i s  e s p e c i a l l y  t r u e  
f o r  ADRAND and  ADR A ND c o m b i n e d  w i t h  H a s t i n g  i n v e r s e  t r a n s ­
f o r m a t i o n ;  n o t  o n e  s a m p l e  o f  t h e  50 t h a t  a r e  g e n e r a t e d  
p a s s e s  t h i s  t e s t  a t  l e v e l  0 . 2  o r  0 . 0 5  o r  0 . 0  1. T h e i r  g r a n d  
c h i - s g u a r e  v a l u e s  a r e  4 5 0  a g a i n s t  c r i t i c a l  c h i - s g u a r e  v a l u e s
1 2 . 2 ,  1 6 . 9 ,  a n d  2 1 . 7  f o r  l e v e l s  0 . 2 ,  0 . 0 5 ,  a nd  0 . 0 1 ,  r e s p e c ­
t i v e l y .  So t h e y  a r e  r e j e c t e d  a t  a l l  l e v e l s  i n v e s t i g a t e d  
h e r e  e i t h e r  f r o m  t h e  e x a m i n a t i o n  o f  t h e  n u m b e r s  o f  s i g n i f i ­
c a n t  s a m p l e s  o r  f r o m  t h e  i n v e s t i g a t i o n  o f  o v e r a l l  c h i - s g u a r e  
v a l u e s .  A l s o ,  ADRAND c o m b i n e d  w i t h  t h e  B o x - M u l l e r  r e j e c t i o n  
t r a n s f o r m a t i o n  h a s  l a r g e  n u m b e r s  o f  s i g n i f i c a n t  s a m p l e s ,  3 8 ,  
3 0 ,  a n d  17 ( t h e  u p p e r  b o u n d s  a r e  1 2 ,  10 a n d  5) f o r  l e v e l s
0 . 2 ,  0 . 0 5 ,  a nd  0 . 0 1 ,  r e s p e c t i v e l y  a n d  a v e r y  l a r g e  g r a n d
c h i - s g u a r e  v a l u e  (17  3) i n  t h e  t e s t s  by  l e n g t h .  I n  a d d i t i o n ,  
URAHD c o m b i n e d  w i t h  B o x - M u l l e r  i n v e r s e  and  R.  S h o r e  w i t h  
H a s t i n g  i n v e r s e  a c e  a l s o  r e j e c t e d  b y  t h e  t e s t s  b y  l e n g t h  a t  
a l l  s i g n i g i c a n c e  l e v e l s  c o n s i d e r e d  h e r e .
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T a b l e  2
R u n s  u p  a n d  Down
G e n e r a t o r s /  JUo- <2)| By L e n g t h  | By T o t a l  N o .  o f  R u n s
C o m b i n a t i o n s | o f  J#  o f  S i g  S a m p | C h i - S . | #  o f  S i g  Samp J C h i - S .
| R e j  J 0 . 2 | 0 . 0 5 | 0 . 0 1 1 V a l u e s ]  0 . 2  1 0 . 0 5 1 0 . 0 1 1 V a l u e s
CD I ( 2 ) I ( 3) | ( 4) I (5) I ( 6 ) I (7 ) I (8 ) 1 (9 ) 1 ( 1 0 )
ACRAND 7 5 0 s 5 0 s 5 0 s 4 5 0 * * * 1 4 s 3 0 10 .  4
RANDU 5 2 0 s 5 1 2 0 . 8 * * 1 1 6 s 3 s 1 1 . 2
L 8  L b 1 9 s 7 s 3s 18.  0 * * 14s 2 1 7 . 2
a 8  M 2 1 2 3 1 1 1 . 2 1 5 s 3 1 1 2 . 8 *
BRAND 6 2 2 s 4 0 27 .  2 * * * 1 7s 4 2 1 6 . 0 *
R- S h o r e 5 2 2 s 1 3 s 1 4 2 . 8 * * * 9 1 0 6 .  8
GGU BS 5 2 0 s 6 s 2 2  0 . 0 * * 1 4 s 3 1 8 . 8
ADRAND-BMI 0 1 1 4 1 7 . 6 6 3 0 1 1 . 6
EANDU-3M I 4 1 8 s 2 1 24 .  0 * * 1 0 0 0 1 4 .  8 *
L & L - B f f l 5 18s 5 1 1 2 . 4 * 14 s 3 0 1 7 . 6 * *
a & M-BMI 6 2 0 s 9s 1 2 5 . 2 * * * 1 4s 5 1 9 . 6
URAND-BKI 6 2 1 s 8  s 5 s 3 2 .  4 * * * 1 1 4 1 9 . 2
R .  S h o r e - B M I 5 2 1 s 5 2 1 9 . 6 * * 1 3 s 5 0 1 5 . 6 *
GGUBS-BMI 2 2 0 s 5 1 1 4 . 0 * 1 2 4 1 1 2 . 0
ADJRAND-HSI 7 5 0 s 50s 50 s 4 5 0 * * * 14s 3 0 1 1 . 2
E A NDU-H SI 4 24 s 3 0 2 7 . 6 * * * 1 2 5 2 8 . 4
L 6  L -H S . I 6 1 9 s CO
CO 3 s 1 7 . 2 * * 14 s 3 0 6 . 0
M 6  M -H S I 0 1 1 2 0 4 . 8 1 1 3 1 2 . 8
[JHASD-HSI 5 2 0  s 4 1 2 3 .  2 * * * 1 bS 4 1 9 . 6
R. S h o r e - H S I 6 1 9 s 1 2 s 3 s 39 .  2 * * * 1 1 2 0 4 .  8
GGU B S -H S I 6 2 0 s 7s 2 22 . 4 * * * 1 3 s 4 0 4 . 4
ADRAND-BMJ Ci 3 8 s 3 0 s 17s 1 7 3 * * * 9 2 0 1 0 . 0
RAN DU—BMJ 1 1 2 3 0 9 .  2 15s n 0 1 1 . 2
L 6  L - B H J 6 19s 7s 0 1 8 . 4 * * 1 3 s 6 s 1 7 . 6
M 8  B-B M J 5 16s 5 2 1 2 . 4 * 1 4 s 6 s 2 1 6 . 4 *
URAND-BMJ 0 1 2 5 0 1 2 .  0 1 1 2 0 4 .  8
R. S h o r e - B M J 8 1 5 s 9 s 1 2 0 . 8 * * 1 3 s 6 s 1 18 .  * *
3GUBS-BMJ 4 18s 7s 0 1 6 . 4 * 1 2 6  s 1 7 . 2
GGNPM 1 1 2 5 0 14.  8 * 1 0 3 1 1 2 . 0
GGNMI, 5 2  0 s 6 s 2 2 0 . 0 * * 1 4 s 3 1 8 . 8
* :  S i g n i f i c a n t  a t  l e v e l  0 . 2
* * :  S i g n i f i c a n t  a t  l e v e l s  0 . 2  a n d  0 . 0 5 .
* * * :  S i g n i f i c a n t  a t  l e v e l s  0 . 2 ,  0 . 0  5 and  0 . 0 1 .
s :  S i g n i f i c a n t  a t  l e v e l  ALPHA.
a): T o t a l  n u m b e r  o f  p o s s i b l e  r e j e c t i o n s  i s  1 2 .
B M I :  S t a n d s  f o r  B o x - M u l l e r  I n v e r s e .
BM J : S t a n d s  f o r  B o x - M u l l e r  R e j e c t i o n .
H S I :  S t a n d s  f o r  H a s t i n g  I n v e r s e .
U p p e r  b o u n d  f o r  t h e  n u m b e r  o f  s i g n i f i c a n t  s a m p l e s  a t  
l e v e l s  0 . 2 ,  0 . 0 5  a n d  0 . 0 1  a r e  1 2 ,  5 ,  a n d  2 ,  r e s p e c t i v e l y .  
C r i t i c a l  c h i - s g u a r e  v a l u e s  f o r  t h e  w h o l e  g e n e r a t e d  s e r i e s  a r e
1 2 . 2 ,  1 6 . 9  a n d  2 1 . 7  f o r  s i g n i f i c a n c e  l e v e l s  0 . 2 ,  0 . 0 5  a nd
0 . 0 1 , r e s p e c t i v e l y .
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The f i v e  g e n e r a t o r s  a nd  c o m b i n a t i o n s  m e n t i o n e d  a b o v e  c a n  
be  r e g a r d e d  as  • ' b a d "  g e n e r a t o r s  o r  " b a d ”  c o m b i n a t i o n s  a c ­
c o r d i n g  t o  t e s t s  b y  l e n g t h  o f  r u n s  up  a n d  d o w n .  T h e y ,  how ­
e v e r ,  p e r f o r m  w e l l  i n  t e s t s  b y  t o t a l  n u m b e r  o f  r u n s .  T h e y  
h a v e  1,  1 ,  0 ,  0 a n d  0 r e j e c t i o n s  r e s p e c t i v e l y .  H e n c e ,  t h e  
c o r r e s p o n d i n g  t o t a l  n u m b e r s  o f  r e j e c t i o n s  o f  t h e s e  f i v e  g e n ­
e r a t o r s  a n d  c o m b i n a t i o n s  i n  t e s t s  f o r  r u n s  u p  a n d  down a r e  
7 ,  7 ,  6 ,  6 ,  and  6  o u t  o f  12 ( C o lu m n  2 ) .  T h e y  c a n  n o t  be
c o n s i d e r e d  a s  " g o o d ”  g e n e r a t o r s  o r  " g o o d ”  c c m b i n a t i o n s .  One 
o t h e r  b a d  c o m b i n a t i o n  i s  t h a t  o f  R. S h o r e  c o m b i n e d  w i t h  BMJ;  
i t  h a s  8  s i g n i f i c a n t  v a l u e s ,  4 i n  t e s t s  by l e n g t h ,  t h e  o t h e r  
4 i n  t e s t s  by  t o t a l  n u m b e r  c f  r u n s .
I h e r e  a r e  some g o o d  g e n e r a t o r s / c o m b i n a t i o n s  f r o m  t h e  
p o i n t  o f  v i e w  o f  t h e  r u n s  up  a n d  dcw n  t e s t s .  ADRAND c o m ­
b i n e d  w i t h  t h e  B o x - M u l l e r  i n v e r s e  r o u t i n e ,  M 5 M c o m b i n e d  
w i t h  H a s t i n g s  i n v e r s e  a n d  UBAND c o m b i n e d  w i t h  B o x - M u l l e r  r e ­
j e c t i o n  t r a n s f o r m a t i o n  a l l  p e r f o r m  v e r y  w e l l  i n  t h e  r u n s  u p  
a n d  down t e s t s .  T h e y  p a s s  b o t h  t e s t s  by  l e n g t h  a n d  t e s t s  b y  
t o t a l  n u m b e r  o f  r u n s  a t  a l l  l e v e l s  o f  ALPHA. N e x t ,  RANDU 
c o m b i n e d  w i t h  B o x - M u l l e r  r e j e c t i o n  a n d  GGNPM p a s s  11 t y p e s  
o f  t e s t s  o u t  o f  12 i n  r u n s  u p  a n d  d o w n .  N e x t  t o  t h e s e  t w o ,  
M C M, a n d  GGUBS w i t h  E o x - M u l l e r  i n v e r s e  a r e  r e j e c t e d  o n l y  
b y  2  t y p e s  o u t  o f  1 2 .
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EANDU c o m b i n e d  w i t h  t h e  B o x - M u l l e r  i n v e r s i o n  r o u t i n e ,  
RAKCU w i t h  t h e  H a s t i n g  i n v e r s i o n  r o u t i n e ,  a n d  GGUBS w i t h  t h e  
B o x - M u l l e r  r e j e c t i o n  r o u t i n e  p e r f o r m  m o d e r a t e l y  w e l l  i n  t h e  
r u n s  up  a n d  down t e s t s .  T h e y  p a s s  8  c u t  o f  12 o f  t h e  t e s t s .  
T h e  R e s t  o f  t h e  g e n e r a t o r s / c o m b i n a t i o n s  a r e  r e j e c t e d  o n  m o r e  
t h a n  4 b u t  l e s s  t h a n  7 t e s t s .  M o s t  r e j e c t i o n s  o c c u r  i n  
t e s t s  b y  l e n g t h  o f  r u n .  T h u s ,  i t  a p p e a r s  t h a t ,  t e s t s  b y  
l e n g t h  o f  r u n s  a r e  m o r e  p o w e r f u l  t h a n  t e s t s  o f  t h e  t o t a l  
n u m b e r  o f  r u n s .
W i t h  r e s p e c t  t o  r u n s  a b o v e  a n d  b e l o w  t h e  m e d ia n  ( i n  T a b l e  
3 ) m o s t  g e n e r a t o r s / c o m b i n a t i o n s  p e r f o r m  w e l l .  GGUBS a l o n e ,  
GGUBS w i t h  H S I ,  GGUBS w i t h  BMJ,  L S L w i t h  BMJ a n d  GGNML 
p a s s  a l l  12 t y p e s  o f  t e s t s .  I n  a d d i t i o n ,  t h e r e  14 o f  t h e  
g e n e r a t o r s / c o m b i n a t i o n s  p a s s  11 o u t  o f  12 t e s t s .  T h e s e  a r e
GGUBS w i t h  8 M I ,  L S I ,  1 8  1 w i t h  H S I ,  EANDU, EANDU w i t h  
H S I ,  FANDU w i t h  BMJ, URAND, URAND w i t h  B M I , URAND w i t h  H S I ,  
R. S h o r e ,  R .  S h o r e  w i t h  B M I ,  R .  S h o r e  w i t h  H S I ,  M 8  M w i t h  
BMJ a n d  ADEAND w i t h  E M I .
H o w e v e r ,  ADRAND w i t h  E P J ,  M S M w i t h  H S I ,  R .  S h o r e  w i t h  
BMJ a nd  M & M c a n  b e  c o n s i d e r e d  a s  ' ’ b a d ”  c o m b i n a t i o n s  o r  
g e n e r a t o r s  b a s e d  o n  t h e  r e s u l t s  c f  t h e  r u n s  a b o v e  a n d  b e l o w  
t h e  m e d i a n  t e s t s .  T h e y  h a v e  8 , 7 ,  7 a n d  6 r e j e c t i o n s  r e s ­
p e c t i v e l y  o u t  o f  1 2 .  T h i s  i s  e s p e c i a l l y  t r u e  w i t h  r e s p e c t  
t o  t h e  t e s t s  by l e n g t h  o f  r u n s ;  ADRAND w i t h  BMJ h a s  50 s i g -
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T a b l e  3
Runs A b o v e  a n d  B e lo w  t h e  M e d i a n
G e n e r a t o r s /  |No .c )J  By L e n g t h  | B y  T o t a l  N o .  o f  R u n s
C o m b i n a t i o n s | o £  J# o f  S i g  S a m p | C h i - S . |  # o f  S i g  S a m p l C h i - 5 .
| R e j  j 0 . 2 10 . 0 5 J 0 . 011 V a l u e s | 0 . 2 1 0 . 0 5 1 0 . 0 1 1 V a l u e s
( 1 ) 1 (2 ) I ( 3 )1  (4 ) I (5)  J ( 6 ) 1 (7)  | ( 8 ) i< 9 ) 1 ( 1 0 )
ADRAND 3 1 2 1 1 2. 4 19s 4 1 1 7 . 2 * *
RANDU 1 1 1 2 0 13. 2 * 11 1 0 9 . 2
L & L 1 1 0 2 0 9 . 2 1 2 6 s 2 6 . 0
M S M 6 1 1 1 0 16- 8 * 1 os 6 s 3 s 2 0 . 4 * *
URAND 1 1 3 s 4 1 4. 0 1 2 5 1 1 0 . 4
R. S h o r e 1 7 1 0 3 . 6 1 3 s 2 0 6 . 8
GGUBS 0 9 1 0 1 0 . 4 1 1 5 1 6 . 0
ADRAND-BMI 1 1 2 3 0 8 .  8 1 0 1 0 1 2 . 4 *
RAN DU-BM I 2 7 3 1 6 . 0 17s 4 1 1 2 . 4 *
L S L - B H I 2 13s 1 1 5 . 2 13s 2 0 0 . 4
n S H-BMI 2 1 2 2 0 13. 2 * 1 bs 5 2 1 0 . 0
URAND-BMI 1 11 4 0 1 0 .  0 9 2 0 1 5 .  6 *
R. S h o r e - B H I 1 1 2 3 1 4 . 4 1 2 5 2 1 3 . 6  *
GGUES-BMI 1 1 4 s 1 1 7 .  fa 1 2 1 0 6 . 4
ADRAND-HSI 3 1 2 1 1 2. 4 19 s 4 1 1 7 . 2 * *
RAH DU-HSI 1 1 1 2 0 1 3 . 2 * 11 1 0 9 .  2
L S L - H S I 1 1 0 2 0 9 . 2 1 2 6  s 2 6 . 0
H S M-HSI 7 1 1 1 0 16. 8 * 16s 6  s 3s 2 2 . 0 * * *
!JR A N D -H S I 1 1 3 s 3 I 4.  0 1 2 5 1 1 0 .  4
R. S h o r e - H S I 1 7 1 0 3 . 6 13 s O 0 b . 8
5 G UBS-HSI 0 9 1 0 1 0 . 4 1 1 5 1 6 . 0
ADBAND-BSJ 8 50  s 5 0 s 50 s 4 5 0 . * * * 1 2 6  s 1 1 5 . 6 *
RAN DU-BMJ 1 3 3 0 1 5 . 6 * 1 0 3 *"» 3 . 2
L f, L -BM J 0 1 1 1 0 4 . 4 5 3 2 9 . 2
M 6  M-BMJ 1 16 s 5 0 7 .  6 1 0 3 1 1 1 . 2
UR AN D-BMJ 4 3 0 0 1 3 . 2 * 1 5 s 7 s 0 1 5. 2 *
R .  S h o r e - 3 M J 7 13s 2 0 1 7 . 2 * * 1 7 s OL. 0 2 2 . 4 * * *
GGUBS-BMJ 0 9 0 0 4 . 8 4 2 xl 9 . 2
SGNPM 2 6 0 0 1 7 . 2 * * 8 4 2 8 . 0
GGNML 0 9 1 0 10. 4 1 1 5 1 6 . 0
* ;  S i g n i f i c a n t  a t  l e v e l  0 . 2
* * :  S i g n i f i c a n t  a t  l e v e l s  0 . 2  a n d  0 . 0 5 .
* * * :  S i g n i f i c a n t  a t  l e v e l s  0 . 2 ,  0 . 0  5 and 0 . 0 1 .
s :  S i g n i f i c a n t  a t  l e v e l  ALPHA .
c): T o t a l  n u m b e r  o f  p o s s i b l e  r e j e c t i o n s  i s  1 2 .
B M I :  S t a n d s  f o r  B o x - M u l l e r  I n v e r s e .
BMJ: S t a n d s  f o r  B o x - M u l l e r  R e j e c t i o n .
H S I :  S t a n d s  f o r  H a s t i n g  I n v e r s e .
U p p e r  b o u n d  f o r  t h e  n u m b e r  o f  s i g n i f i c a n t  s a m p l e s  a t
l e v e l s  0 . 2 ,  0 . 0  5 a n d  0 . 0 1  a r e  1 2 ,  5 ,  a nd  2 ,  r e s p e c t i v e l y .  
C r i t i c a l  c h i - s g u a r e  v a l u e s  f o r  t h e  w h o l e  g e n e r a t e d  s e r i e s  
a r e  1 2 . 2 ,  1 6 . 9  a n d  2 1 . 7  f o r  s i g n i f i c a n c e  l e v e l s  0 . 2 ,  0 . 0 5  
a n d  0 . 0 1 , r e s p e c t i v e l y .
n i f i c a n t  s a m p l e s  a t  a l l  l e v e l s  a n d  h a s  a l a r g e  g r a n d  c h i -  
s g u a r e  v a l u e  4 5 0 .  T h e  n e x t  w o r s e  g e n e r a t o r s / c o m b i n a t i o n s  
a r e  CJRAND w i t h  BMJ, ADEAND a l o n e  a n d  ADRAND w i t h  H S I  a t  t h a t  
o r d e r ;  t h e i r  n u m b e r  o f  r e j e c t i o n s  a r e  4 ,  3 ,  a n d  3 ( C o lu m n
C h a p te r  V
S E R IA L  CORRELATION TESTS BY AUTOCORRELATION A N ALY SIS
5 - 1  IN T R O D UCTION
N u m b e rs  g e n e r a t e d  o n  c o m p u t e r s  a r e  n o t  t r u l y  r a n d o m .  
T h e y  may b e  s e r i a l l y  c o r r e l a t e d  w i t h  e a c h  e t h e r  i f  t h e  p a r ­
a m e t e r s  i n  t h e  c o n g r u e n t i a l  g e n e r a t i n g  e q u a t i o n s  a r e  n o t  s e ­
l e c t e d  p r o p e r l y  o r  d e p e n d i n g  o n  t h e  f o r m  o f  t h e  e q u a t i o n .  
H e n c e  t h e  e v a l u a t i o n  o f  t h e  q u a l i t y  o f  t h e  g e n e r a t o r  a n d  t h e  
g e n e r a t o r - t r a n s f o r m  c o m b i n a t i o n  r e q u i r e s  t h e  s e r i a l  c o r r e l a ­
t i o n  t e s t s .
S e r i a l  c o r r e l a t i o n  t e s t s  c a n  be  u s e d  f o r  e v a l u a t i n g  t h e  
r a n d o m n e s s  o f  a s e q u e n c e .  I f  a s e q u e n c e  i s  c o r r e l a t e d ,  t h e n  
i t  i s  n o t  r a n d o m .  On t h e  e t h e r  h a n d ,  i f  a s e q u e n c e  i s  n o t
c o r r e l a t e d ,  i t  may be  b u t  i s  n o t  n e c e s s a r i l y  r a n d o m .  I f  t h e
v a r i a t e  i s  n o r m a l l y  d i s t r i b u t e d ,  i t s  s e q u e n c e  i s  r a n d o m  i f  
i t  i s  n o t  s e r i a l l y  u n c o r r e l a t e d .  So t h e  s e r i a l  c o r r e l a t i o n
t e s t  i s  o n e  g o o d  r a n d o m n e s s  t e s t ,  e s p e c i a l l y  w h e n  t h e  v a r i a ­
b l e s  i n  t h e  s e q u e n c e  a r e  n o r m a l .
I h e  a u t o c o v a r i a n c e  f u n c t i o n  a t t e m p t s  t o  a n s w e r  t h e  q u e s ­
t i o n  "how much d o e s  t h e  v a l u e  o f  a s e r i e s  a t  t i m e  T d e p e n d  
o n  t h e  v a l u e  a t  a p r e v i o u s  t i m e ,  T - K " .  Sc s e r i a l  c o r r e l a -
-  92 -
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t i o n  o r  s t a t i s t i c a l  d e p e n d e n c e  may be  d e t e c t e d  b y  t h e  
a u t o c o v a r i a n c e  f u n c t i o n  w h i c h  g i v e s  t h e  c o r r e l a t i o n  b e t w e e n  
t h e  o b s e r v a t i o n s  s e p a r a t e d  b y  l a g  U u n i t s . 5  S i n c e  p e r i o d i c i ­
t i e s  i n  t h e  a u t o c o v a r i a n c e  f u n c t i o n  do  r e v e a l  s i m i l a r  p e r ­
i o d i c i t i e s  i n  t h e  o r i g i n a l  s e r i e s  i t s e l f ,  f l u c t u a t i o n  i n  t h e  
a u t c c o v a r i a n c e  f u n c t i o n  c a n  g i v e  a n  i n d i c a t i o n  o f  t h e  f l u c ­
t u a t i o n  i n  t h e  o r i g i n a l  s e q u e n c e  i t s e l f  ( C h ow ,  1 9 7 5 ) .  
H e n c e  a u t o c o v a r i a n c e  a n a l y s i s  c a n  be  u s e d  t o  t e s t  t h e  s e ­
q u e n c e  g e n e r a t e d  f r o m  c o m p u t e r s  f o r  w h i t e  n o i s e . *  T h a t  i s  
p a r t i c u l a r l y  t r u e ,  when we w a n t  t o  d e t e c t  “ l o c a l  c o r r e l a ­
t i o n ” ,  t h a t  i s ,  w h e t h e r  n e i g h b o r i n g  p o i n t s  o f  t h e  s e q u e n c e  
a r e  c o r r e l a t e d .
I n  t h e  a u t o c o r r e l a t i o n  a n a l y s i s  u s e d  h e r e ,  t h e  a u t o c o r r e ­
l a t i o n  c o e f f i c i e n t  w i l l  be u s e d  f o r  e a c h  i n d i v i d u a l  l a g  K 
a n d  t h e  P o r t m a n t e a u  c h i - s q u a r e  s t a t i s t i c  w i l l  be  u s e d  t o  
t e s t  f o r  s e r i a l  c o r r e l a t i o n  f o r  a l l  l a g s  c o l l e c t i v e l y .  I f  a 
s e r i e s  i s  u n c o r r e l a t e d ,  o r  i f  a p r o c e s s  i s  p u r e l y  r a n d o m ,  
t h e  t h e o r e t i c a l  a u t o c o r r e l a t i o n  f u n c t i o n  a t  d i s c r e t e  l a g  K 
h a s  t h e  p r o p e r t y :  N R (K )  = 1 (0)  f o r  K=0 (K^O) { J e n k i n s  a n d
W a t t s ,  p . 1 9 9 ,  1 9 6 9 ) .  I n  a d d i t i o n ,  wh en  t h e  n u m b e r  o f  t e r m s , .
5 I n  t h i s  s t u d y ,  n d e n o t e s  a c o n t i n u o u s  l a g ;  K d e n o t e s  a d i s ­
c r e t e  l a g .
6 f h e  w h i t e  n o i s e  s e r i e s  i s  a s t a t i s t i c a l l y  i n d e p e n d e n t  s e r ­
i e s  ( o r  u n c o r r e l a t e d  s e r i e s  ) w i t h  e x p e c t e d  v a l u e ,  E ( X ) = 0 ,  
a n d  a u t c c o v a r i a n c e  f u n c t i o n
a t  l a g  K ,  E ( K ) =  v a r i a n c e  o f  t h e  s e r i e s  f o r  K=0
= 0  f o r  K%0
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f t ,  i n  t h e  s e r i e s  i s  s u f f i c i e n t l y  l a r g e ,  t h e  d i s t r i b u t i o n  o f  
s a m p l e  a u t o c o r r e l a t i o n  c o e f f i c i e n t s  c a n  be  t a k e n  t o  b e  n o r ­
m a l l y  d i s t r i b u t e d  w i t h  mean z e r o  a n d  v a r i a n c e  1 / N  ( A n d e r ­
s o n ,  1 9 4 2 ) .  T h u s  t h e  s t a n d a r d  n o r m a l  t a b l e  c a n  b e  u s e d  f o r  
e s t a b l i s h i n g  t h e  t h e o r e t i c a l  c o n f i d e n c e  i n t e r v a l  f o r  t h e  
s a m p l e  a u t o c o r r e l a t i o n  f u n c t i o n  f o r  t h e  w h i t e  n o i s e  h y p o t h e ­
s i s  t e s t s .
R a t h e r  t h a n  c o n s i d e r  o n l y  t h e  a u t o c o r r e l a t i o n  f u n c t i o n  a t  
e a c h  l a g  k  i n d i v i d u a l l y ,  a t e s t  i s  o f t e n  n e e d e d  o f  t h e  f i r s t  
d a u t o c o r r e l a t i o n s  o f  t h e  s e r i e s ,  t a k e n  as  a w h o l e , f o r  
c h e c k i n g  i n d e p e n d e n c e  o f  t h e  w h o l e  g e n e r a t e d  s e r i e s .  I f  t h e  
s e r i e s  i s  r a n d o m ,  t h e n  t h e  s a m p l e  a u t o c o r r e l a t i o n  f u n c t i o n  
COR(K)  i s  u n c o r r e l a t e d  w i t h  v a r i a n c e
V (COR ( K ) ) =  ( N - K ) / ( N * N  ( N + 2 ) ) =  1 / N .  F rom w h i c h  i t  f o l l o w s  t h a t  
t h e  s t a t i s t i c  c o m p u t e d  f r o m  t h e  f i r s t  (H— 1 ) a u t o c o r r e l a t i o n  
f u n c t i o n s  PORT=N*  (N— 2) *SUM (COR (K) * * 2 /  ( N - K ) ) ( f o r  Lag
K = 1 , 2 , . . .  , ( M—1 ) )  w o u l d ,  f o r  l a r g e  s a m p l e  s i z e  N,  b e  d i s t r i ­
b u t e d  a s  c h i - s g u a r e  w i t h  M-1 d e g r e e s  o f  f r e e d o m  ( B o x  a n d  
P i e r c e ,  1 9 7 0 ) .  T h u s  t h e  c h i - s g u a r e  d i s t r i b u t i o n  t a b l e  c a n  
b e  u s e d  f o r  t h e  h y p o t h e s i s  t e s t s .
5 - 2  TjTE APTOCOVAR I f tMCE FUNCTION AND THE
AUTOCORRELA T I ON F UNCTION
I n  g e n e r a l ,  a s t a t i o n a r y  s t o c h a s t i c  p r o c e s s  X ( T )  w i t h  
mean z e r o ,  v a r i a n c e  VAR, a n d  s i z e  N h a s  a n  a u t o c o v a r i a n c e
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f u n c t i o n  (ACVF) a n d  an a u t o c o r r e l a t i o n  f u n c t i o n  ( A C F ) .  T h e
ACVF a t  l a g  0 raav b e  d e f i n e d  as
E (U) = L im  1 /N  J ^ X  ( T ) * X  (T+U) dT =E (X (T) * X  (T+U) ) ,
1
- N / 2  < T < N / 2 ,  a n d  - T  < U < + 3  < 5 - 1 )
a n d  s h o w s  how t h e  d e p e n d e n c e  b e t w e e n  a d j a c e n t  v a l u e s  i n  t h e  
s t o c h a s t i c  p r o c e s s  c h a n g e s  w i t h  l a g  U.
The  a u t o c o r r e l a t i o n  f u n c t i o n  c a n  be o b t a i n e d  b y  n o r m a l i 2 -
i n g  t h e  a u t o c o v a r i a n c e  f u n c t i o n
NR (U) = F . { U ) / R ( 0 )  =R(SJ) / V A G .  ( 5 - 2 )
F rom  E g u a t i o n  5 - 2 ,  we c a n  o b t a i n  
B <U) =VAB^NR (U)
T h e  p l o t  o f  t h e  f u n c t i o n  NP. (U) a g a i n s t  l a g  0 i s  c a l l e d
t h e  a u t o c o r r e l o g r a i a ,  F o r  a c o n t i n u o u s  p r o c e s s ,  t h e  l a g  U
c a n  t a k e  o n  a n y  v a l u e  f r o m  p o s i t i v e  i n f i n i t y  t o  n e g a t i v e  i n ­
f i n i t y  , b u t  f o r  a  d i s c r e t e  p r o c e s s ,  i t  w i l l  fce d e f i n e d  f o r  
o n l y  i n t e g e r  v a l u e  o f  U. K w i l l  d e n o t e  a n  i n t e g e r  v a l u e  o f
0  t h r o u g h o u t  t h i s  p a p e r .
I f  a s e r i e s  i s  u n c o r r e l a t e d ,  o r  i f  a p r o c e s s  i s  a p u r e l y
r a n d o m  p r o c e s s ,  t h e  a u t o c o r r e l a t i o n  f u n c t i o n  a t  d i s c r e t e  l a g
K h a s  t h e  f o l l o w i n g  p r o p e r t y  
NR ( K) = 1 f o r  K=0 
0 K*0 .
96
T h i s  w i l l  b e  u s e d  a s  o n e  o f  t h e  c r i t e r i a  f o r  t e s t i n g  t h e  
s e r i e s  f o r  a u t o c o r r e l a t i o n .
I n  p r a c t i c e ,  i t  i s  i m p o s s i b l e  t o  k now  t h e s e  c o v a r i a n c e  
f u n c t i o n s  e x a c t l y ,  a n d  h e n c e  i t  i s  n e c e s s a r y  t o  e s t i m a t e  
t h e m  f r o m  r e c o r d s  o f  f i n i t e  l e n g t h .  S u p p o s e  x ( T )  i s  o n e  
s a m p l e  r e c o r d  o f  t h e  s t o c h a s t i c  p r o c e s s  w i t h  s a m p l e  mean 
z e r o ,  s a m p l e  v a r i a n c e  S ,  a n d  s a m p l e  s i z e  N .  A c c o r d i n g  t o  
B e n d a t  a n d  P i e r s o l  ( 1 9 6 6 ) ,  an  e s t i m a t e  f o r  t h e  a u t o c o v a r i -  
a n c e  b e t w e e n  t h e  v a l u e s  o f  x (T) a t  t i m e s  1 t o  T+U may b e  o b ­
t a i n e d  b y  t a k i n g  t h e  p r o d u c t  o f  t w o  v a l u e s  a n d  a v e r a g i n g  
o v e r  t h e  o b s e r v a t i o n s  N. T he  r e s u l t i n g  a v e r a g e  p r o d u c t  w i l l  
a p p r o a c h  an e x a c t  a u t o c o v a r i a n c e  f u n c t i o n  a s  N a p p r o a c h e s  
i n f i n i t y .  I n  e q u a t i o n  f o r m
5 . 3 . 1  Samp l e A u t o c o v a r i a n c e  f u n c t i o n
The s a m p l e  ACVF was s e e n  t o  a r i s e  q u i t e  n a t u r a l l y  a s  an  
e s t i m a t e  o f  t h e  t h e o r e t i c a l  a u t o c o v a r i a n c e  f u n c t i o n .  F rom  
E g u a t i o n  5 - 1 ,  t h e  e s t i m a t o r  may be w r i t t e n 7
I t d - L l  I
5 . 3  ESTIMATE OF AUTOCOVAFIANCE FUNCTION
F (0)  = L im  
KJ-* po
f o r  - N / 2  < T < N / 2 ,  and  - T  < U < +T .  ( 5 - 3 )
( 5 - 4 )
7T h e  a u t o c o v a r i a n c e  f u n c t i o n  i s an e v e n f u n c t i o n .
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f o r  0 < I U| < H, a n d  0 < T < N -  10 J 
f o r  t h e  c o n t i n u o u s  c a s e .  F o r  t h e  d i s c r e t e  c a s e ,
CO V (K) = ( 1 / N )  * ( S U M ( X ( T )  * X ( T + | K 1 ) ) ^
f o r  K = 0 , + 1 , + 2 , . . . , ♦ (N—1 ) ,  and  T = 1 , 2 , . - . ,  ( N - 1 K J )
o r
COV(K)  =  0 ,  o t h e r w i s e
An a l t e r n a t i v e  e s t i m a t o r  w h i c h  i s  a l s o  w i d e l y  u s e d  may b e  
w r i t t e n
COV1 (U) = ( 1 / (N-J  u i  ) } 1 (x  (T) * X  (T+ Jd I ) ) d T ,
-'o
f o r  0 < | U ] < N ,  a n d  0 < 1 < N - J D | .
= 0 ,  o t h e r w i s e  ( 5 - 6 )
f o r  t h e  c o n t i n u o u s  c a s e ,  a n d
COV1 (K) = (SUM (x ( T ) * x  (T + |K | ) ) ) /  (W- |K | ) ,
f o r  T= 1 , 2 , __ _ ( W - I K | ) , K = 0 , + 1 , + 2 , . . . , +  ( N - l )
= 0 ,  o t h e r w i s e  ( 5 - 7 )
f o r  t h e  d i s c r e t e  c a s e .
T h e  e s t i m a t o r s  COV (U) a n d  C O V 1 (0 )  h a v e  b e e n  u s e d  i n  s t a ­
t i s t i c a l  w o r k  m a i n l y  b e c a u s e  t h e y  h a v e  i n t u i t i v e  a p p e a l *  n o t  
b e c a u s e  t h e y  a r e  n e c e s s a r y  b e s t  i n  any  k n o w n  s e n s e .  How­
e v e r ,  t h e s e  e s t i m a t o r s  may be c o m p a r e d  a c c o r d i n g  t o  som e  
c r i t e r i a ,  s u c h  as  m in im u m  mean s g u a r e  e r r o r ,  a n d  a r e  g e n e r ­
a l l y  t h e  b e s t  o f  t h e  a v a i l a b l e  e s t i m a t o r s  ( J e n k i n s  a n d
W a t t s ,  1 9 6 8 ) .
COV 1 (U) i s  a n  u n b a i s e d  e s t i m a t o r  o f  R (fJ) b e c a u s e
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E (COV 1 (U) ) = R ( U ) ,  | fJJ< N ( 5 - 8 )
0 ,  I U I >  N
H o w e v e r ,  t h e  e s t i m a t o r  CCV (U) i s  o n l y  a s y m p t o t i c a l l y  u n b i ­
a s e d  a s  t h e  r e c o r d  l e n g t h  N t e n d s  t o  i n f i n i t y  b e c a u s e
E ( C O V ( U ) )  = R(U)  * ( 1 - ( 1 0 1 / M ) )  ,  I U K  II ( 5 - 9 )
0  ,  1 U ) ^  N
S i n c e  COV (U) h a s  a s m a l l e r  mean s q u a r e  e r r o r  t h a n
C O V 1 ( U ) ,  t h e  b i a s e d  e s t i m a t o r  w i l l  b e  u s e d  i n  t h i s  p a p e r  t o  
c o m p u t e  t h e  a u t o c o v a r i a n c e  a t  e a c h  d i s c r e t e  l a g  K ( J e n k i n s  
a n d  E a t t s ,  1 9 6 8 )  .
5 -  3-  2 Pr o p e r t i e s  o f  CO V ( U)
1 .  COV (0)  i s  a b i a s e d  a n d  a s y m m e t r i c  e s t i m a t o r ,  b u t
i t  h a s  a s m a l l e r  mean s q u a r e  e r r o r  t h a n  C 0 V 1 ( 0 ) .
2 .  E x c e p t  f o r  p u r e l y  r a n d o m  n u m b e r s  o r  w h i t e  n o i s e
s e r i e s ,  c o r r e l a t i o n  e s t i m a t o r s  a r e  h i g h l y  a u t o c o r ­
r e l a t e d .  T h i s  c a n  p r o d u c e  m i s l e a d i n g  c o r r e l a t i o n  
f u n c t i o n  e s t i m a t e s  i n  t h e  s e n s e  t h a t  t h e y  d o  n o t  
r e d u c e  a s  r a p i d l y  a s  t h e y  s h o u l d .  T h u s  s p e c t r a l  
a n a l y s i s  w i l l  be  u s e d  ( n e x t  C h a p t e r )  a s  a c o m p l e ­
m e n t  t o  a u t o c o r r e l a t i o n  a n a l y s i s  ( F i s h m a n  a n d  K i -  
v i a t ,  1 9 7 1 ) .
3 .  The e s t i m a t o r  i s  c o n s i s t . e n t  s o  t h a t ,  g i v e n  a v e r y  
l a r g e  r e c o r d ,  t h e  e s t i m a t o r  t e n d s  t c  t h e  t r u e  c o -  
v a r i a n c e  f u n c t i o n .
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4 .  When t h e  n u m b e r  o f  t e r r a s , N ,  i n  t h e  s e r i e s  i s  s u f ­
f i c i e n t l y  l a r g e ,  t h e  d i s t r i b u t i o n  c £  s a m p l e  a u t o ­
c o r r e l a t i o n  c o e f f i c i e n t s  c a n  be  t a k e n  t o  be  n o r m a l  
w i t h  mean z e r o  a n d  v a r i a n c e  1 / N .  T h u s  t h e  s t a n ­
d a r d  n o r m a l  t a b l e  a n d  t h e  t h e o r e t i c a l  c o n f i d e n c e  
i n t e r v a l  c a n  b e  u s e d  f o r  t h e  h y p o t h e s i s  t e s t s  t o  
c h e c k  w h e t h e r  o r  n o t  t h e  g e n e r a t e d  s e g u e n c e  i s  a u ­
t o c o r r e l a t e d .
5 .  I t  i s  a d e s c r i p t i v e  a n d  n o n p a r a m e t r i c  s t a t i s t i c .
5 . 4  PROCEDURES 0 7  AUTCC0BBE1A T I 0 N ANALY SIS
Two a p p r o a c h e s  a r e  u s e d  h e r e  f o r  t e s t i n g  t h e  g e n e r a t e d  
s e r i e s  f o r  w h i t e  n o i s e .  T h e y  a r e  t e s t s  c f  t h e  n u m b e r  o f  
s i g n i f i c a n t  a u t o c o r r e l a t i o n  c o e f f i c i e n t s  a n d  t h e  P o r t m a n t e a u  
c h i - s g u a r e  s t a t i s t i c  o f  t h e  a u t o c o r r e l a t i o n  f u n c t i o n s .  T h e  
f o l l o w i n g  t w o  s u b s e c t i o n s  w i l l  d i s c u s s  e a c h ,  r e s p e c t i v e l y .
5 . 4 . 1  N u m b e r  o f  S i g n i f i c a n t  A u t o c o r r e l a t i o n
C o e f f i c i e n t s
T h r e e  p o r c e d u r e s  a r e  u s e d  f o r  t e s t i n g  t h e  s e r i e s  f o r  
w h i t e  n o i s e  b y  m eans  o f  t h i s  a p p r o a c h .
1 .  T e s t  e a c h  s e t  f o r  i n d e p e n d e n c e .
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I f  t h e  s e r i e s  i s  i n d e p e n d e n t ,  o r  i s  a p u r e l y  
r a n d c m  p r o c e s s ,  t h e n  i t s  a u t o c o r r e l a t i o n  f u n c t i o n
a t  d i s c r e t e  t i n e  l a g  K i s
NF(K)  = 1 ,  f o r  K = 0 .
= 0 , f o r  K * 0 .
I n  a d d i t i o n  wh en  t h e  s a m p l e  s i z e  i s  l a r g e ,  t h e  
d i s t r i b u t i o n  o f  s a m p l e  a u t o c o r r e l a t i o n s  a p p r o a c h e s  
a n o r m a l  d i s t r i b u t i o n  w i t h  mean z e r o  a n d  v a r i a n c e  
1 / N .  T h i s  t e s t  i s  c o n d u c t e d  a s  f o l l o w s .
a) D e t e r m i n e  t h e  s a m p l e  s i z e ,  N,  o f  e a c h  s e t .
b) G e n e r a t e  t h e  s e r i e s  x ;  t r e a t  t h e  s e r i e s  a s  a 
d i s c r e t e  s e r i e s  w i t h  s a m p l i n g  t i m e  o n e .  S u b ­
t r a c t  t h e  s a m p l e  mean f r o m  e a c h  t e r m  s u c h  t h a t  
t h e  mean o f  t h e  s e r i e s  M x= 0 .
c )  D e t e r m i n e  a t r u n c a t i o n  p o i n t , M .  To a l l o w  u s e  
o f  t h e  c e n t r a l  l i m i t  t h e o r e m  a n d  s p e c t r a l  a n a ­
l y s i s ,  M=64 f o r  l a g s  K = 0 , 1 , 2 , . . . , 6 3  i s  u s e d  i n  
t h i s  p a p e r .
d)  C o m p u te  s a m p l e  a u t o c o v a r i a n c e  f u n c t i o n s
COV (K) = (SUfl ( x ( T )  * x  (T + K) ) ) / N ,
f o r  K = 0 , 1 , 2 , . . . , ( M - 1 )  ,  a n d  T = 1 , 2 , . . .  {N -K )  .
e) C o m p u t e  s a m p l e  a u t o c o r r e l a t i o n  f u n c t i o n s
COR (K)=COV {KJ /C O V (0) , f o r  K= 1,  2 1) .
f )  S e t  up  t h e  s i y n i f i c a n c e  l e v e l  ALPHA;  l e t  AL­
P H A S . 0 1 ,  0 . C 5  a n d  0 . 2 .
g) S e t  up  t h e  t h e o r e t i c a l  c o n f i d e n c e  i n t e r v a l  f o r  
t h e  s a m p l e  a u t o c o r r e l a t i o n  f u n c t i o n ,  C O R ( K ) .  
When t h e  n u m b e r  o f  t e r m s  i n  t h e  s e r i e s  i s  s u f ­
f i c i e n t l y  l a r g e ,  t h e  d i s t r i b u t i o n  o f  s a m p l e  a u ­
t o c o r r e l a t i o n s  a p p r o a c h e s  a n o r m a l  d i s t r i b u t i o n  
w i t h  mean z e r o  and  v a r i a n c e  1 / N ,  i . e .  COS(K) 
N ( 0 , 1 / N ) .  T h e n  t h e  h y p o t h e t i c a l  c o n f i d e n c e  i n ­
t e r v a l  i s
NB { K ) - Z *  ( 1 / N ) * * .  5 <C0R (K) <NR (K) + Z *  ( 1 / N )  * * . 5
I f  a  s e r i e s  i s  w h i t e  n o i s e ,  t h e n  N R ( K ) = 0  f o r  
a l l  K= 0 ,  a n d  t h e  c o n f i d e n c e  i n t e r v a l  f o r  w h i t e  
n o i s e  i s
- Z *  ( 1 /N)  * * 0 .  5 <C0R (K) < + Z *  ( 1 / N )  * * 0 . 5 .
A t  s i g n i f i c a n c e  l e v e l s  A L P H A = 0 .0 1 ,  0 . 0  5 and
0 . 2 ,  t h e  v a l u e  c f  2 = 2 .  3 2 5 ,  1. 9 6 ,  a n d  1 . 2 8 ,  r e s ­
p e c t i v e l y  f o r  t h e  t w o  t a i l e d  t e s t -
h) C o u n t  t h e  t o t a l  n u m b e r  o f  s i g n i f i c a n t  c o r r e l a ­
t i o n s  o b s e r v e d  ( i . e . ,  w h e r e  COE(K) d o e s  n o t  l i e  
w i t h i n  t h e  t h e o r e t i c a l  c o n f i d e n c e  i n t e r v a l ) .
i )  A t  s i g n i f i c a n c e  l e v e l  ALPHA, c o m p u t e  t h e  e x ­
p e c t e d  n u m b e r  o f  s i g n i f i c a n t  COR ( K ) ,  EXP, and  
u p p e r  b o u n d  U C I N O I ,  o v e r  M -1 = 6 3  l a g s ,  r e s p e c ­
t i v e l y *
EX ALPHA *  ( P - 1 )  .
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UCINOL=EXP+ Z*  ( ( M - 1 ) * A L P I1 A *  ( 1 -A LP H A )  ) * * 0 . 5
W he re  Z i s  t h e  n u m b e r  o f  s t a n d a r d  d e v i a t i o n s  
c o r r e s p o n d i n g  t o  t h e  c o n f i d e n c e  i n t e r v a l -
T h e  h y p o t h e s i s  t o  be  t e s t e d  a n d  i t s  a l t e r n a ­
t i v e  a r e  a s  f o l l o w s :
HO: T h e  s e r i e s  x i s  w h i t e  n o i s e  a t  s i g n i f i ­
c a n c e  l e v e l  ALPHA i f  t h e  n u m b e r  o f  s i g n i f i c a n t  
c o r r e l a t i o n s  CCE(K)  i s  l e s s  t h a n  o r  e q u a l  t o  
t h e  u p p e r  b o u n d ,  U C IN C L ,  f o r  s i g n i f i c a n t  
C O E ( K ) .
HA:  T he  s e r i e s  x i s  n o t  w h i t e  n o i s e  a t  s i g n i ­
f i c a n c e  l e v e l  ALPHA i f  t h e  n u m b e r  o f  s i g n i f i ­
c a n t  COR(K) i s  g r e a t e r  t h a n  u p p e r  b o u n d ,  O C I -  
NCL, o f  s i g n i f i c a n t  c o r r e l a t i o n s .
2 .  T e s t  e a c h  s a m p l e  o f  KL=50 s e t s  f o r  i n d e p e n d e n c e  
u s i n g  t h e  c h i - s q u a r e  g o o d n e s s  o f  f i t  t e s t -
S i n c e  t h e  d i s t r i b u t i o n  o f  s i g n i f i c a n t  COR(K) 
v a l u e s ,  K= 1 , 2 , . . . , ( M - 1 ) ,  i s  u n i f o r m  o v e r  t h e  KL 
s e t s  g e n e r a t e d  ( B u r f o r d  a n d  w i l l i s ,  1 9 7 8 ) ,  a c h i -  
s q u a r e  t e s t  c a n  be  u s e d  t o  t e s t  w h e t h e r  o r  n o t  t h e  
d i s t r i b u t i o n  o f  s i g n i f i c a n t  COE (K) i s  u n i f o r m  o v e r  
K L =5 0  s e t s .  I f  i t  i s ,  t h e n  t h e  p r o c e s s  o f  KL=50  
s e t s  i s  w h i t e  n o i s e ;  i . e . ,  i t  i s  u n c o r r e l a t e d .
The  p r o c e d u r e  i s  a c c o m p l i s h e d  a s  f o l l o w s :
a) F o r  e a c h  l a g  K = 1 ,  2 ,  .  .  . ,  (M -1 )  = 6 3 ,  c o u n t  t h e  num­
b e r  o f  s i g n i f i c a n t  COE(K) v a l u e s ,  C T L A G 1 ( K ) , 
o v e r  t h e  KL s e t s  a s  d o n e  i n  t h e  f i r s t  p r o c e d u r e  
i n  t h i s  s e c t i o n .
b) F o r  e a c h  l a g  K c o m p u t e  t h e  e x p e c t e d  n u m b e r  o f  
s i g n i f i c a n t  COB ( K ) ,  EXP, o v e r  t h e  KL s e t s  a t  
s i g n i f i c a n c e  l e v e l ,  A LPH A .
SXF=KL*ALPH A
c )  C o m p u t e  t h e  c h i - s q u a r e d  v a l u e ,  CHICOR
CHICOR=SUH ( (EXP-CTLAG1 ( K ) ) * * 2 / E X P )  ,
f o r  K= 1 , 2 , ------   (M -1 )  .
d) F i n d  t h e  c h i - s q u a r e  c r i t i c a l  v a l u e  f o r  a h y ­
p o t h e s i s  t e s t  a t  ( M - 1 ) - 1 = 6 2  d e g r e e s  o f  f r e e d o m  
a n d  s i g n i f i c a n c e  l e v e l  ALPHA. I n  t h i s  s t u d y ,  
we u s e d  C R T = 9 0 . 8 ,  8 1 .  h ,  a n d  7 1 . 1  f o r
d . f . =  ( M - 1 ) - 1  = 62  a n d  A L F H A = 0 . 0 1 ,  0 . 0 5  a n d  0 . 2 ,
r e s p e c t i v e l y -
I h e  h y p o t h e s i s  t o  be  t e s t e d  a nd  i t s  a l t e r n a ­
t i v e  a r e  a s  f o l l o w s :
HO: T he  p r o c e s s  o f  a l l  KL=50  s e t s  i s  w h i t e
n o i s e  a t  s i g n i f i c a n c e  l e v e l  ALPHA i f  CHICOB i s  
l e s s  t h a n  o r  e q u a l  t o  i t s  c r i t i c a l  v a l u e ,  CRT.
HA: T h e  p r o c e s s  o f  a l l  KL=50  s e t s  i s  c o r r e ­
l a t e d  a t  s i g n i f i c a n c e  l e v e l  ALPHA i f  CII ICOR i s  
g r e a t e r  t h a n  i t s  c r i t i c a l  v a l u e  ,C R T .
T e s t  t h e  w h o l e  g e n e r a t e d  s e r i e s  o f  I S E T = 5 0  s a m p l e s  
f o r  i n d e p e n d e n c e  b y  n u m b e r  o f  s i g n i f i c a n t  s a m p l e s  
c o u n t e d  a b o v e  and  by  means c f  t h e  CS g o o d n e s s  o f  
f i t  t e s t .
A t  s i g n i f i c a n c e  l e v e l  ALPHA,  we u s e  t w o  w a y s  t o  
j u d g e  w h e t h e r  o r  n o t  t h e  w h o l e  g e n e r a t e d  s e r i e s  i s  
r a n d c m .  F i r s t ,  I f  t h e  w h c l e  s e r i e s  o f  I S E T = 5 0  
s a m p l e s  i s  r a n d o m ,  t h e n  t h e  n u m b e r  c f  s i g n i f i c a n t  
s a m p l e s  c o u n t e d  o v e r  I S E T = 5 0  s a m p l e s  i s  l e s s  t h a n  
o r  e q u a l  t o  t h e  u p p e r  b o u n d  f o r  n u m b e r  o f  s i g n i f i ­
c a n t  s a m p l e s
( IS E T * A L P H A  + . Z * ( I S E T ^ A L P H A * ( 1 - A L P H A )  ) * * . 5 ) .  S e c ­
ond  , I f  t h e  w h o l e  g e n e r a t e d  s e r i e s  o f  IS E T  s a m p l e s  
i s  a r a n d o m  s e q u e n c e ,  t h e  IS E T = 5 0  CHICOB v a l u e s  
c o m p u t e d  f r o m  a l l  s a m p l e s  a r e  f r c m  a c h i - s g u a r e  
d i s t r i b u t i o n  w i t h  ( M - 1 ) - 1 = 6 2  d e g r e e s  o f  f r e e d o m .  
T h u s  we c a n  u s e  a c h i - s q u a r e  g o o d n e s s  o f  f i t  t e s t  
t o  c h e c k  w h e t h e r  o r  n o t  t h e  I S E T = 5 0  C l i lC O B  v a l u e s  
h a v e  a c h i - s g u a r e  d i s t r i b u t i o n  w i t h  ( M - 1 ) - 1 = 6 2  d e ­
g r e e s  o f  f r e e d o m .  T h e  e x p e c t i o n  o f  t h i s  p r o c e d u r e  
i s  a s  f o l l o w s :
a)  Use t h e  s e c o n d  p r o c e d u r e  i n  t h i s  s e c t i o n  t o  
c o m p u t e  t h e  CHICOB s t a t i s t i c  f o r  e a c h  s a m p l e .  
T h e r e  a r e  I S E T = 5 0  CHICOR s t a t i s t i c s  w h i c h  h a v e  
c h i - s q u a r e  d i s t r i b u t i o n s  w i t h  ( ( M - 1 ) - 1 ) = 6 2  d e ­
g r e e s  o f  f r e e d o m  i f  t h e  w h o l e  s e r i e s  i s  r a n d o m .
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b) U s i n g  t h e  c o n v e n t i o n a l  i t iE imum e x p e c t e d  v a l u e  5 
a n d  C o c h r a n ’ s  m o d e r a t e  n u m b e r  o f  c l a s s e s  b e t ­
ween 10 t o  2 5 ,  e s t a b l i s h  K2 m u t u a l l y  e x c l u s i v e  
a n d  e x h a u s t i v e  c a t e g o r i e s  a n d  l e t  K 2 = 1 0  f o r  
I S E T = 5 0  i n  t h i s  s t u d y .
c )  Use e q u a l  p r o b a b i l i t y  1 / 1 0  t o  c o m p u t e  t h e  e x ­
p e c t e d  f r e q u e n c i e s  E i  f o r  t h e  i t h  c a t e g o r y .  
T h u s ,  E i = 5  f o r  I S E T = 5 0  a n d  P i = 0 . 1 .
d) U n d e r  t h e  n u l l  h y p o t h e s i s  a n d  e q u a l  p r o b a b i l i t y  
1 / 1 0  p e r  c l a s s ,  c o m p u t e  t h e  u p p e r  a n d  t h e  l o w e r  
b o u n d s  f o r  e a c h  c l a s s .
e) C o u n t  t h e  o b s e r v e d  f r e q u e n c i e s ,  O i ,  f o r  t h e  i t h  
c a t e g o r y  i n  K2  c a t e g o r i e s .
f )  C o m p u te  t h e  CS s t a t i s t i c
cs=sun(( ( E i - O i )  * * 2 )  / E i )  ,  f o r  i = 1 , 2 , ____ , K 2 = 1 0 .
g) S e t  up  s i g n i f i c a n c e  l e v e l s  A L P H A = 0 . 0 1 ,  0 . 0 5  a n d  
0 . 2  f o r  t h e  h y p o t h e s i s  t e s t s .
h)  F i n d  t h e  c r i t i c a l  v a l u e s ,  CRT,  f o r  t h e  h y p o t h e ­
s i s  t e s t s .  A t  s i g n i f i c a n c e  l e v e l s  A I P H A = 0 . 0 1 ,
0 . 0 5  a n d  0 . 2  w i t h  K 2 - 1 = 9  d e g r e e s  o f  f r e e d o m ,
C F T = 2 1-  7 ,  1 6 . 9  a n d  1 2 . 2 ,  r e s p e c t i v e l y  .
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T h e  h y p o t h e s i s  t o  b e  t e s t e d  a n d  i t s  a l t e r n a ­
t i v e  a r e  a s  f o l l o w s :
HO: The  w h o l e  s e r i e s  o f  I S E T = 5 0  s a m p l e s  i s
r a n d o m  a t  t h e  s i g n i f i c a n c e  l e v e l  ALPHA i f  num­
b e r  o f  s i g n i f i c a n t  s a m p l e s  i s  l e s s  t h a n  o r  
e q u a l  t o  i t s  u p p e r  b o u n d ,  o r  i f  t h e  c o m p u t e d  CS 
v a l u e  i s  l e s s  t h a n  o r  e q u a l  t o  CRT.
HA: T h e  w h o l e  s e r i e s  o f  I S E T = 5 0  s a r a p l s  i s
n o t  r a n d o m  a t  t h e  s i g n i f i c a n c e  l e v e l  ALPHA i f  
n u m b e r  o f  s i g n i f i c a n t  s a m p l e s  i s  g r e a t e r  t h a n  
i t s  u p p e r  b o u n d ,  o r  i f  t h e  c o m p u t e d  CS v a l u e  i s  
g r e a t e r  t h a n  CRT.
5 . 4 . 2  Por t m a n t e a u  C h i - S q u a r e  S t a t i s t i c
T h r e e  p r o c e d u r e s  a r e  u s e d  i n  t h i s  a p p r o a c h  t o  t e s t  t h e  
s e r i e s  a s  t o  w h e t h e r  o r  n o t  i t  i s  i n d e p e n d e n t .
1 .  T e s t  e a c h  s e t  f o r  i n d e p e n d e n c e .
I f  t h e  s e r i e s  i s  w h i t e  n o i s e ,  t h e n  t h e  P o r t m a n ­
t e a u  c h i - s g u a r e  s t a t i s t i c  o f  i t s  a u t o c o r r e l a t i o n  
f u n c t i o n s  a t  l a g  F ,  K = 1 # 2 , . - . , ( M - 1 ) = 6 3 ,  i s  l e s s  
t h a n  o r  e q u a l  t o  t h e  c h i - s g u a r e  c r i t i c a l  v a l u e  
w i t h  M -1 = 6 3  d e g r e e s  o f  f r e e d o m .
T h i s  p r o c e d u r e  i s  e x p e c t e d  a s  f o l l o w s :
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a) D e t e r m i n e  t h e  s a m p l e  s i z e ,  N, o f  e a c h  s e t .
b) G e n e r a t e  t h e  s e r i e s  x ;  t r e a t  t h e  s e r i e s  a s  a 
d i s c r e t e  t i m e  s e r i e s  w i t h  s a m p l i n g  t i m e  o n e .  
S u b t r a c t  t h e  s a m p l e  mean f r o m  e a c h  t e r m  s u c h  
t h a t  mean o f  t h e  s e r i e s ,  Mx=0 .
c )  D e t e r m i n e  a t r u n c a t i o n  p a i n t , H .  To  a l l o w  u s e  
o f  t h e  c e n t r a l  l i m i t  t h e o r e m  a n d  t h e  s p e c t r a l  
a n a l y s i s  i n  t h i s  p a p e r ,  s e t  M=6 <* f o r  l a g  
K = 0 , 1 , 2 , . . . , 6 3 .
d )  C o m p u te  s a m p l e  a u t o c o v a r i a n c e  f u n c t i o n s
COV (K) = ( 1 / N )  *  (SDH (X  (T )  *X  (T + K) ) ) ,
f o r  K = 0 , 1 , 2 , . . . ,  (M -1 )  a n d  T = 1 , 2 , . . . ,  ( N - K ) .
e) C o m p u te  s a m p l e  a u t o c o r r e l a t i o n  f u n c t i o n s
COR (K) = C0V (K J /C O V  (0) , f o r  K = 1 , 2 , ___ , ( M - 1 ) .
f )  C o m p u te  t h e  P o r t m a n t e a u  c h i - s g u a r e  s t a t i s t i c ,  
PTMANT
P T M A N T = M * ( N + 2 ) * S U M ( C O B ( K ) * * 2 / ( N - K ) ) ,
K = 1 , 2   ___ _ ( M - 1 ) = 6 3 .
g) S e t  u p  s i g n i f i c a n c e  l e v e l s  A L P H A = 0 . 0 1 ,  0 . 0 5  a n d  
0 . 2  f o r  t h e  h y p o t h e s i s  t e s t s .
h) F i n d  t h e  c h i - s g u a r e  c r i t i c a l  v a l u e ,  CRT. F o r
d £ = M - 1 = 6 3  a n d  s i g n i f i c a n c e  l e v e l s  A L P H A = 0 . 0 1 ,  
0 . 0 5  a n d  0 . 2 ,  C R T = 9 2 - 0 ,  8 2 . 5  a n d  7 2 . 2 ,  r e s p e c ­
t i v e l y .
H i e  h y p o t h e s i s  t o  be  t e s t e d  a n d  i t s  a l t e r n a ­
t i v e  a r e  a s  f o l l o w s :
HO: The s e r i e s  x i s  u n c o r r e l a t e d  a t  s i g n i f i ­
c a n c e  l e v e l  A lPHA i f  t h e  P o r t m a n t e a u  c h i - s g u a r e  
s t a t i s t i c ,  PTMANT, i s  l e s s  t h a n  o r  e q u a l  t o  
CBT,  t h e  c r i t i c a l  v a l u e .
HA :  The s e r i e s  x  i s  c o r r e l a t e d  a t  s i g n i f i c a n c e  
l e v e l  ALPHA i f  t h e  c h i - s g u a r e  P o r t m a n t e a u  s t a ­
t i s t i c ,  PTMANT, i s  g r e a t e r  t h a n  CET.
T e s t  e a c h  s a m p l e  o f  KL=50 s e t s  f o r  i n d e p e n d e n c e  by 
m eans  o f  t h e  CS g o o d n e s s  c f  f i t  t e s t .
I f  t h e  s a m p l e  i s  r a n d o m ,  t h e n  t h e  K L = 5 0  PTMANT 
s t a t i s t i c s  c o m p u t e d  f r o m  e a c h  s e t  h a v e  a c h i -  
s g u a r e  d i s t r i b u t i o n  w i t h  M -1 = 6 3  d e g r e e s  o f  f r e e ­
dom .
T h i s  p r o c e d u r e  i s  e x p e c t e d  as  f o l l o w s :
a) Use t h e  f i r s t  p r o c e d u r e  i n  t h i s  s e c t i o n  t o  com­
p u t e  c h i - s g u a r e  s t a t i s t i c s  f o r  e a c h  s e t .  I f  
t h e  s a m p l e  i s  r a n d o m ,  t h e r e  a r e  K L =5 0  s a m p l e  
s t a t i s t i c s  w h i c h  h a v e  c h i - s g u a r e  d i s t r i b u t i o n s  
w i t h  M - 1 =63  d e g r e e s  o f  f r e e d o m .
b) U s i n g  t h e  c o n v e n t i o n a l  m in im u m  e x p e c t e d  v a l u e  5 
a n d  C o c h r a n ’ s  m o d e r a t e  n u m b e r  o f  c l a s s e s  b e t ­
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ween 10 t o  2 5 ,  e s t a b l i s h  K1=10  m u t u a l l y  
e x c l u s i v e  a n d  e x h a u s t i v e  c a t e g o r i e s  f o r  K L =5 0  
s e t s .
c)  U s e  e q u a l  p r o b a b i l i t y  1 / 1 0  t o  c c m p u t e  t h e  e x ­
p e c t e d  f r e q u e n c i e s  E i  f o r  t h e  i t h  c a t e g o r y .  
T h u s ,  E i = 5  f o r  K l = 5 0  a n d  P i = 0 . 1.
d) U n d e r  t h e  n u l l  h y p o t h e s i s  a n d  e q u a l  p r o b a b i l ­
i t y  1 / 1 0  p e r  c l a s s ,  c o m p u t e  t h e  u p p e r  a n d  t h e  
l o w e r  b o u n d s  f o r  e a c h  c l a s s .
e )  C o u n t  t h e  o b s e r v e d  f r e q u e n c i e s ,  O i ,  i n  t h e  i t h  
c a t e g o r y -
f )  C c m p u t e  t h e  CS s t a t i s t i c
CS=SUd(  ( F i - C i )  * * 2 / E i )  ,  f o r  i = 1 , 2 , -------, K 1 = 1 0 .
g) S e t  u p  s i g n i f i c a n c e  l e v e l s  A L P H A = 0 .0 1 ,  0 . 0 5  a n d  
0 . 2  f o r  t h e  h y p o t h e s i s  t e s t .
h) F i n d  t h e  c r i t i c a l  v a l u e ,  CRT,  f o r  t h e  h y p o t h e ­
s i s  t e s t .  A t  s i g n i f i c a n c e  l e v e l s  A L P H A = 0 . 0 1 ,  
0 . 0 5  a n d  0 . 2  w i t h  K 1 - 1 = 9  d e g r e e s  o f  f r e e d o m ,  
C R T = 2 1 - 7 ,  1 6 . 9  and  1 2 . 2 .
T h e  h y p o t h e s i s  t o  be  t e s t e d  a n d  i t s  a l t e r n a ­
t i v e  a r e  a s  f o l l o w s :
HO: The  s a m p l e  o f  KL = 5 0  s e t s  i s  i n d e p e n d e n t
a t  s i g n i f i c a n c e  l e v e l  ALPHA i f  t h e  c o m p u t e d  CS 
v a l u e  i s  l e s s  t h a n  o r  e g u a l  t o  CRT.
HA:  T h e  s a m p l e  i s  n o t  i n d e p e n d e n t  a t  s i g n i f i ­
c a n c e  l e v e l  ALPHA i f  t h e  c o m p u t e d  CS v a l u e  i s  
l e s s  t h a n  o r  e g u a l  t o  CRT-
T e s t  t h e  w h o l e  s e r i e s  o f  IS E T = 5 0  s a m p l e s  f o r  i n d e ­
p e n d e n c e  Jby n u m b e r  o f  s i g n i f i c a n t  s a m p l e s  c o u n t e d  
a b o v e  a n d  b y  m eans  o f  t h e  o t h e r  CS g o o d n e s s  o f  f i t  
t e s t .
A t  s i g n i f i c a n c e  l e v e l  ALPHA, we u s e  t w o  w a y s  t o  
j u d g e  w h e t h e r  o r  n o t  t h e  w h o l e  g e n e r a t e d  s e r i e s  i s  
r a n d c m .  F i r s t ,  I f  t h e  w h o l e  s e r i e s  o f  I S E T = 5 0  
s a m p l e s  i s  r a n d o m ,  t h e n  t h e  n u m b e r  o f  s i g n i f i c a n t  
s a m p l e s  c o u n t e d  o v e r  IS E T = 5 0  s a m p l e s  i s  l e s s  t h a n  
o r  e q u a l  t o  t h e  u p p e r  b o u n d  f o r  n u m b e r  o f  s i g n i f i ­
c a n t  s a m p l e s
( I S E T * A L P H A * Z *  ( I S E T * A L P H A * ( 1 - A L P H A ) ) * * . 5 ) .  S e c ­
o n d ,  I f  t h e  w h o l e  g e n e r a t e d  s e r i e s  o f  I S E T  s a m p l e s  
i s  a r a n d o m  s e q u e n c e ,  t h e  I S E T = 5 0  CS v a l u e s  h a v e  a 
c h i - s g u a r e  d i s t r i b u t i o n  w i t h  K 1 - 1 = 9  d e g r e s s  o f  
f r e e d o m .  T h u s  we c a n  u s e  a c h i - s g u a r e  g o o d n e s s  o f  
f i t  t e s t  t o  c h e c k  w h e t h e r  o r  n o t  t h e  I S E T = 5 0  CS 
v a l u e s  h a v e  a c h i - s g u a r e  d i s t r i b u t i o n  w i t h  K 1 -1  = 9 
d e g r e e s  o f  f r e e d o m .  T h i s  p r o c e d u r e  i s  e x p e c t e d  a s  
f o l l o w s :
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a) U s e  t h e  s e c o n d  p r o c e d u r e  i n  t h i s  s e c t i o n  t o  
c c m p u t e  t h e  CS s t a t i s t i c  f o r  e a c h  s a m p l e .  
T h e r e  a r e  I S E T = 5 0  CS s t a t i s t i c s  w h i c h  h a v e  a 
c h i - s q u a r e  d i s t r i b u t i o n  w i t h  K 1 - 1 = 9  d e g r e e s  o f  
f r e e d o m  i f  t h e  w h o l e  s e r i e s  i s  r a n d o m .
b) U s i n g  t h e  c o n v e n t i o n a l  m in im u m  e x p e c t e d  v a l u e  5 
a n d  C o c h r a n ' s  m o d e r a t e  n u m b e r  o f  c l a s s e s  b e t ­
w e e n  10 t o  2 5 ,  e s t a b l i s h  K 2 =1 0  m u t u a l l y  e x c l u ­
s i v e  a n d  e x h a u s t i v e  c a t e g o r i e s .
c )  Use e q u a l  p r o b a b i l i t y  1 / 1 0  t o  c o m p u t e  t h e  e x ­
p e c t e d  f r e q u e n c i e s  E i  f o r  t h e  i t h  c a t e g o r y .  
T h u s ,  E i = 5  f o r  I S E T = 5 0  a n d  P i = 0 - 1.
d) U n d e r  t h e  n u l l  h y p o t h e s i s  a n d  e q u a l  p r o b a b i l i t y
1 / 1 0  p e r  c l a s s ,  c o m p u t e  t h e  u p p e r  and  t h e  l o w e r  
b o u n d s  f o r  e a c h  c l a s s .
e) C o u n t  t h e  o b s e r v e d  f r e q u e n c i e s ,  O i ,  f o r  t h e  i t h  
c a t e g o r y  i n  K2 c a t e g o r i e s .
f )  C c m p u t e  t h e  CS s t a t i s t i c
CS=SUM ( ( E i - O i ) * * 2 / E i ) ,  f o r  i =  1 , 2 , . . . , K 2 = 1 0 .
g) S e t  u p  s i g n i f i c a n c e  l e v e l s  A L P H A = 0 .0 1 ,  0 . 0 5  a n d  
0 . 2  f o r  t h e  h y p o t h e s i s  t e s t s .
h) F i n d  t h e  c r i t i c a l  v a l u e s , C R T ,  f o r  t h e  h y p o t h e ­
s i s  t e s t s .  A t  s i g n i f i c a n c e  l e v e l s  A L P H A = 0 .0 1 ,
1 1 2
0 . 0 5  a nd  0 . 2  w i t h  K 2 - 1 = 9  d e g r e e s  c f  f r e e d o m ,
C R T = 2 1 . 7 ,  1 6 . S a n d  1 2 . 2 ,  r e s p e c t i v e l y .
T h e  h y p o t h e s i s  t o  be  t e s t e d  a n d  i t s  a l t e r n a ­
t i v e  a r e  a s  f o l l o w s :
, HO: T h e  w h o l e  s e r i e s  c f  I S E T = 5 0  s a m p l e s  i s
r a n d o m  a t  t h e  s i g n i f i c a n c e  l e v e l  ALPHA i f  num­
b e r  o f  s i g n i f i c a n t  s a m p l e s  i s  l e s s  t h a n  o r  
e q u a l  t o  i t s  u p p e r  b o u n d ,  o r  i f  t h e  c o m p u t e d  CS
v a l u e  i s  l e s s  t h a n  o r  e q u a l  t o  CR T .
HA:  The w h o l e  s e r i e s  o f  I S E T = 5 0  s a m p l e s  i s  n o t  
r a n d o m  a t  t h e  s i g n i f i c a n c e  l e v e l  ALPHA i f  num­
b e r  o f  s i g n i f i c a n t  s a m p l e s  i s  g r e a t e r  t h a n  i t s  
u p p e r  b o u n d ,  o r  i f  t h e  c o m p u t e d  CS v a l u e  i s  
g r e a t e r  t h a n  CRT.
5 - 5  E M P IR IC A L  TEST RESULT S ,  DISCUSSIONS AND EVALUATIONS
R e s u l t s  o f  t h e  a u t o c o r r e l a t i o n  t e s t s  a r e  l i s t e d  i n  T a b l e  
4 .  T h e  i n f o r m a t i o n  i n  T a b l e  4 was  d e r i v e d  f r o m  50  i n d e p e n ­
d e n t  s a m p l e s  w i t h  50 s e t s  p e r  s a m p l e  a n d  1 2 0 0  n u m b e r s  p e r  
s e t .
F o r  e a c h  s e t ,  we c o m p u t e d  63  s a m p l e  a u t o c o r r e l a t i o n  f u n c ­
t i o n s  f o r  l a g  1 t o  l a g  6 3 .  A t  s i g n i f i c a n c e  l e v e l  ALPHA, we 
c o u n t e d  t h e  n u m b e r  o f  s i g n i f i c a n t  l a g s  b y  c o m p a r i n g  t h e  s a m -
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p i e  a u t o c o r r e l d t i o n  f u n c t i o n s  w i t h  i t s  c o r r e s p o n d i n g  t h e o r ­
e t i c a l  c o n f i d e n c e  i n t e r v a l .
F o r  e a c h  s a m p l e ,  we d e r i v e d  a d i s t r i b u t i o n  o f  s i g n i f i c a n t  
l a g s  f o r  l a g s  1 , 2 ,  6 3  o v e r  50 s e t s .  I n  o r d e r  t o  c h e c k
w h e t h e r  o r  n o t  t h e  d i s t r i b u t i o n  o f  s i g n i f i c a n t  l a g s  h a s  a 
u n i f o r m  d i s t r i b u t i o n  w i t h  5 0 *A L F H A  e x p e c t e d  a s  t h e  n u m b e r  o f  
s i g n i f i c a n t  l a g s ,  a c h i - s g u a r e  c a l c u l a t e d  v a l u e  was  c o m p u t e d  
w i t h  62 d e g r e e s  o f  f r e e d o m .  T h e n  we t e s t e d  f o r  s i g n i f i c a n t  
s a m p l e s  b y  c o m p a r i n g  t h e  o b s e r v e d  c h i - s g u a r e  v a l u e  w i t h  i t s  
c r i t i c a l  v a l u e  a t  s i g n i f i c a n c e  l e v e l  ALPHA. T he  c r i t i c a l  
c h i - s g u a r e  v a l u e s  w i t h  62  d e g r e e s  o f  f r e e d o m  f o r  l e v e l s  0 . 2 ,
0 . 0 5 ,  a nd  0 . 0 1  a r e  7 1 , 1 ,  8 1 . 4 ,  a nd  9 0 . 8 ,  r e s p e c t i v e l y .  C o ­
l u m n s  7 ,  8 , a n d  9 i n  T a b l e  4 o u t l i n e  t h e  n u m b e r s  o f  s i g n i f i ­
c a n t  s a m p l e s  a t  l e v e l s  0 . 2 ,  0 . 0 5 ,  a n d  0 . 0 1 .  T h e i r  c o r r e s ­
p o n d i n g  u p p e r  b o u n d s  a r e  1 2 ,  5 ,  and  2 .  C o lu m n s  1 0 ,  1 1 ,  a nd  
12 e x h i b i t  t h e  g r a n d  c h i - s g u a r e  v a l u e s  w i t h  9 d e g r e e s  o f  
f r e e d o m .  T h e y  a r e  d e r i v e d  by  f i t t i n g  50 i n d e p e n d e n t  c h i -  
s g u a r e  v a l u e s  w i t h  62  d e g r e e s  o f  f r e e d o m  i n t o  a c h i - s g u a r e  
d i s t r i b u t i o n  w i t h  9 d e g r e e s  o f  f r e e d o m .  T h e s e  g r a n d  c h i -  
s g u a r e  v a l u e s  a r e  u s e d  t o  e v a l u a t e  w h e t h e r  o r  n o t  t h e  w h o le  
g e n e r a t e d  s e r i e s  i s  c o r r e l a t e d .
T h e  i n f o r m a t i o n  i n  c o l u m n s  3 ,  4 ,  5 ,  a n d  6  i s  t h e  r e s u l t s  
o f  P o r t m a n t e a u  c h i - s g u a r e  t e s t s .  B a s e d  on  t h e  6  3 a u t o c o r r e ­
l a t i o n  f u n c t i o n s  t a k e n  a s  a w h o l e ,  we d e r i v e d  one  c h i - s g u a r e
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v a l u e  w i t h  63 d e g r e e s  o f  f r e e d o m  f o r  e a c h  s e t -  T h e n  f r o m  50 
c h i - s q u a r e  v a l u e s  w i t h  6 3 d e g r e e s  o f  f r e e d o m  f o r  a l l  s e t s ,  
we c o m p u t e d  o n e  c h i - s q u a r e  v a l u e  w i t h  9 d e g r e e s  o f  f r e e d o m  
f o r  e a c h  s a m p l e .  T h e n  we c o m p a r e d  t h e  o b s e r v e d  c h i - s q u a r e  
v a l u e  w i t h  i t s  c r i t i c a l  v a l u e  f o r  e a c h  s a m p l e ,  t h e  r e s u l t  i s  
t h e  n u m b e r  o f  s i g n i f i c a n t  s a m p l e s  f o r  t h e  w h o l e  s e r i e s .  T h e  
n u m b e r s  o f  s i g n i f i c a n t  s a m p l e s  a r e  a r r a n g e d  i n  C o lu m n s  3 ,  4 ,  
a n d  5 f o r  s i g n i f i c a n c e  l e v e l s  0 . 2 ,  0 . 0 5 ,  a n d  0 . 0 1 ,  r e s p e c ­
t i v e l y .  F i n a l l y ,  we c o m p u t e d  o n e  g r a n d  c h i - s q u a r e  v a l u e  
w i t h  9 d e g r e e s  o f  f r e e d o m  f r o m  a l l  s a m p l e s  f o r  e a c h  w h o l e  
g e n e r a t e d  s e r i e s .  The  g r a n d  c h i - s q u a r e  v a l u e s  w i t h  9 d e ­
g r e e s  o f  f r e e d o m  f o r  t h e  w h o l e  g e n e r a t e d  s e r i e s  a r e  p r e ­
s e n t e d  i n  C o lu m n  6 .
L i k e  T a b l e s  2 o r  3 ,  T a b l e  4 s h o w s  12 t y p e s  o f  p o s s i b l e  
r e j e c t i o n s .  S i x  o f  t h e m  a r e  d e r i v e d  f r o m  P o r t m a n t e a u  c h i -  
s q u a r e  t e s t s ;  t h e  o t h e r  s i x  a r e  f r o m  t h e  d i s t r i b u t i o n  o f  
s i g n i f i c a n t  l a g s .  T h r e e  o f  e a c h  s i x  a r e  i n d i c a t e d  b y  n u m b e r  
o f  s i g n i f i c a n t  s a m p l e s ;  t h e  o t h e r  t h r e e  a r e  s h o w n  b y  o v e r a l l  
c h i - s q u a r e  v a l u e s .  T h e  o b s e r v e d  t o t a l  n u m b e r s  o f  r e j e c t i o n s  
f r o m  t h e  a u t o c o r r e l a t i o n  a n a l y s i s  a r e  l i s t e d  i n  C o lu m n  2 .
The results of the Portmanteau chi-square tests show that 
ADRAND combined with BMJ is the worst combination. It is 
rejected at all significance levels either from the point of 
view of the numbers of significant samples or the grand
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'Table 4
P o r tm a n te au  Test and D i s t r i b u t i o n  of  l a g s
G e n e r a t o r s /  |No 3 |  Portmanteau Tes ts  | D i s t r i b u t i o n  o f  Lags  
C o m b in a t io n s |  of | #  o f  S i g .  S C h i - S .  |£ o f  S i g .  S | C h i - s g u a r e - V a l u e s  
| H e j | 0 - 2 J . 0 5 1 . 0 t | V a l u e s | 0 . 2 | . 0 5 J . 0 1 J  0 . 2  | 0 . 0 5  | 0 .0 1
(1> 1(2) | (3) I (4) | (5) | (6)  ' | ( 7 ) |  ( 8 ) |  ( 9 ) |  (10)  | (11) | (12)
ADRAND 3 9 2 0 4 . 0 1 0 2 4 9 . 2 s 3 0 . 0 s 69 .2 s
RANDH 3 6 2 0 8 . 0 1 0 1 1 0 0 . 8 s 2 0 . 8 s 6b.  8s
L 6 L 3 16s 3 1 5.  2 1 1 1 1 0 2 .8 s 8 . 8 2 3 . 2 s
M 6 t! 4 12 4 0 1 2 .8  * 0 0 1 9 2 . 4 s 1 8 .0 s 6 0 .0 s
BRAND 3 11 5 1 4 . 4 0 0 3 s 1 3 0 . 0 s 13 .6 43.  2s
8 .  Shore 4 15s 6s 1 8 .  8 0 1 2 7 0 . 0 s 14 .4 2 2 . 0 s
GG0BS 3 15s 4 2 7.  2 1 3 2 8 9 . 6 s 6 . 4 2 2 . 8 s
ADRAND- BMI 3 8 2 1 2 . 8 1 1 2 1 0 7 . 2 s 26.  4s 3 8 .0 s
RANDU-B MI 2 e 1 0 6.  8 1 1 0 5 0 . 3 s 14 .8 4 2 . 0 s
L S L-BMI 6 11 C s 2 1 7 . 2 * * 0 0 1 1 1 9 .6 s 1 7 . 2 s 6 9 . 2 s
rl & K—BMI 4 11 4 1 1 2 . 8  * 0 1 2 1 0 3 . 6 s 3 5 . 6 s 60 .  4s
iJRAHD-BMI 3 9 1 0 6 . 8 0 0 1 9 6 . 4 s 3 2 . 8 s 8 4 . 0 s
R. Shore -3  MI 3 10 3 1 8 . 8 0 2 1 1 1 2 .8 s 1 7 . 2 s 5 0 . 0 s
GGU DS-BMI 3 1 0 5 1 11. 6 0 0 1 1 2 1 .2 s 2 0 . 0 s 7 9 .2 s
A DR AN D-HSI 3 10 0 9 . 6 0 0 1 7 1 . 2 s 3 5 . 6 s 56 .  4s
P.ANDU-H Si 3 6 2 0 12 .8  * 0 0 0 1 0 9 . 6 s 16 .0 5 9 . 2 s
L 6 L-HS I 4 14s 1 1 5.  2 0 1 1 9 2 . 8 s 2 2 . 8 s 3 7 . 6 s
M 6 K-HSI 3 10 1 1 9 .2 0 1 5 s 1 2 5 . bs 16 .4 4 1. 2s
UhAHP-H SI 4 1 1 7 s 1 14. 3 * 1 0 2 13 3 . e s 14.4 53.  2s
R. Shore-I IS I 5 1 0 21. ?.** 0 0 2 6 7. 6s 18.  8s 3 0.  as
G Gil bS-HSI 4 13s 1 1 8 . 8 1 1 1 76 . 0s 1 9 .2 s 30.4s
ADHAND-BMJ 12 42s 31s 23s 24 5 * * * 5 0s 50s 50s 4 5 J . 0 s 450.  s 450 .  s
KANPIJ-EHJ 3 8 2 1 12. 4 * 3 1 1 7 1 . 6 s 1 4 .0 4 3 . 2 s
L & L-BMI 5 16s 2 1 1 6 . 0  * 0 0 1 18 2. 4s 35. 2s 40.4s
M 6 M-BMJ 3 7 1 0 a .  a 1 3 0 9 3 . 0  s 3 4 .4  s 4 9 . 2 s
URAND-BMJ 4 14s 2 0 5 .  2 0 1 0 9 6 .  4s 2 8 . 4 s 3 8 . 4 s
R. Shore-BMJ 3 12 3 0 1 1 .2 0 2 0 9 6 . 8 s 2 0 . 0 s 25 .6s
GGUBS-BMJ 6 16s 2 1 1 7 . 2 * * 0 0 2 1 8 1 . 2 s 3 2 . 0 s 3 8 .4 s
SGNPM 3 7 3 1 5 .  2 0 0 0 92 . 8s 4 2 . 0 s 4 3 . 2 s
GGNML 4 13s 1 1 8.  8 1 1 1 7 2 . 4 s 18 .4 s 3 2 . 8 s
* :  S i g n i f i c a n t  a t  l e v e l  0 -2
**: S i g n i f i c a n t  a t  l e v e l s  0 - 2  and 0 . 0 5 .
***• s i g n i f i c a n t  a t  l e v e l s  0 . 2 ,  0 . 0 5  and 0 . 0 1 .  
s :  Sign  i f  i c a r i t  a t  l e v e l  ALPHA.
3: T o t a l  number o f  p o s s i b l e  r e j e c t i o n s  i s  1 2 .
BMI: Stands f o r  B o x - M u i l e r  I n v e r s e .
BMJ: Stands  f o r  Box-Hu H e r  D e j e c t i o n .
H S I : Stands f o r  H a s t i n g  I n v e r s e .
Upper bound f o r  the number o f  s i g n i f i c a n t  samples at.
l e v e l s  0 . 2 ,  0 . 0  5 and 0 .0 1  a r e  12 ,  5 ,  and 2 ,  r e s p e c t i v e l y .  
C r i t i c a l  c h i - s g u a r e  v a l u e s  f o r  t h e  whole g en e ra te d  s e r i e s  
i r e  1 2 . 2 ,  1 6 .9  and 2 1 .7  f o r  s i g n i f i c a n c e  l e v e l s  0 . 2 ,  0 . 0 3  
and 0 . 0 1 ,  r e s p e c t i v e l y .
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c h i - s q u a r e  v a l u e s .  I n  a d d i t i o n ,  i t  g e n e r a t e d  t h e  g r e a t e s t  
n u m c e r s  o f  s i g n i f i c a n t  s a m p l e s ,  4 2 ,  3 1 ,  a n d  23 f o r  c o r r e s ­
p o n d i n g  l e v e l s  0 . 2 ,  0 . 0 5 ,  a n d  0 . 0 1  a n d  t h e  l a r g e s t  g r a n d
c h i - s g u a r e  v a l u e ,  2 4 5 .  T he  w o r s e  g e n e r a t o r s  o r  c o m b i n a t i o n s  
a r e  L S L w i t h  E M I ,  GGUBS w i t h  BMJ,  UR A ND w i t h  H S I ,  E .  S h o r e
a l o n e ,  R. S h o r e  w i t h  H S I ,  a n d  L 5 L  w i t h  B M J .  T h e s e  a r e  r e ­
j e c t e d  b y  3 ,  3 ,  2 ,  2 ,  2 ,  o u t  o f  6  p o s s i b l e  s i g n i f i c a n t
t e s t s ,  r e s p e c t i v e l y .
T h i r t e e n  g e n e r a t o r s  o r  c o m b i n a t i o n s  p a s s  t h e  t e s t s  a t  a l l  
l e v e l s  f r o m  t h e  p o i n t  o f  v i e w  c f  n u m b e r s  o f  s i g n i f i c a n t  sam­
p l e s  a s  w e l l  a s  t h e  g r a n d  c h i - s g u a r e  v a l u e s .  T h e s e  a r e  AD­
RAND a l o n e ,  RANDU a l o n e ,  UHAND a l o n e ,  AERANE w i t h  B M I ,  RANDU 
w i t h  B M I ,  URAND w i t h  B M I ,  E. S h o r e  w i t h  B M I ,  GGUBS w i t h  B M I ,  
ADRAND w i t h  H S I ,  M 6  M w i t h  H S I .  M £ M w i t h  BMJ, R .  S h o r e
w i t h  BMJ, a n d  GGNFM a l o n e .  T h e  r e s t  o f  t h e  g e n e r a ­
t o r s / c o m b i n a t i o n s  p a s s  5 o u t  o f  6  t e s t s .
C o n s i d e r i n g  t h e  d i s t r i b u t i o n  o f  s i g n i f i c a n t  l a g s ,  m o s t
g e n e r a t o r s  o r  c o m b i n a t i o n s  p a s s  t h e  t e s t s  f r o m  t h e  v i e w
p o i n t  o f  n u m b e r s  o f  s i g n i f i c a n t  s a m p l e s .  A g a i n  ADRAND w i t h  
BMJ i s  t h e  w o r s t  o n e .  I t  n e i t h e r  p a s s e s  a n y  s a m p l e  n o r  
p a s s e s  a n y  l e v e l .  Each  s a m p l e  g e n e r a t e d  f r o m  i t  h a s  a v e r y  
l a r g e  a u t o c o r r e l a t i o n  i n  l a g  4 .  So t h e  c h i - s g u a r e  v a l u e s  
f o r  e a c h  s a m p l e  a nd  f o r  e a c h  w h c l e  g e n e r a t e d  s e r i e s  a r e  b i g
s i g n i f i c a n t -  I n  l a g s  o t h e r  t h a n  4 i t s  c h i - s g u a r e  v a l u e s  a r e
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n o t  s o  l a r g e ,  URAND a n d  M ft M w i t h  HS I  h a v e ,  r e s p e c t i v e l y ,  
3 a n d  5 s i g n i f i c a n t  s a m p l e s  o v e r  t h e  u p p e r  b o u n d ,  2 ,  a t  
l e v e l  0 . 0 1 .  T h e  r e s t  o f  t h e  g e n e r a t o r s  o r  c o m b i n a t i o n s  p a s s  
t h e  n u m b e r  o f  s i g n i f i c a n t  l a g s  t e s t s  a t  a l l  l e v e l s .
L o o k i n g  a t  t h e  g r a n d  c h i - s g u a r e  v a l u e s ,  h o w e v e r ,  n o  g e n ­
e r a t o r  n o r  c o m b i n a t i o n  p a s s e s  a t  s i g n i f i c a n c e  l e v e l  0 . 2  o r  
l e v e l  0 . 0 1 .  E s p e c i a l l y  a t  l e v e l  0 . 2 ,  e a c h  g e n e r a t o r  o r  com­
b i n a t i o n  h a s  a  v e r y  l a r g e  g r a n d  c h i - s g u a r e  v a l u e  c o m p a r e d  t o  
i t s  c r i t i c a l  v a l u e ,  1 2 . 2 .  Cne o f  t h e  p r i m a r y  r e a s o n s  i s ,  
w i t h  t h e  e x c e p t i o n  o f  ADRAND w i t h  BMJ, t h a t  t h e y  g e n e r a t e  
f e w e r  a u t o c o r r e l a t e d  s a m p l e s  t h a n  e x p e c t e d  ( C o lu m n  7 ,  8 ,  9
i n  T a b l e  4 e x p l a i n  t h i s ) .  The  o t h e r  r e a s o n  i s  t h a t  t h e  
c h i - s g u a r e  v a l u e s  c o m p u t e d  f r o m  t h e  d i s t r i b u t i o n  o f  s i g n i f i ­
c a n t  l a g s  f o r  e a c h  s a m p l e  a r e  t o o  s m a l l  f o r  a l l  c a s e s  e x c e p t  
f o r  ADRAND w i t h  BMJ. M o s t  s a m p l e  c h i - s g u a r e  v a l u e s  f a l l  
w i t h  t h e  f i r s t ,  t w o  i n t e r v a l s  i n  t h e i r  c h i - s g u a r e  d i s t r i b u ­
t i o n s  w i t h  9 d e g r e e s  o f  f r e e d o m .  T h a t  i s  m o s t  c h i - s g u a r e  
v a l u e s  a r e  l e s s  t h a n  4 8 . 2 3  o r  b e t w e e n  4 8 . 2 3  a n d  5 2 . 4 9 .  
T h e s e  a r e  s h o w n  i n  T a b l e s  5 ,  6 ,  and  7 f o r  l e v e l s  0 . 2 ,  0 . 0 5 ,
a n d  0 . 0  1, r e s p e c t i v e l y -  F o r  i n s t a n c e ,  t h e r e  a r e  50  c h i -  
s g u a r e  v a l u e s  g e n e r a t e d  f r o m  ADRAND a t  l e v e l  0 . 2 ;  15 o f  t h e m  
f a l l  i n  i n t e r v a l  1 a n d  1 1  f a l l  i n  i n t e r v a l  2  w h i l e  t h e  e x ­
p e c t e d  n u m b e r  o f  c h i - s g u a r e  v a l u e s  i n  e a c h  c a t e g o r y  i s  5 .  
C o n s e q u e n t l y ,  ADRAND g e n e r a t e s  a l a r g e  g r a r d  c h i - s g u a r e  v a ­
l u e ,  4 9 . 2  ( c r i t i c a l  v a l u e ,  1 2 . 2 )  f o r  t h e  w h o l e  s e r i e s ,  a nd
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i t  i s  r e j e c t e d  o n  t h e  r a n d o m n e s s  h y p o t h e s i s  t e s t .  H e n c e ,  
t h e  g e n e r a t o r s  o r  t h e  c o m b i n a t i o n s  a r e  r e j e c t e d  b e c a u s e  t h e y  
g e n e r a t e  t o o  f e w  a u t o c o r r e l a t e d  s a m p l e s  t c  b e  c o n s i d e r e d  
r a n d o m .
A b o v e  a l l ,  ADEAND w i t h  BMJ i s  t h e  w o r s t  c o m b i n a t i o n  i n  
t e r m s  o f  a u t o c o r r e l a t i o n  a n a l y s i s  w i t h  12 r e j e c t i o n s .  N e x t  
w o r s e  o n e s  a r e  L & L  w i t h  B M I  a n d  GGUBS w i t h  B M J ,  w i t h  6  r e ­
j e c t i o n s  e a c h .  T h e  b e s t  c o m b i n a t i o n  i s  BANCO w i t h  B M I ;  i t
h a s  2 r e j e c t i o n s .  T h e  o t h e r  c o m b i n a t i o n s  do  n o t  p a s s  t h e
t e s t s  h a v i n g  3 t o  U k i n d s  c u t  o f  12 ( C o lu m n  2 ) .
T a L i e  5
D i s t r i b u t i o n  o f  50  C h i - s q u a r e s  f r o m  D i s t .  o f  S i g .  L a g s
A t  S i g n i f i c a n c e  L e v e l  0 . 2
G e n e r a t o r s /
C o m b i n a t i o n s
I # 
i 1
o f  C h i - S  
| 2 I 3
qu a r e  
I 4 I
V a l u e s  
5 I 6  I
i n
7
i t h  
I 8
C a t e g o r y |  C h i -  
| 9 | 10 | S q u a r e
ADRAND 15 1 1 8 8 2 4 1 0 1 0 4 9 .  2s
RANDU 25 7 4 7 3 2 1 0 1 0 1 0 0 . 8 s
L S L 24 1 2 4 4 1 1 3 0 0 1 1 0 2 . 8 s
n S M 2 2 1 1 9 1 3 0 4 0 0 0 9 2 . 4 s
URAND 28 8 4 4 4 2 0 0 0 0 1 3 0 . 0 s
R.  S h o r e 2 0 1 0 5 4 3 7 1 0 0 0 7 0 .  0s
GGUBS 23 1 1 4 3 3 2 3 0 0 1 8 9 . 6 s
ADRAND-BMI 24 13 5 3 2 1 1 0 1 0 1 0 7 . 2 s
RANDU-BMI 1 b 9 1 1 5 3 3 1 1 0 1 5 0 .  8 s
L S L - B M I 26 1 1 5 0 4 3 0 1 0 0 1 1 9 . 6 s
M & M-BHI 24 7 11 4 2 0 1 1 0 0 1 0 3 . 6 s
URAND—BMI 24 5 1 0 4 2 3 1 1 0 0 9 6 . 4 s
R.  S h o r e - B M I 26 6 8 3 5 0 2 0 0 0 1 1 2 . 8 s
GGUB S—B MI. 25 14 5 1 2 2 0 1 0 0 1 2 1 , 2 s
ADR A N D -H S I 2 1 8 7 3 3 5 3 0 0 0 7 1 .  2 s
RANDU-HSI 26 8 6 3 2 1 2 2 0 0 1 0 9 . 6 s
L & L - H S I 23 1 1 4 6 1 3 1 1 0 0 9 2 . 8 s
M & H - H S I 27 1 0 5 2 2 4 0 0 0 0 12 5 . 6 s
U R AND-HSI 29 6 3 3 2 4 1 1 1 0 13 3 . 6 s
R. S h o r e - H S I 19 1 1 7 4 6 1 2 0 0 0 6 7 . 6  s
GGUBS-HSI 2 1 1 1 4 6 3 2 1 1 1 0 7 6 . 0 s
ADRAN D- BMJ 0 0 0 0 0 0 0 0 0 50 45 0 .  0s
RANDU-BMJ 2 0 1 2 4 3 5 1 2 0 3 0 7 1 . 6 s
L & L -BM J 33 6 4 4 3 0 2 0 1 0 1 8 2 . 4 s
M & f t -BM J 2 2 15 2 3 3 2 2 0 1 0 9 8 .  0s
U RAND-BMJ 23 8 1 1 2 1 3 2 0 0 0 9 6 . 4 s
R .  S h o r e - B M J 2 2 14 4 3 5 0 2 0 0 0 9 o . 0 s
GGUBS-BMJ 33 6 4 3 0 2 1 1 0 0 1 8 1 . 2 s
GGNPM 2 0 16 6 4 1 0 2 1 0 0 9 2 . 8 s
GGNML 2 0 1 2 4 6 3 2 1 1 1 0 7 2 . 4 s
s ;  S t a n d s  f o r s . i g a i f  i c a  n t se r i e 3 *
C r i t i c a l  c h i - s q u a r e  v a l u e  f o r  g r a n d  c h i - s g u a r e  v a l u e  i s  1 2 . 2 .  
T o t a l  n u m b e r  o f  c h i - s q u a r e  v a l u e s  i n  e a c h  s a m p l e  i s  5 0 .
The e x p e c t e d  n u m b e r  o f  c h i - s q u a r e  v a l u e s  i n  e a c h  i n t e r v a l  i s  5 
B o u n d i n g  C h i - S q u a r e  V a l u e s  w i t h  e q u a l  p r o b a b i l i t y  f o r  10 
i n t e r v a l s  a r e  1: u n d e r  4 8 - 2 3 ,  2 :  u n d e r  5 2 . 4 9 ,  3 :  u n d e r  5 5 . 7 2  
4 :  u n d e r  5 8 . 5 8 ,  5 :  u n d e r  6 1 . 3 3 ,  6 : u n d e r  6 4 - 1 8 ,  7 :  u n d e r  6 7 - 3 2  
8 : u n d e r  7 1 . 1 1 ,  9 :  u n d e r  7 6 . 6 2 ,  10 a b o v e  7 6 . 6 2 .
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T a b l e  6
D i s t r i b u t i o n  o f  50 C h i - s q u a r e s  f r o m  D i s t .  o f  S i g .  L a g s .
A t  S i g n i f i c a n c e  L e v e l  0 . 0 5
G e n e r a t o r s /  I # o f  C h i - S q u a r e  V a l u e s  i n  i t h  C a t e g o r y l  C h i -
C o m b in a  t i o n s i  1 i 2 I 3 l 4 I 5 I 6  1 7 1 8  I 9 I 1 0 I S q u a r e
ADRAND 7 5 5 6 4 2 5 4 0 2 3 0 . 0 s
RANDU 9 7 6 8 8 7 0 3 1 1 2 0 . 8
L 5 L 6 5 8 3 6 8 5 5 3 1 8 .  8
M S N 8 4 6 11 2 5 6 6 1 1 1 8 . 0 s
URAND 7 5 6 3 9 8 2 5 5 0 1 3 . 6
R.  S h o r e 1 1 7 4 3 5 3 7 6 2 2 14 .  4
GGUBS 6 6 7 2 5 8 5 5 3 3 6 . 4
ADRAND-BMI 9 1 0 8 7 8 0 4 0 2 2 2 6 . 4 s
RAN DU -BM I 1 1 9 6 4 2 3 4 3 4 4 1 4 . 8
L & L - B M I 1 2 7 2 6 2 4 3 7 4 3 1 7 .  2 s
M & M-B MI 1 0 1 0 0 1 2 2 3 1 2 1 1 3 5 . 6 s
U R A N D -3M I 1 2 4 1 2 7 6 4 2 1 2 0 3 2 . 8 s
R .  S h o r e - B M I 13 7 4 3 4 5 5 3 3 3 1 7 .  2s
G3UBS-B MT 1 2 7 3 5 2 3 4 9 3 2 2 0 .  0 s
A DR A N D -H S I 14 3 9 8 6 2 o 1 1 0 3 5 . 6 s
RANDU-HSI 1 0 6 b 5 9 5 3 3 3 0 1 b . 0
L 6  L - H S I 13 9 6 3 3 4 3 5 3 1 2 2 . 8 s
M & M - H S I 8 1 0 #5 7 5 6 4 1 2 1 1 6 .  4
U R A N D - i iS I 11 3 4 7 8 5 3 4 2 1 4 . 4
R .  S h o r e - I I S I 1 0 6 5 11 3 5 4 2 2 2 1 8 . 8 s
G GUBS-HS I 11 1 1 4 2 5 5 3 6 3 1 1 9 . 2 s
ADRAND-BMJ 0 0 0 0 0 0 0 0 0 50 4 5 0 . 0 s
RANDU-BMJ 9 1 0 5 6 4 6 3 3 2 2 1 4 . 0
L 8  L -B M J 15 9 2 6 5 1 4 1 6 1 3 5 .  2 s
M & M-BMJ 15 6 10 5 2 3 2 1 3 3 3 4 .  4 s
URAND-B MJ 13 8 8 6 0 1 6 2 3 3 2 8 . 4 s
R .  S h o r e - B M J 13 7 b 2 5 6 3 2 3 3 2 0 . 0 s
GGU BS-BMJ 15 8 1 6 5 1 5 2 5 2 3 2 . 0 s
GGNJPM 15 8 9 7 3 4 4 0 0 0 4 2 . 0 s
GGNML 1 0 1 1 4 2 4 6 4 5 2 2 1 8 . 4 s
s z  S t a n d s  f o r  s i g n i f i c a n t  s e r i e s .
C r i t i c a l  c h i - s q u a r e  v a l u e  f o r  g r a n d  c h i - s q u a r e  v a l u e  i s  1 6 . 9 .  
T o t a l  n u m b e r s  o f  c h i - s g u a r e  v a l u e s  i n  e a c h  s a m p l e  i s  5 0 .
T h e  e x p e c t e d  n u m b e r s  o f  c h i - s q u a r e  v a l u e s  i n  e a c h  i n t e r v a l  i s  5 .
B o u n d i n g  C h i - S q u a r e  V a l u e s  w i t h  e q u a l  p r o b a b i l i t y  f o r  10 
i n t e r v a l s  a r e  1 :  u n d e r  4 8 . 2 3 ,  2 :  u n d e r  5 2 . 4 9 ,  3:  u n d e r  5 5 . 7 2
4 :  u n d e r  5 8 . 5 8 ,  5:  u n d e r  6 1 . 3 3 ,  6 : u n d e r  6 4 . 1 8 ,  7 :  u n d e r  6 7 . 3 2 ,
8 : u n d e r  7 1 . 1 1 ,  9 ;  u n d e r  7 6 . 6 2 ,  10 a b o v e  7 6 . 6 2 .
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T a b l e  7
D i s t r i b u t u i n  o x  50  C h i - s q u a r e s  f r o m  D i s t .  o f  S i g .  L a g s  
A t  S i g n i f i c a n c e  L e v e l  0 . 0 1
Generators/ | # of Chi-Square Values in ith CategoryJChi-
C o m b i n a t i o n s I 1 1 2 I 3 i 4 |I 5 I 6 I 7 I 8 I 9 I 1 0 I S q u a r e
ADRAND 2 1 8 6 0 1 2 0 3 4 5 6 9 - 2 s
RANDU 2 1 6 7 0 2 5 0 3 4 2 6 6 .  8 s
L 8  L 1 2 4 7 0 4 6 0 8 4 5 2 3 .  2 s
’A & M 19 6 3 0 5 1 0 3 1 0 3 6 0 .  0 s
URAND 13 7 1 2 0 7 1 0 2 1 7 4 3 .  2s
R. S h o r e 1 0 5 1 0 0 6 7 0 5 4 3 2 2 . 0 s
GGUBS 1 2 3 5 0 5 6 0 8 5 6 2 2 .  Qs
ADRAND-BMI 11 13 8 0 6 2 0 3 1 6 3 8 . 0 s
RANDU-BMI 16 7 9 0 6 4 0 2 3 3 4 2 . 0 s
L S I - B M I 2 1 1 8 0 5 2 0 4 6 3 6 9 . 2 s
iM & M—BMI 2 0 5 3 0 6 3 0 6 1 6 6 0 . 4 s
URAND-BtM I 23 6 4 0 6 1 0 0 6 4 8 4 . 0 s
R .  S h o r e - 3 MI 18 2 5 0 5 4 0 4 9 3 5 0 .  0 s
GGUBS-BMI 2 2 2 9 0 4 2 0 2 7 2 7 9 . 2 s
ADRAND- HSI 19 4 3 0 2 9 0 4 6 3 5 6 . 4 s
RANDU-HSI 19 1 0 5 0 4 5 0 3 3 1 5 9 . 2 s
L & L - H S I 16 7 6 0 6 r*o 0 4 4 2 3 7 . 6 s
« & M - I 1S I 13 13 2 0 3 4 0 2 6 7 4 1 .  2s
U R AND-HSI 18 3 0 0 7 2 0 7 1 4 5 3 . 2 s
R .  S h o r e - H S I 11 1 0 5 0 8 1 0 3 0 6 3 0 . 8 s
GGUBS—h'SI 14 0 6 0 5 5 0 4 6 2 3 0 . 4 s
ADR AN D- BMJ 0 0 0 0 0 0 0 0 0 50 4 5 0 . 0 s
RANDU-BMJ 16 9 5 0 7 6 0 3 3 1 4 3 .  2 s
L & 1 - BMJ 16 8 7 0 5 2 0 2 5 5 4 0 . 4 s
M S  M—BMJ 14 14 5 0 4 1 0 1 6 5 4 9 . 2 s
URAND-3MJ 13 1 1 5 0 8 5 0 1 6 1 3 8 . 4 s
R .  S h o r e - B M J 1 1 5 1 1 [) 4 5 0 5 6 3 2 5 .  6 s
GGU BS-BMd 16 7 6 0 6 3 0 2 4 6 3 8 .  4s
GGNPM 16 8 9 0 4 5 0 2 4 2 4 3 .  2 s
GGNML 14 8 5 0 6 6 0 2 7 2 3 2 . 8 s
s :  S t a n d s  f o r  s i g n i f i c a n t  s e r i e s .
C r i t i c a l  c h i - s q u a r e  v a l u e  f o r  g r a n d  c h i - s q u a r e  v a l u e  i s  2 1 . 7 .  
T o t a l  n u m b e r s  o f  c h i - s q u a r e  v a l u e s  i n  e a c h  s a m p l e  i s  5 0 .
T h e  e x p e c t e d  n u m b e r s  o f  c h i - s q u a r e  v a l u e s  i n  e a c h  i n t e r v a l  i s  5 .
B o u n d i n g  C h i - S q u a r e  V a l u e s  w i t h  e q u a l  p r o b a b i l i t y  f o r  10 
i n t e r v a l s  a r e  1 :  u n d e r  4 8 . 2 3 ,  2 :  u n d e r  5 2 . 4 9 ,  3 :  u n d e r  5 5 . 7 2
4 :  u n d e r  5 8 . 5 8 ,  5: u n d e r  6 1 . 3 3 ,  6 : u n d e r  6 4 . 1 8 ,  7 :  u n d e r  6 7 . 3 2 ,
8 : u n d e r  7 1 . 1 1 ,  9 :  u n d e r  7 6 . 6 2 ,  10 a b o v e  7 b . 6 2 .
C h a p te r  V I
S E R IA L  CORREIATICN TEST BY SPECTRAL AN ALYSIS
6 . 1  . INTRODUCTION
A l t h o u g h  a u t o c o v a r i a n c e  o r  a u t o c o r r e l a t i o n  a n a l y s i s  c a n  
b e  u s e d  t o  t e s t  a s e q u e n c e  g e n e r a t e d  f r o n  a  c o m p u t e r  f o r  
w h i t e  n o i s e ,  i n  g e n e r a l ,  t h e  a u t o c o v a r i a n c e  o r  a u t o c o r r e l a ­
t i o n  a n l a y s i s  i s  us e d  t o  e s t i m a t e  t h e  i n t e r  r e l a t i o n s h i p  o f  
t h e  e l e m e n t s  o f  a t i m e  s e r i e s  o v e r  d i s c r e t e  l a g s .  I n  o r d e r  
t o  m e a s u r e  t h e  b e h a v i o r  o f  a t i m e  s e r i e s  u s i n g  a u t o c o v a r i ­
a n c e  a n a l y s i s ,  i t  c o u l d  be  n e c e s s a r y  t o  e x a m i n e  a  v e r y  l a r g e  
n u m b e r  o f  a u t o c o v a r i a n c e  l a g s . 8 I n  a d d i t i o n ,  e x c e p t  f o r  
p u r e l y  r a n d o m  s e q u e n c e s ,  o r  w h i t e  n o i s e  s e r i e s ,  t h e  s a m p l e  
a u t c c o v a r i u i i c e  e s t i m a t o r s  a r e  t h e m s e l v e s  h i g h l y  a u t o c o r r e ­
l a t e d .  T h e r e f o r e ,  t h e o r e t i c a l l y ,  a u t o c o v a r i a u c e  i n v a l i d a t e s  
t h e  use o f  s t a n d a r d  s t a t i s t i c a l  t e s t s  w h i c h  a s s u m e  t h a t  o b ­
s e r v a t i o n s  a r e  i n d e p e n d e n t  o f  o n e  a n o t h e r  ( S o v e r e i g n ,  N o l a n ,  
a n d  H a n d e l , 1 9 7 1 ) .
A l t e r n a t i v e l y ,  t h e  t e c h n i q u e s  o f  F o u r i e r  a n a l y s i s  c a n  be  
u s e d  t o  t r a n s f o r m  t h e  a u t o c o v a r i a n c e  f u n c t i o n  o f  a t i m e  s e r -
8 I f  a s e r i e s  h a s  s a m p l e  s i z e  N, t h e n  t h e  n u m b e r  o f  p o s s i b l e  
a u t o c o r r e l a t i o n  l a g s  i s  ( N - 1 ) .
-  122 -
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i e s  f r o m  t h e  t i m e  d o m a i n  i n t o  t h e  f r e q u e n c y  d o m a i n  w h i c h  i s  
a c o n t i n u o u s  f u n c t i o n  t e r m e d  a s p e c t r u m .  T h e  s p e c t r u m  h a s  a 
o n e  t o  o n e  c o r r e s p o n d e n c e  t o  t h e  a u t o c o v a r i a n c e  f o r  a s e ­
q u e n c e ,  a n d  i t  h a s  t h e  a d v a n t a g e  o f  r e p r e s e n t i n g  a l l  p o s s i ­
b l e  a u t o c o r r e l a t i o n s  o v e r  d i s c r e t e  l a g s  w i t h o u t  c o m p u t i n g  a 
v e r y  l a r g e  n u m b e r  o f  a u t o c o v a r i a n c e  l a g s .  I n  a d d i t i o n ,  t h e  
a d j a c e n t  s a m p l e  s p e c t r a l  e s t i m a t o r s  a r e  e s s e n t i a l l y  u n c o r r e ­
l a t e d ;  c o n s e q u e n t l y ,  t h e  t h e o r e t i c a l  s t u d y  o f  s a m p l i n g  v a r i ­
a b i l i t y  a n d  b i a s  i s  much s i m p l i e r  i n  t h e  c a s e  o f  t h e  e s t i ­
m a t e s  o f  t h e  s p e c t r u m  t h a n  i n  t h e  c a s e  o f  t h e  e s t i m a t e s  o f  
t h e  a u t o c o v a r i a n c e  f u n c t i o n .  T h u s ,  t h e  s p e c t r u m  o v e r  t h e  
f r e q u e n c i e s  c a n  b e  u s e d  a s  an a l t e r n a t i v e  a p p r o a c h  t o  d e t e r ­
m i n e  t h e  s e q u e n c e  g e n e r a t e d  f r o m  c o m p u t e r s  f o r  w h i t e  n o i s e .  
I t  i s  m ore  a p p r o p r i a t e  f o r  d e t e c t i n g  d e p a r t u r e s  f r o m  w h i t e  
n o i s e  c a u s e d  b y  p e r i o d i c  e f f e c t .  I n  t h i s  c h a p t e r  we w i l l  
a n a l y z e  t h e  s p e c t r u m  o f  a s e r i e s  t o  e v a l u a t e  i t s  r a n d o m n e s s .
6 . 2  SPECTRAL ANALYSIS
S p e c t r a l  a n a l y s i s  ( F o u r i e r  t r a n s f o r m  o f  t h e  a u t o c o v a r i ­
a n c e  f u n c t i o n 9) i s  a  t e c h n i q u e  f o r  a n a l y z i n g  a u t o c o r r e l a t e d  
v a r i a b l e s  m o re  f u l l y  t h a n  t h e  u s u a l  s t a t i s t i c a l  t e c h n i q u e s  
u s i n g  s u c h  m e a s u r e s  a s  s a m p l e  m eans  a n d  v a r i a n c e s .  I t  i s
’ See A p p e n d i x - D .
1 0 A s t a t i o n a r y  t i m e  s e r i e s  i s  a t i m e  s e r i e s  w i t h  t i m e  i n v a r ­
i a n c e  o f  t h e  mean v a l u e , t h e  v a r i a n c e ,  a n d  t h e  a u t o c o v a r i -
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t h e  d e c o m p o s i t i o n  o f  a s t a t i o n a r y  t i m e  s e r i e s 1 0  i n t o  
p e r i o d i c a l 1 1  ( c y c l i c a l )  c o m p o n e n t s ,  a n d  i t  d e t e r m i n e s  w h i c h  
o f  t h e  c o m p o n e n t  c y l c e s  e x e r t  m o s t  i n f l u e n c e  on  t h e  o r i g i n a l  
s e r i e s .  I n  o t h e r  w o r d s ,  i t  d e c o m p o s e s  t h e  v a r i a n c e  o f  a 
s t a t i o n a r y  t i m e  s e r i e s  i n t o  t h e  v a r i a n c e s  o v e r  t h e  h a r m o n i c  
f r e q u e n c i e s 1 2  t e r m e d  t h e  p o w e r  s p e c t r u m ,  t h e  v a r i a n c e  s p e c t ­
r u m ,  o r  t h e  s p e c t r u m .  I t  i s  l i k e  t h e  ANOVA w h i c h  i s  r e ­
g a r d e d  as  t h e  d e c o m p o s i t i o n  o f  t h e  v a r i a n c e  i n t o  f a c t o r  com ­
p o n e n t s ;  s o  t h e  v a r i a n c e  o f  a t i m e  s e r i e s  i s  e q u a l  t o  t h e  
sum o f  t h e  v a r i a n c e s  o f  e a c h  o f  i t s  f r e q u e n c i e s .  T h e  a n a l y ­
s i s  c a n  t e l l  w h i c h  h a r m o n i c  f r e q u e n c y  v a r i a n c e  c o n t r i b u t e s  
t h e  m o s t  t o  t h e  t o t a l  v a r i a n c e  o f  t h e  o r i g i n a l  s t a t i o n a r y  
t i m e  s e r i e s .  T h e r e f o r e ,  s p e c t r a l  a n a l y s i s  f o c u s e s  o n  t h e  
p o w e r  s p e c t r u m  w h i c h  p r o v i d e s  a m e a s u r e  o f  t h e  r e l a t i v e  c o n ­
t r i b u t i o n  o f  c y c l e s  i n  a L a n d  o f  f r e q u e n c i e s  t o  t h e  t o t a l  
v a r i a n c e  o f  t h e  d a t a .  A l s o ,  t h e  p o w e r  s p e c t r u m  c a n  b e  p l o t ­
t e d  a g a i n s t  f r e q u e n c i e s  a s  a m e a s u r e  o f  t h e  c o n t r i b u t i o n  o f  
p e r i o d s  w i t h  p a r t i c u l a r  f r e q u e n c i e s  t o  t h e  t o t a l  v a r i a n c e  o f  
t h e  s e r i e s .
a n c e  f u n c t i o n .  I n  a p p l y i n g  s p e c t r a l  a n a l y s i s  i t  i s  d e s i r ­
a b l e  t o  w o r k  w i t h  a s t a t i o n a r y  t i m e  s e r i e s .
“ P e r i o d  i s  a m e a s u r e m e n t  o f  t h e  t i m e  r e q u i r e d  f o r  a f u l l  
c y c l e .
“ F r e q u e n c y  i s  t h e  r e c i p r o c a l  o f  p e r i o d ,  i . e . ,  a m e a s u r e m e n t  
o f  n u m b e r  o f  c y c l e s  p e r  u n i t  o f  t i m e .  T h e  f u n d a m e n t a l  f r e ­
q u e n c y  h a s  i t s  c o r r e s p o n d i n g  p e r i o d  e q u a l  t o  t h e  l e n g t h  o f  
t h e  w h o l e  p e r i o d .  H a r m o n i c  f r e q u e n c y  i s  a m u l t i p l i e r  o f  
t h e  f u n d a m e n t a l  f r e q u e n c y ,  s u c h  K t h  h a r m c n i c  f r e q u e n c y  a s  
Fk  = K / ( D * N ) ,  w h e r e  D i s  s a m p l i n g  t i m e ,  a n d  N i s  n u m b e r  o f  
s a m p l i n g  d a t a  p o i n t s .
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6 . 2 -  1 P o w e r  S p e c t r u m
T h e  p o w e r  s p e c t r u m  f o r  a d i s c r e t e  w h i t e  n o i s e  t i m e  s e r i e s  
X ( T )  i s  c o n s t a n t .  I t  i s  e q u a l  t o  a m u l t i p l e  o f  t h e  v a r i a n c e  
o f  a t i m e  s e r i e s .  I f  t h e  v a r i a n c e  o f  a t i m e  s e r i e s  i s  VAH,  
a n d  t h e  v a r i a n c e  o f  t h e  p o w e r  s p e c t r u m  a t  e a c h  h a r m o n i c  f r e ­
q u e n c y  e q u a l  t o  P ( F ) ,  t h e n  P ( F ) = D * V A H  ( w h e r e  D i s  t h e  s a m ­
p l i n g  t i m e  ) .  H e n c e ,  we c a n  a n a l y z e  t h e  p o w e r  s p e c t r u m  o r  
v a r i a n c e  o v e r  e a c h  h a r m o n i c  f r e q u e n c y  a n d  d e t e r m i n e  w h e t h e r  
o r  n o t  t h e  p o w e r  s p e c t r u m  i s  c o n s t a n t .  I f  t h e  p o w e r  s p e c t ­
r u m  i s  c o n s t a n t ,  t h e n  we c a n  c o n c l u d e  t h a t  t h e  t i m e  s e r i e s  
f r o m  w h i c h  t h e  p o w e r  s p e c t r u m  was  c o m p u t e d  i s  a w h i t e  n o i s e  
s e r i e s .
I n  p r a c t i c e ,  we c a n  o b t a i n  o n l y  a l i m t e d  n u m b e r  o f  s a m p l e  
o f  t i m e  s e r i e s  o f  f i n i t e  l e n g t h .  T h e  r e d u c t i o n  o f  d a t a
w i l l ,  t h e r e f o r e ,  y i e l d  no  m o re  t h a n  a n  e s t i m a t e  o f  t h e  a u t o ­
c o v a r i a n c e  f u n c t i o n  a n d  o f  t h e  p o w e r  s p e c t r u m .  T h u s ,  we 
n e e d  t o  c o m p u t e  t h e  s a m p l e  s p e c t r u m  f i r s t  a n d  t h e n  u s e  i t  t o  
e s t i m a t e  t h e  p o w e r  s p e c t r u m .  L i k e  t h e  t h e o r e t i c a l  p o w e r  
s p e c t r u m  a n d  t h e  a u t o c o v a r i a n c e  f u n c t i o n ,  t h e  s a m p l e  s p e c t ­
r u m  a n d  t h e  s a m p l e  a u t o c o v a r i a n c e  f u n c t i o n  a r e  F o u r i e r  
t r a n s f o r m s  o f  e a c h  s u b s e r i e s . 1 3  H e n c e ,  we c a n  o b t a i n  t h e  
s a m p l e  s p e c t r u m  b y  a F o u r i e r  t r a n s f o r m  o f  t h e  s a m p l e  a u t o c o ­
v a r i a n c e  f u n c t i o n .
1 3 See A p p e n d i x - E .
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H o w e v e r ,  t h e  s a m p l e  s p e c t r u m  e s t i m a t o r  a t  e a c h  h a r m o n i c  
f r e q u e n c y  i s  ar. u n b i a s e d  but. i n c o n s i s t e n t 1 4  e s t i m a t o r .  I t s  
b e h a v i o r  i s  s o  e r r a t i c  a s  t o  r e n d e r  i t  u s e l e s s  a s  a n  e s t i m a ­
t o r  w h e n  i t  i s  n e e d e d  t o  a n a l y z e  a s t o c h a s t i c  r a n d o m  p r o ­
c e s s .  H e n c e ,  i n  o r d e r  t o  o b t a i n  a u s e f u l  s p e c t r u m  e s t i m a t e ,  
o n e  m u s t  f i r s t  s m o o t h  t h e  s a m p l e  s p e c t r u m  e s t i m a t o r .  One 
d e v i c e  w h i c h  c a n  be  u s e d  t o  p r o d u c e  a  s p e c t r u m  e s t i m a t o r  
w h i c h  h a s  s m a l l e r  a n d  s m o o t h e r  v a r i a n c e  t h a n  t h e  s a m p l e  
s p e c t r a l  e s t i m a t o r  i s  B a r t l e t t 9s  s m o o t h e d  s p e c t r a l  e s t i m a ­
t o r . 1 5  I t  i n v o l v e s  t h e  a v e r a g i n g  o r  s m o o t h i n g  o f  t h e  s a m p l e  
s p e c t r u m  o v e r  s u b - s e r i e s  a t  e a c h  h a r m o n i c  f r e q u e n c y  ( B l a c k ­
man a n d  T u k e y ,  1 9 5 8 ;  J e n k i n s ,  1 9 6 1 ;  B e n d a t  a n d  P i e r s o l ,  
1 9 6 6 ) .
6 . 2 . 2  Smoot  l i e d  S a m p le  Sp e c t r a l  Es t i m a t o r s
B a r t l e t t 9s s m o o t h e d  s a m p l e  s p e c t r a l  e s t i m a t o r s  a r e  t h e  
F o u r i e r  t r a n s f o r m  o f  t h e  a v e r a g e d  o r  w e i g h t e d  s a m p l e  a u t o c o ­
v a r i a n c e  f u n c t i o n s  o v e r  s u f c s e r i e s .  S i n c e  t h e  w e i g h t s  c a l l e d  
B a r t l e t t ' s  w in d o w  l a g  i n  E a r t l e t t ' s  o r i g i n a l  e s t i m a t e s  v a n -  
i s h  f o r  K > M ( w h e r e  K i s  a d i s c r e t e  l a g ,  a nd  M i s  t h e  
l e n g t h  o f  s u b s e r i e s  a n d  i s  c a l l e d  t h e  t r u n c a t i o n  p o i n t )  .  
T h e  n u m b e r  o f  s a m p l e  a u t o  c o v a r i a n c e  f u n c t i o n s  we n e e d  t o
1 4 See A p p e n d ix - H .
15See A p p e n d ix - E .
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c o m p u t e  a t  d i f f e r e n t  l a g s  i s  o n l y  up  t o  t h e  l e n g t h  o f  t h e  
s u b s e r i e s .  F u r t h e r m o r e ,  t h e  t r u n c a t i o n  p o i n t ,  M, i s  p r o p o r ­
t i o n a l  t o  t h e  v a r i a n c e 1 6 . I n  o t h e r  w o r d s ,  t h e  v a r i a n c e  o f  
s m o o t h e d  s a m p l e  s p e c t r a l  e s t i m a t o r s  a t  e a c h  h a r m o n i c  f r e ­
q u e n c y  c a n  be r e d u c e d  b y  m a l t i n g  t h e  t r u n c a t i o n  p o i n t  o f  t h e  
w i n d o w  l a g  s m a l l .  T h e r e f o r e ,  t h e  s m a l l e r  t h e  t r u n c a t i o n  
p o i n t  ( o r  t h e  w i d e r  t h e  b a n d w i d t h 17 ) we u s e  i n  t h e  s a m p l e  
s p e c t r u m ,  t h e  s m a l l e r  t h e  v a r i a n c e  o f  t h e  s m o o t h e d  s a m p l e  
s p e c t r a l  e s t i m a t o r s  t h a t  w i l l  be  o b t a i n e d .
I n  g e n e r a l ,  t h e  m o re  we w a n t  t o  s m o o t h  t h e  e s t i m a t o r s ,  
t h e  l a r g e r  t h e  b i a s  we w i l l  i n t r o d u c e .  C o n s e q u e n t l y ,  a c o m ­
p r o m i s e  m u s t  be  e f f e c t e d  b e t w e e n  a c h i e v i n g  s m a l l  v a r i a b l i t y  ( 
t e r m e d  h i g h  s t a b i l i t y )  and  s m a l l  b i a s  ( t e r m e d  h i g h  f i d e l ­
i t y ) .  H o w e v e r ,  f o r  a w h i t e  n o i s e  s e r i e s ,  t h e  s m o o t h e d  sam ­
p l e  s p e c t r a l  e s t i m a t o r s  a r e  u n b i a s e d  and  c o n s i s t e n t .  So t h e  
v a r i a n c e  c o u l d  be r e d u c e d  w i t h o u t  i n t r o d u c i n g  b i a s  by u s i n g  
a s m a l l  t r u n c a t i o n  p o i n t ,  M, o r  a w i d e  b a n d w i d t h  o f  s p e c ­
t r a l  w i n d o w .
T h e  s a m p l e  s p e c t r a l  e s t i m a t o r  a t  e a c h  h a r m o n i c  f r e q u e n c y ,  
C ( F ) , i s  a p p r o x i m a t e l y  d i s t r i b u t e d  i n  p r o p o r t i o n  t o  a c h i -  
s q u a r e  d i s t r i b u t i o n  w i t h  t w o  d e g r e e s  o f  f r e e d o m .  T h a t  i s
165 ee  A p e n d i x - G .
1 7 5ee A p p e n d ix -G .
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2 C ( F ) / P ( F )  i s  a p p r o x i m a t e l y  d i s t r i b u t e d  a s  c h i - s q u a r e  w i t h  
t w o  d e g r e e s  o f  f r e e d o m  ( d . f . ) 1 8  ( w h e r e  C ( F )  i s  t h e  s a m p l e  
s p e c t r a l  e s t i m a t o r  a t  f r e q u e n c y  F ,  and  P { f )  i s  t h e  p o w e r  
s p e c t r u m  a t  f r e q u e n c y  F ) .  T h e  c o r r e s p o n d i n g  r e s u l t  f o r  t h e  
s m o o t h e d  s p e c t r a l  e s t i m a t o r  a t  e a c h  h a r m o n i c  f r e q u e n c y ,  
SC(F )  , i s  a p p r o x i m a t e l y  d i s t r i b u t e d  as  c h i - s q u a r e  w i t h  v = d . f .  
T h a t  i s  t h e  v a r i a b l e  v *S C  ( F ) / P  (F) i s  a p p r o x i m a t e l y  d i s t r i ­
b u t e d  a s  c h i - s q u a r e  w i t h  v d . f . 1 9  a n d  v = ( A * N / M ) > 2  ( w h e r e  A
i s  a m u l t i p l i e r  a n d  N i s  t h e  t o t a l  l e n g t h  o f  t h e  o r i g i n a l  
s e r i e s . )
The  c o v a r i a n c e  b e t w e e n  s m o o t h e d  s p e c t r a l  e s t i m a t o r s  i s  
p r o p o r t i o n a l  t o  t h e  a m o u n t  o f  o v e r l a p  c f  t h e  s p e c t r a l  w i n ­
d o w s  c e n t e r e d  a t  f r e g e n c i e s  F1 a n d  F 2 .  H e n c e ,  i f  t h e  s p e c ­
t r a l  w i n d o w s  o v e r l a p  o n l y  s l i g h t l y ,  t h e  c o v a r i a n c e  w i l l  b e  
v e r y  s m a l l .  And t h e  c o v a r i a n c e  b e t w e e n  t w o  e s t i m a t o r s  a t  a 
s u f f i c i e n t l y  w i d e  f r e q u e n c y  s p a c i n g  i s  a p p r o x i m a t e l y  z e r o .  
H e n c e ,  i n d e p e n d e n t  c o n f i d e n c e  i n t e r v a l s  may b e  c o n s t r u c t e d  
a t  t h i s  f r e q u e n c y  s e p a r a t i o n  ( J e n k i n s ,  1 9 6 1 ) .
S i n c e  t h e  r a n d o m  v a r i a b l e  v * S C ( F ) / P ( F )  i s  d i s t r i b u t e d  a c ­
c o r d i n g  t o  a  c h i - s g u a r e  d i s t r i b u t i o n  w i t h  v = d . f .  ,  i t  f o l ­
l o w s  t h a t  t h e  p r o b a b i l i t y  t h a t  t h e  v a r i a b l e  v * S C ( F ) / P ( F )
i®See  A p p e n d ix - H .
1 9 See A p p e n d i x - I .
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w i l l  be  w i t h i n  t h e  i n t e r v a l  C S ( A L P H A / 2 )  a n d  C S ( 1 -  (ALPHA / 2 ) ) 
i s  ( 1 - A L P H A ) .  T h a t  i s ,
P (C S ( A L P H A /2 )  < v * S C  ( F ) / P  (F) <CS ( 1 - (  ALPHA/2 )  ) ) = 1 - A L P H A  
w h e r e  P (CS<CS ( A L P H A / 2 ) ) = A LP E IA /2 ,  a n d  ALPHA i s  t h e  s i g n i f i ­
c a n c e  l e v e l .  S o ,  t h e  i n t e r v a l  b e t w e e n  P ( F ) * C S  ( A L P H A / 2 ) / v  
a n d  P ( F ) * C S  ( 1 - ( A L P H A / 2 ) ) / v  i s  a 100 (1 -A L P H A )  p e r c e n t  t h e o r ­
e t i c a l  c o n f i d e n c e  i n t e r v a l  f o r  S C ( F ) .  T h i s  c o n f i d e n c e  i n ­
t e r v a l  w i l l  be  u s e d  a s  c n e  o f  t h e  c r i t e r i a  t o  d r i v e  a h y ­
p o t h e s i s  t e s t  f o r  d e t e c t i n g  w h e t h e r  o r  n o t  t h e  s e r i e s  
g e n e r a t e d  o n  t h e  c o m p u t e r  i s  a w h i t e  n o i s e  s e r i e s .  T h a t  i s ,  
i f  t h e  s e q u e n c e  i s  w h i t e  n o i s e ,  t h e n  t h e  t h e o r e t i c a l  w h i t e  
n o i s e  c o n f i d e n c e  i n t e r v a l  a t  e a c h  f r e q u e n c y  F w i l l  c o n t a i n  
t h e  s a m p l e  s p e c t r u m  c o m p u t e d  f r o m  t h e  g e n e r a t e d  s e r i e s .
T h e  o t h e r  t h r e e  a p p r o a c h e s  i n  t h e  s p e c t r a l  a n a l y s i s  a r e  
sa rap j le  mean o f  s a m p l e  s p e c t r a ,  s a m p l e  v a r i a n c e  o f  s a m p l e  
s p e c t r a ,  a nd  n o r m a l i z e d  s a m p l e  v a r i a n c e  o f  s a m p l e  s p e c t r a .  
F o r  a s e t  o f  L s t a t i s t i c a l l y  i n d e p e n d e n t  s m o o t h e d  s a m p l e  
s p e c t r a l  e s t i m a t o r s ;  SC ( F i ) ,  f o r  i = 1 , 2 , 3 , . « . , L ,  t h e  s a m p l e  
mean o f  S C ( F i )  a p p r o a c h e s  t o  t h e  n o r m a l  d i s t r i b u t i o n  w i t h  
mean e q u a l  t o  t h e  t r u e  m e a n ,  P ,  a n d  v a r i a n c e  e q u a l  t o  t h e  
t r u e  v a r i a n c e ,  V A R s c ,  d e v i d e d  b y  t h e  s a m p l e  s i z e ,  L ,  i f  L i s
l a r g e . 2 0  T h a t  i s ,  i f  L i s  l a r g e ,  Msc If ( P ,  V A E s c / L )  .  T h u s
t h e  t h e o r e t i c a l  w h i t e  n o i s e  c o n f i d e n c e  i n t e r v a l s  c a n  be e s ­
2 0 An e x t e n s i o n  o f  t h e  c e n t r a l  l i m i t  t h e o r m .
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t a b l i s h e d  f o r  t h e  s a m p l e  mean o f  a g e n e r a t e d  s e r i e s  f o r  t h e  
h y p o t h e s i s  t e s t .  T h a t  i s ,  i f  t h e  g e n e r a t e d  s e q u e n c e  i s  a 
w h i t e  n o i s e ,  t h e n  t h e  t h e o r e t i c a l  w h i t e  n o i s e  c o n f i d e n c e  i n ­
t e r v a l  w i l l  c o n t a i n  t h e  s a m p l e  mean o f  g e n e r a t e d  s e r i e s .  
H e n c e  we c a n  u s e  i t  a s  o n e  o f  t h e  c r i t e r i a  f o r  t h e  r a n d o m ­
n e s s  t e s t  i n  s p e c t r a l  a n a l y s i s .
The  s a m p l e  v a r i a n c e  f o r  S C ( F i ) ,  SVARsc a p p r o a c h e s  p r o p o r ­
t i o n a l i t y  t o  t h e  c h i - s q u a r e  d i s t r i b u t i o n  w i t h  ( L - 1 ) = d . f . ,  i f  
L o f  t h e  s m o o t h e d  s a m p l e  s p e c t r a l  e s t i m a t o r s  i s  l a r g e . 2 1  
T h a t  i s  ,  f o r  l a r g e  I ,  ( 1 - 1 ) * S V A E s c / V A R s c  a p p r o a c h e s  t h e  
c h i - s q u a r e  w i t h  ( L - 1 ) = d . f .  I n  a d d i t i o n ,  t h e  n o r m a l i z e d  s am ­
p l e  v a r i a n c e  a l s o  'becomes p r o p o r t i o n a l  t o  c h i - s q u a r e  w i t h  
( L - 1 ) = d . f . .  T h a t  i s
( T - 1 )  * HSVARsc / N V A E s c / ^ C S  w i t h  ( L - 1 )  d e g r e e s  o f  f r e e d o m ,  
w h e r e  N S V A P s c = S V A R s c / M s c * * 2 ,  a n d  N V A R s c = V A E s c / P * * 2 .  A g a i n ,  
t h e o r e t i c a l  w h i t e  n o i s e  c o n f i d e n c e  i n t e r v a l s  c a n  b e  s e t  up 
f o r  t h e  s a m p l e  v a r i a n c e  a n d  n o r m a l i z e d  v a r i a n c e  f o r  t h e  t e s t  
o f  t h e  w h i t e  n o i s e  h y p o t h e s i s .
2 l T h i s  i s  t r u e  b e c a u s e  a c h i - s q u a r e  d i s t r i b u t i o n  a p p r o a c h e s  
t h e  n o r m a l  d i s t r i b u t i o n  i f  t h e  n u m b e r  o f  d e g r e e s  o f  f r e e ­
dom b e c o m e s  l a r g e .
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6 * 3  PROCEDURES OF SPECTRAL A N A L Y S IS
T h e r e  a r e  f o u r  a p p r o a c h e s  f o r  t e s t i n g  t h e  s e r i e s  g e n e r ­
a t e d  f r o m  c o m p u t e r s  f o r  w h i t e  n o i s e  b y  u s i n g  s p e c t r a l  a n a l y ­
s i s .  T h e y  a r e  t h e  n u m b e r  o f  s i g n i f i c a n t  s a m p l e  s p e c t r a ,  
s a m p l e  mean o f  s a m p l e  s p e c t r a ,  s a m p l e  v a r i a n c e  o f  s a m p l e  
s p e c t r a ,  a n d  n o r m a l i z e d  s a m p l e  v a r i a n c e  o f  s a m p l e  s p e c t r a .  
T h e s e  f o u r  a p p r o a c h e s  w i l l  be  d i s c u s s e d  i n  t h e  f o l l o w i n g  
f o u r  s u b s e c t i o n s .
6 . 3 . 1  N u m b e r  o f  S i g n i f i c a n t  S a m p l e  S p e c t r a
T h r e e  p r o c e d u r e s  a r e  u s e d  h e r e  f c r  t e s t i n g  t h e  s e r i e s  f o r  
w h i t e  n o i s e .
1 .  T e s t  e a c h  s e t  f o r  w h i t e  n c i s e .
T he  p o w e r  s p e c t r u m ,  P ( F ) ,  f o r  a d i s c r e t e  w h i t e  
n o i s e  s e r i e s  X (T)  i s  c o n s t a n t ;  i t  i s  e q u a l  t o  a 
m u l t i p l i e r  o f  t h e  v a r i a n c e  o f  a s t a t i o n a r y  t i m e  
s e r i e s .  A n d ,  t h e  s m o o t h e d  s a m p l e  s p e c t r u m  e s t i m a ­
t o r  a p p r o a c h e s  p r o p o r t i o n a l i t y  t o  t h e  c h i - s q u a r e  
d i s t r i b u t i o n  w i t h  v = d . f .  T h e  e x p e c t a t i o n  o f  t h i s  
p r o c e d u r e  i s  a s  f o l l o w s :
a) D e t e r m i n e  t h e  s a m p l e  s i z e  ,  N.
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b) G e n e r a t e  s e r i e s  x f r o m  t h e  c o m p u t e r ;  t r e a t  t h e  
s e r i e s  a s  a d i s c r e t e  t i m e  s e r i e s  w i t h  s a m p l i n g  
t i m e , D = 1 .  S u b t r a c t  t h e  s a m p l e  mean f r o m  e a c h  
t e r m  s u c h  t h a t  t h e  mean c f  t h e  s e r i e s ,  Mx=0 .
c )  S e l e c t  w i n d o w - - B a r t l e t t * s  w i n d o w — f o r  s m o o t h ­
i n g .
W ( K ) =  1 -  ( J K J / M )  ,  1K | < M 
= 0 , | K 1
d)  D e t e r m i n e  t h e  t r u n c a t i o n  p o i n t , 1 .  I n  o r d e r  t o  
u s e  t h e  c e n t r a l  l i m i t  t h e o r e m ,  we l e t  .1 = 64 i n  
t h i s  s t u d y .
e) C o m p u te  s a m p l e  a u t o c o v a r i a n c e  f u n c t i o n s
COV (K) = ( 1 / l i J  SUM (x (T) * x  (T+K) ) ,
K = 0 , 1 ,  2 ,  ( H - 1 ) = 6 3  a n d  T = 1 , 2 , . . . , K .
f )  C o m p u te  s m o o t h e d  a u t o c o v a r i a n c e  f u n c t i o n s .
S C 0 V ( K ) = H { K )  *C0V (KJ , f o r  K = 0 ,  1, 2 ,  .  .  .  ,  ( « - 1  )
g )  l a k e  F o u r i e r  t r a n s f o r m s  o f  t h e  s m o o t h e d  a u t o c o ­
v a r i a n c e  f u n c t i o n s  t o  o b t a i n  a s m o o t h e d  s a m p l e  
s p e c t r u m .
SC ( F i )  = (SCOV (0 )  +2*S(JM (3CCV (K) * C 0 S 2 P I * F i  ( K ) ) ) ,
w h e r e  K= 1 , 2 ,  { 1 - 1 }  , a n d
F i = 0 ,  1/ M , 2 / K , . . , 1 / 2 , . . ,  f o r  i  = 1 , 2 , . . . , M
r e s p e c t i v e l y .  A f t e r  t h e  F o u r i e r  t r a n s f o r m  o f  
t h e  a u t o c o r r e l a t i o n s  c f  M l a g s ,  t h e r e  a r e  M
f r e q u e n c i e s .  F o r  t h e  h y p o t h e s i s  t e s t ,  we o n l y  
n e e d  t o  a n a l y z e  { ( M / 2 ) - 1 ) = 3 1  f r e q u e n c i e s ;  t h a t  
i s
f = 1 / M , 2 / M , . . .  3 1 / M . 22 I n  t h i s  p a p e r ,  we w i l l
a n a l y z e  L = 3 1  f r e q u e n c i e s .
h) D e f i n e  t h e  s i g n i f i c a n c e  l e v e l  ALPHA ,  a n d  l e t  
A L PH A =0 . 0 1 ,  0 . 0 5  a n d  0 . 2 .
i )  F i n d  t h e o r e t i c a l  w h i t e  n c i s e  p o w e r  s p e c t r u m  a t  
e a c h  f r e q u e n c y :  P ( F ) = B * V A E = V A H .  I n  t h i s  s t u d y  
t h e  VAR i s  1 / 1 2  a nd  1 f o r  t h e  u n i t  u n i f o r m  d i s ­
t r i b u t i o n  a n d  t h e  u n i t  n o r m a l  d i s t r i b u t i o n ,  
r e s p e c t i v e l y .
j )  S e t  up  t h e o r e t i c a l  c o n f i d e n c e  i n t e r v a l  f o r  sam ­
p l e  s p e c t r a  S C ( F i )  a t  e a c h  h a r m o n i c  f r e q u e n c y
P (F) *CS ( A L P H A / 2 ) / v ,  P ( F ) *CS ( 1 - A L P K A / 2 )  / v .
F o r  B a r t l e t t ’ s  w in d o w  v = 3 * N / M = 5 b  i f  N=1200 
a n d  M=6 h .
2 2 S i n c e  t h e  h i g h e s t  f r e q u e n c y  i s  s u c h  t h a t  i t s  p e r i o d  c o r ­
r e s p o n d s  t o  t w o  s a m p l e  p o i n t s .  I n  t h i s  c a s e ,  t h e  h i g h e s t  
f r e q u e n c y  i s  1 / 2 .  M o r e o v e r ,  S C ( F i )  i s  an e v e n  f u n c t i o n ,  
s o  t h e  v a r i a n c e  a t  t h e  f r e q u e n c i e s  ( 1 / 2 +  1/M) .  . .  ( M - 1) /M i s  
t h e  same as  t h e  v a r i a n c e  a t  1 / M . » .  ( 1 / 2  - 1 / M ) .  I n  a d d i ­
t i o n ,  t h e  d e g r e e s  o f  f r e e d o m  o f  f r e q u e n c i e s  0  a n d  1 / 2  a r e  
o n e  h a l f  o f  d e g r e e s  o f  f r e e d o m  o f  f r e q u e n c i e s  
1 / M , 2 / M , . . . 3 1 / M .  F o r  s i m p l i c i t y ,  we d o  n o t  i n c l u d e  f r e ­
q u e n c i e s  0  a n d  1 / 2  f o r  a n a l y s e s  i n  t h i s  s t u d y .
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k )  C o u n t  t h e  t o t a l  n u m b e r  o f  o b s e r v e d  s i g n i f i c a n t  
i n t e r v a l s ,  S IG S P F ,  ( i . e . ,  t h e  h y p o t h e t i c a l  c o n ­
f i d e n c e  i n t e r v a l  n o t  i n c l u d e  t h e  s a m p l e  s p e c t r a  
S C ( F i )  o v e r  1=31 l a g s .
1)  A t  s i g n i f i c a n c e  l e v e l  ALPHA, c o m p u t e  t h e  t o t a l
n u m b e r  o f  e x p e c t e d  s i g n i f i c a n t  i n t e r v a l s ,  E X P ,
a n d  t h e n  c o m p u t e  u p p e r  b o u n d ,  UC INO,  o v e r  L=31 
h a r m o n i c  f r e q u e n c i e s ,  r e s p e c t i v e l y .
EXP=ALPHA *  L
UCINO=EXP + Z * ( L * A L P H A * ( 1 - A L P B A ) )  * * 0 - 5
H h e r e  z i s  t h e  n u m b e r  o f  s t a n d a r d  d e v i a t i o n s  
c o r r e s p o n d i n g  t o  t h e  c o n f i d e n c e  i n t e r v a l .
The  h y p o t h e s i s  t o  be t e s t e d  a n d  i t s  a l t e r n a ­
t i v e  a r e  as  f c l ' l c w s :
HO: T he  s e r i e s  x i s  a w h i t e  n o i s e  s e r i e s  a t
t h e  s i g n i f i c a n c e  l e v e l  ALPHA i f  t h e  o b s e r v e d  
n u m b e r  o f  s i g n i f i c a n t  i n t e r v a l s ,  S IG S P F ,  i s  
l e s s  t h a n  o r  e g u a l  t o  u p p e r  b o u n d  c f  t h e  n u m b e r  
o f  s i g n i f i c a n c e  i n t e r v a l s ,  OCINO.
HA ;  T h e  s e r i e s  x  i s  n o t  a w h i t e  n o i s e  s e r i e s  
a t  t h e  s i g n i f i c a n c e  l e v e l  ALPHA i f  t h e  o b s e r v e d  
n u m b e r  o f  s i g n i f i c a n t  i n t e r v a l s ,  S IG S P F ,  i s  
g r e a t e r  t h a n  t h e  u p p e r  b o u n d  o f  t h e  n u m b e r  o f  
s i g n i f i c a n t  c o n f i d e n c e  i n t e r v a l s ,  UCINO.
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2.  T e s t  e a c h  s a m p l e  o f  K L = 5 0  s e t s  f o r  w h i t e  n o i s e  by 
m eans  o f  t h e  c h i - s q u a r e  t e s t .
A s  w i t h  t h e  d i s t r i b u t i o n  o f  s i g n i f i c a n t  C O R ( K ) ,  
t h e  d i s t r i b u t i o n  o f  s i g n i f i c a n t  SC ( F i )  v a l u e s ,
F i = 1 / M , 2 / M , . - . , 3 1 / n  f o r  i = 1 , 2 , . . . , L = 3 1 ,  r e s p e c ­
t i v e l y ,  s h o u l d  be  u n i f o r m  o v e r  t h e  KL s e t s  g e n e r ­
a t e d .  The  c h i - s g u a r e  g o o d n e s s  o f  f i t  t e s t  c a n  be  
u s e d  t o  t e s t  w h e t h e r  o r  n o t  t h e  d i s t r i b u t i o n  o f  
s i g n i f i c a n t  S C ( F i )  i s  u n i f o r m  o v e r  t h e  KL =5 0  s e t s .
I f  i t  i s ,  t h e n  t h e  p r o c e s s  o f  KL=50 s e t s  i s  w h i t e  
n o i s e ;  i f  n o t  i t  i s  c o r r e l a t e d .
The  p r o c e d u r e  i s  e x p e c t e d  a s  f o l l o w s :
a) F o r  e a c h  h a r m o n i c  f r e q u e n c y ,  c o u n t  t h e  n u m b e r  
o f  s i g n i f i c a n t  S C ( f i )  v a l u e s ,  SCFREQ ( F i ) , 
( F i = 1 / H , 2 / M , . . , 3 1 / M  f o r  i =  1 , 2 , ----- , L ,  r e s p e c ­
t i v e l y )  o v e r  t h e  KL s e t s  b y  means o f  t h e  p r o c e ­
d u r e  s t a t e d  a b o v e .
b) F o r  e a c h  f r e q u e n c y  c o m p u t e  t h e  e x p e c t e d  v a l u e  
o f  s i g n i f i c a n t  3C ( F ) , FXP,  o v e r  KL s e t s  a t  t h e  
s i g n i f i c a n t  l e v e l  ALPHA.
E X P = K I *  ALPHA
C) C o m p u te  t h e  c h i - s q u a r e  v a l u e ,  CHISCF
CHISCF=S0?1 ( (EXP-SC FREQ (F i )  ) * * 2 / E X  P)
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d) F i n d  t h e  c h i - s q u a r e  c r i t i c a l  v a l u e  f o r  t h e  h y ­
p o t h e s i s  t e s t  a t  ( L - 1 ) d e g r e e s  c f  f r e e d o m  a n d  
t h e  s i g n i f i c a n c e  l e v e l  ALPHA. I n  t h i s  s t u d y ,
we f o u n d  C E T = 5 0 . 9 ,  4 3 . 8  and  3 6 . 3  w i t h
d . f . =  ( L - 1 ) = 3 0  f o r  A L P H A = 0 .0 1 ,  0 . 0 5  a n d  0 . 2 ,
r e s p e c t i v e l y -
T h e  h y p o t h e s i s  t o  be  t e s t e d  a n d  i t s  a l t e r n a ­
t i v e  a r e  a s  f o l l o w s ;
HO: T h e  p r o c e s s  c f  a l l  KL=50 s e t s  i s  w h i t e
n o i s e  a t  s i g n i f i c a n c e  l e v e l  ALPHA i f  CH ISCF i s  
l e s s  t h a n  o r  e q u a l  t o  t h e  c r i t i c a l  v a l u e ,  CRT.
HA:  The  p r o c e s s  o f  a l l  KL=50 s e t s  i s  n o t  w h i t e  
n o i s e  a t  s i g n i f i c a n c e  l e v e l  ALPHA i f  CH ISCF i s  
g r e a t e r  t h a n  t h e  c r i t i c a l  v a l u e ,  CRT.
3 .  T e s t  t h e  w h o l e  s e r i e s  g e n e r a t e d  o f  I S F T = 5 0  s a m p l e s  
f o r  w h i t  n o i s e  b y  n u m b e r  o f  s i g n i f i c a n t  s a m p l e s  
c o u n t e d  a b o v e  a n d  by  means c f  t h e  CS g o o d n e s s  o f  
f i t  t e s t .
A t  s i g n i f i c a n c e  l e v e l  ALPHA, we u s e  t w o  w a y s  t o  
j u d g e  w h e t h e r  o r  n o t  t h e  w h o l e  g e n e r a t e d  s e r i e s  i s  
w h i t  n o i s e .  F i r s t ,  I f  t h e  w h o l e  s e r i e s  o f  I S E T = 5 0  
s a m p l e s  i s  r a n d o m ,  t h e n  t h e  n u m b e r  c f  s i g n i f i c a n t  
s a m p l e s  c o u n t e d  o v e r  I S E T = 5 0  s a m p l e s  i s  l e s s  t h a n  
o r  e g u a l  t o  t h e  u p p e r  b o u n d  f o r  n u m b e r  o f  s i g n i f i -
1.37
c a n t  s a m p l e s
{ I S E T * A L P H A + Z *  ( I S E T * A L P H A * ( 1 - A L P H A )  ) * * . 5 ) .  S e c ­
o n d ,  I f  t h e  w h o l e  g e n e r a t e d  s e r i e s  o f  I S E T  s a m p l e s  
i s  a r a n d o m  s e q u e n c e ,  t h e  IS E T = 5 0  CHISCF v a l u e s  
c o m p u t e d  f r o m  e a c h  s a m p l e  h a v e  a c h i - s g u a r e  d i s ­
t r i b u t i o n  w i t h  ( L - 1 ) =30  d e g r e e s  o f  f r e e d o m .  T h u s  
we c a n  u s e  a c h i - s q u a r e  g o o d n e s s  o f  f i t  t e s t  t o  
c h e c k  w h e t h e r  o r  n o t  t h e  IS E T = 5 0  CHISCF v a l u e s  
h a v e  a c h i - s g u a r e  d i s t r i b u t i o n  w i t h  1 - 1 = 3 0  d e g r e e s  
o f  f r e e d o m .  T he  e x p e c t a t i o n  o f  t h i s  p r o c e d u r e  i s  
as f e l l o w s ;
a) Use  t h e  s e c o n d  p r o c e d u r e  d e r i v e d  a b o v e  t o  com ­
p u t e  t h e  CHISCF s t a t i s t i c  f o r  e a c h  s a m p l e .  
T h e r e  a r e  ISE1 '=50  CH ISCF s t a t i s t i c s  w h i c h  h a v e  
a c h i - s q u a r e  d i s t r i b u t i o n  w i t h  ( L - 1 ) =30  d e g r e e s  
o f  f r e e d o m  i f  t h e  w h o l e  s e r i e s  i s  r a n d o m .
b) U s i n g  t h e  c o n v e n t i o n a l  e x p e c t e d  v a l u e  o f  5 and  
C o c h r a n ' s  m o d e r a t e  n u m b e r  o f  c l a s s e s  b e t w e e n  10 
t o  2 5 ,  e s t a b l i s h  m u t u a l l y  e x c l u s i v e  a n d  e x h a u s ­
t i v e  c a t e g o r i e s ,  K 2 ,  a n d  l e t  K 2 = 1 0 .
c )  Use e q u a l  p r o b a b i l i t i e s  1 / 1 0  t o  c o m p u t e  t h e  e x ­
p e c t e d  f r e q u e n c i e s  E i  f o r  t h e  i t h  c a t e g o r y .  
E i = 5  f o r  I S E T  = 5 0 and  P i = 0 . 1 .
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d) U n d e r  t h e  n u l l  h y p o t h e s i s  and  w i t h  e q u a l  p r o b a ­
b i l i t i e s  1 / 1 0  p e r  c l a s s ,  c o m p u t e  t h e  u p p e r  a n d  
t h e  l o w e r  b o u n d s  f o r  e a c h  c l a s s ,
e) C o u n t  t h e  o b s e r v e d  f r e q u e n c i e s ,  o i ,  f o r  t h e  i t h  
c a t e g o r y  i n  a l l  K2  c a t e g o r i e s ,
f )  C o m p u te  t h e  CS s t a t i s t i c
C5 =SUM( ( E i - O i ) * * 2 ) / E i ) , f o r  i = 1 , 2 , . , . , 1 0 ,
g) S e t  up  s i g n i f i c a n c e  l e v e l s  A L P H A = 0 .Q 1 ,  0 , 0 5  and
0 . 2  f o r  t h e  h y p o t h e s i s  t e s t s .
h)  F i n d  t h e  c r i t i c a l  v a l u e s ,  CRT, f o r  t h e  h y p o t h e ­
s i s  t e s t s .  A t  t h e  s i g n i f i c a n c e  l e v e l s  A I -  
P H A = 0 , 0 1 ,  O .O Sand  0 . 2  w i t h  K 2 - 1 = 9  d e g r e e s  o f  
f r e e d o m ,  C R T = 2 1 . 7 ,  1 b . 9 a n d  1 2 . 2 ,  r e s p e c t i v e l y .
The  h y p o t h e s i s  t o  be  t e s t e d  a nd  i t s  a l t e r n a ­
t i v e  a r e  a s  f o l l o w s :
HO: T h e  w h o l e  s e r i e s  o f  I S E T = 5 0  s a m p l e s  i s
r a n d o m  a t  t h e  s i g n i f i c a n c e  l e v e l  ALPHA i f  num­
b e r  o f  s i g n i f i c a n t  s a m p l e s  i s  l e s s  t h a n  o r  
e q u a l  t o  i t s  u p p e r  b o u n d ,  o r  i f  t h e  c o m p u t e d  CS 
v a l u e  i s  l e s s  t h a n  o r  e q u a l  t o  CRT.
HA: T h e  s e r i e s  o f  I S E T = 5 0  s a m p l e s  i s  n o t  r a n ­
dom a t  t h e  s i g n i f i c a n c e  l e v e l  ALPHA i f  n u m b e r  
o f  s i g n i f i c a n t  s a m p l e s  i s  g r e a t e r  t h a n  i t s  u p -
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p e r  b o u n d ,  o r  i f  t h e  c o m p u t e d  CS v a l u e  i s
g r e a t e r  t h a n  CR1.
6 - 3 . 2  Mean o f  S a m p le  S p e c t r a
T h e r e  a r e  t h r e e  p r o c e d u r e s  f o r  t e s t i n g  t h e  s e r i e s  f o r  
w h i t e  n o i s e  w i t h  t h i s  a p p r o a c h .
1 .  T e s t  e a c h  s e t  f o r  w h i t e  n o i s e .
B y  t h e  c e n t r a l  l i m i t  t h e o r m ,  i f  t h e  s a m p l e  s i z e  
i s  l a r g e ,  a n d  i f  t h e  p o p u l a t i o n  h a s  f i n i t e  v a r i ­
a n c e  a n d  f i n i t e  m e a n ,  t h e n  t h e  s a m p l e  mean a p ­
p r o a c h e s  t h e  n o r m a l  d i s t r i b u t i o n  w i t h  i t s  mean 
e q u a l  t o  t h e  p o p u l a t i o n  mean a n d  i t s  v a r i a n c e  
e q u a l  t o  t h e  p o p u l a t i o n  v a r i a n c e  d i v i d e d  by t h e  
s a m p l e  s i z e .  I n  t h i s  s t u d y ,  t h e  n u m b e r  o f  i n d e ­
p e n d e n t  s a m p l e  s p e c t r a  t o  be  a n a l y z e d  i s  1 = 3 1 .  
U s i n g  t h e  c e n t r a l  l i m i t  t h e o r m ,  we a s s u m e  t h a t  t h e  
s a m p l e  mean o f  s p e c t r a  a p p r o a c h e s  t h e  n o r m a l  d i s ­
t r i b u t i o n  w i t h  t h e  m ean=P=D *VAR ,  a n d  w i t h  t h e  v a r -  
i a n c e = V A R s c / L -  I n  a d d i t i o n ,  f o r  w h i t e  n o i s e  s e r ­
i e s ,  t h e  t r u e  mean P=D*VAF a n d  t h e  t r u e  
v a r i a n c e =  ( P * * 2 )  *  ( I / 'N )  , w h e r e  I = { ( 2 * M ) / 3 )  f o r  B a r -  
t i l e t t ’ s  w i n d o w .
T h e  p r o c e d u r e  i s  e x p e c t e d  a s  f o l l o w s :
1 4 0
a) S t e p s  a t o  i  a r e  t h e  sam e a s  t h o s e  i n  t h e  
p r o c e d u r e  o f  " l e s t  e a c h  s e t  f o r  w h i t e  n o i s e "  i n  
s e c t i o n  6 , 3 . 1  i n  t h i s  c h a p t e r
b) C o m p u te  t h e  s a m p l e  mean f o r  L i n d e p e n d e n t  
s m o o t h e d  s a m p l e  s p e c t r a
Mso= (SUM (SC ( P i ) ) ) / L ,  f o r  i =  1,  2 , ____, L .
w h e r e  L = ( M / 2 ) - 1 ,  a n d  1 = 3 1  i n  t h i s  s t u d y .
c )  C o m p u t e  t h e  n o r m a l i z e d  s a m p l e  m e a n ,  ZMsc
ZMsc= ( M s c - P ) /  ( ( V a r s c / L ) # * 0 . 0 5 )  .
d )  C o m p u t e  t h e  t h e o r e t i a l  c o n f i d e n c e  i n t e r v a l  f o r  
t h e  s a m p l e  mean Msc a t  s i g n i f i c a n c e  l e v e l  A L ­
PHA . 2 3  T h a t  i s
P - Z *  ( ( 2 * 0 *  ( P * * 2 ) ) /  ( 3 * N * L ) ) * * 0 .  5 ,
P + Z * (  ( 2 * 0 *  ( P * * 2 )  } /  ( 3 * N * 1 )  ) * * 0 . 5  
S i n c e  L > 3 0 ,  0 s c r * - 3 * ( P ,  V A R s c / L )
T h e  h y p o t h e s i s  a n d  i t s  a l t e r n a t i v e  a r e ;
110; T h e  s e r i e s  x i s  w h i t e  n o i s e  a t  t h e  s i g n i ­
f i c a n c e  l e v e l  ALPHA i f  Msc i s  i n  t h e  h y p o t h e t i ­
c a l  c o n f i d e n c e  i n t e r v a l s .
2 3 Fro iu  t h e  A p p e n d i x - G ,  we k now  t h a t  t h e  v a r i a n c e  o f  a 
s m o o t h e d  p o w e r  s p e c t r u m  o f  a w h i t e  n o i s e  s e r i e s  i s  
V A R s c = ( P * * 2 ) *  ( I / N )  , a n d  f o r  B a r l e t t * s  w i n d o w  
VARsc= ( P * * 2 ) * 2  0 /  ( 3 * N)
S o ,  V A R s c / L = P * * 2 * 2 0 /  ( 3 * N * L )  .
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HA: T h e  s e r i e s  x i s  n o t  w h i t e  n o i s e  a t  t h e
s i g n i f i c a n c e  l e v e l  ALPHA i f  Msc i s  n o t  i n  t h e  
h y p o t h e t i c a l  c o n f i d e n c e  i n t e r v a l s .
2 .  T e s t  e a c h  s a m p l e  o f  K L = 5 0  s e t s  f o r  r a n d o m n e s s .
I f  t h e  s a m p l e  o f  KL s e t s  i s  r a n d o m ,  t h e n  t h e
K l = 5 0  Msc v a l u e s  h a v e  a n o r m a l  d i s t r i b u t i o n .  T h u s
we c a n  u s e  a c h i -  s q u a r e  g o o d n e s s  o f  f i t  t e s t  t o  
t e s t  t h e  n o r m a l i t y  o f  t h e  KL=50  Msc s t a t i s t i c s
The  P r o c e d u r e  i s  e x p e c t e d  a s  f o l l o w s :
a) Use p r o c e d u r e  s t a t e d  a b o v e  t o  c o m p u t e  t h e  Msc
s t a t i s t i c  f o r  e a c h  s e t .  T h e r e  a r e  K L =5 0  Msc
s t a t i s t i c s  w h i c h  h a v e  an a p p r o x i r a a t e d l y  n o r m a l  
d i s t r i b u t i o n  w i t h  mean=P a n d  v a r i a n c e = V A R s c  i f  
t h e  s a m p l e  i s  r a n d o m .  So t h e  n o r m a l i z e d  M s c ,  
Z M s c ,  h a s  a u n i t  n o r m a l  d i s t r i b u t i o n .
b)  U s i n g  t h e  c o n v e n t i o n a l  m in im u m  e x p e c t e d  v a l u e  
o f  5 a n d  C o c h r a n ' s  m o d e r a t e  n u m b e r  o f  c l a s s e s  
b e t w e e n  1 0  t o  2 5 ,  e s t a b l i s h  m u t u a l l y  e x c l u s i v e  
a n d  e x h a u s t i v e  c a t e g o r i e s , K 1 ,  f o r  KL s a m p l e s  
and  l e t  K 1 =1 0  f o r  K L = 5 0 .
c) Use e q u a l  p r o b a b i l i t i e s  1 / 1 0  t o  c o m p u t e  t h e  e x ­
p e c t e d  f r e q u e n c i e s  E i  f o r  t h e  i t h  c a t e g o r y .  
T h a t  i s  E i = 5  f o r  KL=50 a n d  P i = 0 . 1 .
<1} U n d e r  t h e  n u l l  h y p o t h e s i s  a n d  w i t h  e q u a l  p r o b a ­
b i l i t y  1 / 1 0  p e r  c l a s s ,  c o m p u t e  t h e  u p p e r  a n d  
t h e  l o w e r  b o u n d s  f o r  e a c h  c l a s s .
e )  C o u n t  t h e  o b s e r v e d  f r e q u e n c i e s , G i , f o r  t h e  i t h  
c a t e g o r y  i n  K1 c a t e g o r i e s .
f )  C o m p u t e  t h e  CS s t a t i s t i c
C S = S U d ( E i - O i ) * * 2 / E i ,  f o r  i = 1 , 2 , . . . , 1 0
g )  S e t  up  s i g n i f i c a n c e  l e v e l s  A L P H A = 0 . 0 1 ,  0 . 0 5  a n d  
0 . 2  f o r  t h e  h y p o t h e s i s  t e s t s -
h) F i n d  t h e  c r i t i c a l  v a l u e ,  C R T ,  f o r  t h e  h y p o t h e ­
s i s  t e s t s -  A t  s i g n i f i c a n c e  l e v e l s  A L P H A = 0 . 0 1 ,  
0 . 0 5  a n d  0 . 2  w i t h  K 1 - 1 - 9  d e g r e e s  o f  f r e e d o m ,  
C R T = 2 1 . 7 ,  1 6 . 9  a n d  1 2 . 2 ,  r e s p e c t i v e l y .
T h e  h y p o t h e s i s  t o  be  t e s t e d  a n d  i t s  a l t e r n a ­
t i v e  a r e  a s  f o l l o w s :
HO: T h e  s a m p l e  o f  K L = 5 0  s e t s  i s  a w h i t e  n o i s e
s e q u e n c e  a t  s i g n i f i c a n c e  l e v e l  ALPHA i f  t h e  
c o m p u t e d  CS v a l u e  i s  l e s s  t h a n  o r  e q u a l  t o  CRT.
! IA :  T h e  s a m p l e  o f  K L = 5 0  s e t s  i s  n o t  a w h i t e
n o i s e  s e q u e n c e  a t  s i g n i f i c a n c e  l e v e l  ALPHA i f  
t h e  c o m p u t e d  CS v a l u e  i s  g r e a t e r  t h a n  CRT-
T e s t  t h e  w h o l e  g e n e r a t e d  s e c i e s  w i t h  I 5 E T = 5 0  f o r
r a u d c m n e s s  b y  n u m b e r  c f  s i g n i f i c a n t  s a m p l e s
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c o u n t e d  a b o v e  and  t y  means o f  t h e  CS g o o d n e s s  o f  
f i t  t e s t .
A t  s i g n i f i c a n c e  l e v e l  ALPHA,  we u s e  t w o  w a y s  t o  
j u d g e  w h e t h e r  o r  n o t  t h e  w h o l e  g e n e r a t e d  s e r i e s  i s  
w h i t  n o i s e .  F i r s t ,  I f  t h e  w h o l e  s e r i e s  o f  I S E T = 5 0  
s a m p l e s  i s  r a n d o m ,  t h e n  t h e  n u m b e r  o f  s i g n i f i c a n t  
s a m p l e s  c o u n t e d  o v e r  I S E T = 5 0  s a m p l e s  i s  l e s s  t h a n  
o r  e g u a l  t o  t h e  u p p e r  b o u n d  f o r  n u m b e r  o f  s i g n i f i ­
c a n t  s a m p l e s
( I S E T * A L P H A + Z * ( I S E T * A L E H A * ( 1 - A L P H A )  ) * * . 5 ) .  S e c ­
ond  , I f  t h e  w h o l e  g e n e r a t e d  s e r i e s  o f  I S E T = 5 0  sam ­
p l e s  i s  r a n d o m  s e q u e n c e ,  t h e  I S B T = 5 0  CS v a l u e s  
h a v e  a c h i - s q u a r e  d i s t r i b u t i o n  w i t h  K 1 - 1 = 9  d e g r e s s  
o f  f r e e d o m .  T h u s  we c a n  u s e  a c h i - s q u a r e  g o o d n e s s  
o f  f i t  t e s t  t o  c h e c k  w h e t h e r  o r  n o t  t h e  I S E T = 5 0  CS 
v a l u e s  h a v e  a c h i - s q u a r e  d i s t r i b u t i o n  w i t h  K 1 - 1 = 9  
d e g r e e s  o f  f r e e d o m .  T h e  P r o c e d u r e  f o r  a c c o m p l i s h ­
i n g  t h i s  t e s t  i s  a s  f o l l o w s :
a )  Use t h e  s e c o n d  p r o c e d u r e  m e n t i o n e d  a b o v e  t o  
c o m p u t e  t h e  CS s t a t i s t i c  f o r  e a c h  s a m p l e .  
T h e r e  a r e  I S E T = 5 0  CS s t a t i s t i c s  w h i c h  h a v e  a 
c h i - s q u a r e  d i s t r i b u t i o n  w i t h  K 1 - 1 = 9  d e g r e e s  o f  
f r e e d o m  i f  t h e  w h o l e  s e r i e s  i s  r a n d o m .
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b) U s i n g  t r i e  c o n v e n t i o n a l  m in im u m  e x p e c t e d  v a l u e  
o f  5 a n d  C o c h r a n ' s  m o d e r a t e  n u m b e r  o f  c l a s s e s  
b e t w e e n  10 t o  2 5 ,  e s t a b l i s h  m u t u a l l y  e x c l u s i v e  
a n d  e x h a u s t i v e  c a t e g o r i e s ,  K2 ,  a n d  l e t  K2  = 1 0  
f o r  I S E T = 5 Q  i n  t h i s  s t u d y .
c )  Use e q u a l  p r o b a b i l i t i e s  1 / 1 0  t o  c o m p u t e  t h e  e x ­
p e c t e d  f r e q u e n c i e s  E i  f o r  t h e  i t h  c a t e g o r y .  
E i = 5  f o r  I S E T - 5 G  a n d  P i = 0 . 1 .
d) U n d e r  t h e  n u l l  h y p o t h e s i s  w i t h  e q u a l  p r o b a b i l ­
i t y  1 / 1 0  p e r  c l a s s ,  c o m p u t e  t h e  u p p e r  a n d  t h e  
l o w e r  b o u n d s  f o r  e a c h  c l a s s .
e) C o u n t  t h e  o b s e r v e d  f r e q u e n c i e s ,  O i ,  f o r  t h e  i t h  
c a t e g o r y  i n  K2  c a t e g o r i e s .
f )  C o m p u te  t h e  CS s t a t i s t i c
C S = S U H { { E i —O i ) * * 2 / E i ) , f o r  a l l  i = 1 , 2 , . . . , 1 0 .
g) S e t  up  s i g n i f i c a n c e  l e v e l s  ALPHA = 0 . 0 1 ,  0 . 0 5  
a n d  0 . 2  f o r  t h e  h y p o t h e s i s  t e s t s .
h) F i n d  t h e  c r i t i c a l  v a l u e , C R T ,  f o r  t h e  h y p o t h e s i s  
t e s t .  A t  s i g n i f i c a n c e  l e v e l s  A L P t l A = 0 . 0 1 ,  0 . 0 5  
a n d  0 . 2  w i t h  k  2-'1 = 9 d e g r e e s  o f  f r e e d o m ,  
C R T = 2 1 . 7 ,  1 6 . 9  a n d  1 2 . 2 ,  r e s p e c t i v e l y .
1U5
T h e  h y p o t h e s i s  t o  be t e s t e d  and  i t s  a l t e r n a ­
t i v e  a r e  as  f e l l o w s :
HO: T h e  w h o l e  s e r i e s  o f  IS E T = 5 0  s a m p l e s  i s
r a n d o m  a t  t h e  s i g n i f i c a n c e  l e v e l  ALPHA i f  num­
b e r  o f  s i g n i f i c a n t  s a m p l e s  i s  l e s s  t h a n  o r  
e q u a l  t o  i t s  u p p e r  b o u n d ,  o r  i f  t h e  c o m p u t e d  CS 
v a l u e  i s  l e s s  t h a n  o r  e q u a l  t o  CRT.
HA: T h e  w h c l e  s e r i e s  o f  I S E T = 5 0  s a m p l s  i s
n o t  r a n d o m  a t  t h e  s i g n i f i c a n c e  l e v e l  ALPHA i f  
n u m b e r  o f  s i g n i f i c a n t  s a m p l e s  i s  g r e a t e r  t h a n  
i t s  u p p e r  b o u n d ,  o r  i f  t h e  c o m p u t e d  CS v a l u e  i s  
g r e a t e r  t h a n  CRT.
6 . 3 . 3  Samp l e Va r i a n c e  o f  S a m p le  Spec t r a  
T h r e e  p r o c e d u r e s  a r e  u s e d  h e r e  f o r  t e s t i n g  t h e  s e r i e s  f o r  
w h i t e  n o i s e  u s i n g  t h i s  a p p r o a c h .
.1. T e s t  e a c h  s e t  f o r  w h i t e  n o i s e .
The  s m o o t h e d  s a m p l e  s p e c t r u m  e s t i m a t o r  h a s  an 
a p p r o x i m a t e l y  c h i - s q u a r e  d i s t r i b u t i o n  w i t h  v = d - f .
A c h i - s q u a r e  d i s t r i b u t i o n  a p p r o a c h e s  a n o r m a l  d i s ­
t r i b u t i o n  i f  t h e  n u m b e r  o f  d e g r e e s  o f  f r e e d o m  be­
c o m e s  l a r g e .  I n  t h i s  s t u d y ,  t h e  n u m b e r  o f  d e g r e e s  
o f  f r e e d o m  o f  t h e  s m o o t h e d  s a m p l e  s p e c t r a l  e s t i m a ­
t o r  i s  5 6 ;  t h u s  t h e  s a m p l e  s p e c t r a l  e s t i m a t o r  a p -
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p r o a c h e s  t h e  n o r m a l  d i s t r i b u t i o n  ( B e n d a t  a n d  P i e r -  
s o l ,  1 9 6 6 ,  p . 3 2 4 ) .  H e n c e  t h e  s a m p l e  v a r i a n c e  i s  
a p p r o x i m a t e l y  p r o p o r t i o n a l  t o  t h e  c h i - s q u a r e  d i s ­
t r i b u t i o n .
T h e  P r o c e d u r e  i s  a s  f e l l o w s :
a)  S t e p s  a t h r o u g h  i  a r e  t h e  sam e  a s  t h o s e  i n  t h e  
p r o c e d u r e  o f  " T e s t  e a c h  s e t  f o r  w h i t e  n o i s e "  i n  
s e c t i o n  6 . 3 . 1  i n  t h i s  c h a p t e r .
b) C o m p u t e  t h e  s a i t p l e  v a r i a n c e :  sVAP.sc
SVA5SC— (SU^I (SC ( F i ) - M s c )  * * 2 ) / ( L - 1 )  , f o r
i = 1 , 2 , . . . , L .  And SVAKsc  i s  a p p r o x i m a t e l y  c h i -  
s q u a r e  d i s t r i b u t i o n  w i t h  L - 1=3 0 d e g r e e s  o f  
f r e e d o m .
c )  S e t  up t h e o r e t i c a l  c o n f i d e n c e  i n t e r v a l s  f o r  t h e  
s a m p l e  v a r i a n c e : S V A f is c
V A B S C *C S ( A L P H A /2 )  /  ( L - 1 )  ,
VARSC* C S ( 1 - A L P H A / 2 ) / ( L - 1 )
T h e  h y p o t h e s i s  a n d  i t s  a l t e r n a t i v e  a r e :
I I 0 ;  T he  s e r i e s  x i s  w h i t e  n o i s e  a t  t h e  s i g n i ­
f i c a n c e  l e v e l  ALPHA i f  SV AP sc  i s  i r .  t h e  h y p o t h ­
e t i c a l  c o n f i d e n c e  i n t e r v a l s .
I IA :  The  s e r i e s  x i s  n o t  w h i t e  n o i s e  a t  t h e
s i g n i f i c a n c e  l e v e l  ALPHA i f  S V A P sc  i s  o u t s i d e  
t h e  t h e o r e t i c a l  c o n f i d e n c e  i n t e r v a l s .
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2 .  T e s t  e a c h  s a m p l e  o f  KL=50 s e t s  f o r  w h i t e  n o i s e  by 
m eans  o f  a CS g o o d n e s s  o f  f i t  t e s t .
I f  t h e  s a m p l e  o f  K I = 5 0  s e t s  i s  r a n d o m ,  t h e n  t h e  
KL h a s  f i f t y  s t a t i s t i c s  ( ( L -  1 ) * S V A R s c / V A B s c )  c o m ­
p u t e d  f r o m  e a c h  s e t  h a v e  a c h i - s q u a r e  w i t h  1 - 1 = 3 0  
d e g r e e s  o f  f r e e d o m .  T h u s  we c a n  u s e  t h e  CS g o o d ­
n e s s  o f  f i t  t e s t  t o  c h e c k  w h e t h e r  o r  n o t  t h e  sam­
p l e  i s  r a n d o m .
T h e  P r o c e d u r e  i s  e x p e c t e d  a s  f o l l o w s :
a) Use p r o c e d u r e  d e r i v e d  a b o v e  t o  c o m p u t e  t h e  
SVAHsc s t a t i s t i c  f o r  e a c h  s e t .  T h e r e  a r e  KL=50  
s t a t i s t i c s  ( ( L -  1 ) *  SVAR s c / V A R  sc )  w h i c h  h a v e  t h e  
c h i - s q u a r e  d i s t r i b u t i o n  w i t h  L - 1 =30  d e g r e e s  o f  
f r e e d o m  i f  t h e  s a m p l e  i s  r a n d o m .
b)  U s i n g  t h e  c o n v e n t i o n a l  m in im u m  e x p e c t e d  v a l u e  
o f  5 and  C o c h r a n ’ s  m o d e r a t e  n u m b e r  o f  c l a s s e s  
b e t w e e n  10 t o  2 5 ,  e s t a b l i s h  m u t u a l l y  e x c l u s i v e  
a n d  e x h a u s t i v e  c a t e g o r i e s , K 1, f o r  KL s a m p l e s  
a n d  l e t  K 1 = 1 0  f o r  K L = 5 0 .
c )  Use e q u a l  p r o b a b i l i t i e s  1 / 1 0  t o  c o m p u t e  t h e  e x ­
p e c t e d  f r e q u e n c i e s  E i  f o r  t h e  i t h  c a t e g o r y .  
F i n d  E i = 5  f o r  KL=50  and  P i = 0 - 1 .
d) U n d e r  t h e  n u l l  h y p o t h e s i s  a n d  w i t h  e q u a l  p r o l a ­
b i l i t i e s  1 / 1 0  p e r  c l a s s ,  c o m p u t e  t h e  u p p e r  and  
l o w e r  b o u n d s  f o r  e a c h  c l a s s .
e)  C o u n t  t h e  o b s e r v e d  f r e q u e n c i e s  C i  f o r  t h e  i t h  
c a t e g o r y  i n  K1 c a t e g o r i e s .
f )  C o m p u te  t h e  CS s t a t i s t i c
C S = S U M ( (E i -O i )  * * 2 / E i )  ,  f o r  i = 1 , 2 , . . . , K 1 = 1 0 .
g) S e t  up  t h e  s i g n i f i c a n c e  l e v e l s  A L P H A = 0 . 0 1 ,  0 . 0 5  
a n d  0 . 2  f o r  t h e  h y p o t h e s i s  t e s t s .
h )  F i n d  t h e  c r i t i c a l  v a l u e s ,  CBT,  f o r  t h e  h y p o t h e ­
s i s  t e s t s .  A t  s i g n i f i c a n c e  l e v e l s  A L P H A - 0 . 0 1 ,
0 . 0 5 a n d  0 . 2  w i t h  K 1 - 1 = 9  d e g r e e s  o f  f r e e d o m ,  
C R T = 2 1 . 7 ,  1 6 . 9  1 2 . 2 ,  r e s p e c t i v e l y .
T h e  h y p o t h e s i s  t o  be t e s t e d  a n d  i t s  a l t e r n a ­
t i v e  a r e  a s  f e l l o w s :
HO: T h e  s a m p l e  o f  KL=50  s e t s  i s  a w h i t e  n o i s e
s e q u e n c e  a t  t h e  s i g n i f i c a n c e  l e v e l  ALPHA i f  t h e  
c o m p u t e d  CS v a l u e  i s  l e s s  t h a n  o r  e q u a l  t o  CRT.
HA: T h e  s a m p l e  o f  K L = 5 0  s e t s  i s  n o t  a w h i t e
n o i s e  s e q u e n c e  a t  t h e  s i g n i f i c a n c e  l e v e l  ALPHA 
i f  t h e  c o m p u t e d  CS v a l u e  i s  g r e a t e r  t h a n  CRT.
T e s t  t h e  w h o l e  s e r i e s  o f  I S 2 T = 5 0  s a m p l e s  f o r  w h i t e  
n o i s e  by n u m b e r  o f  s i g n i f i c a n t  s a m p l e s  c o u n t e d  
a b o v e  a n d  b y  m eans  o f  t h e  CS g o o d n e s s  o f  f i t  t e s t .
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A t  s i g n i f i c a n c e  l e v e l  ALPHA, we use  t w o  ways  t o  
j u d g e  w h e t h e r  o r  n o t  t h e  w h o l e  g e n e r a t e d  s e r i e s  i s  
w h i t  n o i s e .  F i r s t ,  I f  t h e  w h o l e  s e r i e s  o f  IS E T = 5 0  
s a m p l e s  i s  r a n d o m ,  t h e n  t h e  n u m b e r  o f  s i g n i f i c a n t  
s a m p l e s  c o u n t e d  o v e r  I S E T = 5 0  s a m p l e s  i s  l e s s  t h a n  
o r  e g u a l  t o  t h e  u p p e r  b o u n d  f o r  n u m b e r  o f  s i g n i f i ­
c a n t  s a m p l e s
( I S E T * A L P H A + Z * ( I S E T * A L P H A *  ( 1 - A L P H A ) ) * * . 5 ) .  S e c ­
o n d ,  I f  t h e  w h o l e  s e r i e s  o f  I S E T = 5 0  s a m p l e s  i s  
r a n d o m ,  t h e n  t h e  1 S E T = 5 0  v a l u e s  o f  CS s t a t i s t i c  
c o m p u t e d  f r o m  e a c h  s a m p l e  h a v e  a c h i - s q u a r e  w i t h  
K 1 - 1 = 9  d e g r e e s  o f  f r e e d o m -  T h u s  we c a n  use  t h e  CS 
g o o d n e s s  o f  f i t  t e s t  t o  c h e c k  w h e t h e r  o r  n o t  t h e  
s e r i e s  i s  r a n d o m .  The  p r o c e d u r e  o f  t h i s  t e s t  i s  
a s  f o l l o w s :
a) Ose t h e  s e c o n d  p r o c e d u r e  m e n t i o n e d  a b o v e  t o  
c o m p u t e  t h e  CS s t a t i s t i c  f o r  e a c h  s a m p l e .  
T h e r e  a r e  IS .E T -5 0  CS s t a t i s t i c s  w h i c h  h a v e  a 
c h i - s q u a r e  d i s t r i b u t i o n  w i t h  K 1 - 1 = 9  d e g r e e s  o f  
f r e e d o m  i f  t h e  w h o l e  g e n e r a t e d  s e r i e s  i s  r a n ­
dom .
b) U s i n g  t h e  c o n v e n t i o n a l  m in im u m  e x p e c t e d  v a l u e  
o f  5 and  C o c h r a n ’ s  m o d e r a t e  n u m b e r  o f  c l a s s e s  
b e t w e e n  1 0  t o  2 5 ,  e s t a b l i s h  m u t u a l l y  e x c l u s i v e  
and  e x h a u s t i v e  c a t e g o r i e s ,  K2 ,  a n d  l e t  K 2 =1 0  
f o r  I S E T = 5 0  i n  t h i s  s t u d y .
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c )  tl s e  e y u a l  p r o b a b i l i t i e s  1 / 1 0  t o  c o m p u t e  t h e  e x ­
p e c t e d  f r e q u e n c i e s  E i  f o r  t h e  i t h  c a t e g o r y .  
E i = 5  f o r  I S E T = 5 0  a n d  P i = 0 . 1.
d) t i n d e r  t h e  n u l l  h y p o t h e s i s  a n d  w i t h  e g u a l  p r o b a ­
b i l i t i e s  1 / 1 0  p e r  c l a s s ,  c o m p u t e  t h e  u p p e r  a n d  
l o w e r  b o u n d s  f o r  e a c h  c l a s s .
e) C o u n t  t h e  o b s e r v e d  f r e q u e n c i e s ,  O i  f o r  t h e  i t h  
c a t e g o r y  i n  K 2  c a t e g o r i e s .
f )  C o m p u t e  t h e  CS s t a t i s t i c
CS=SUH { ( E i - C i J * * 2 / E i ) ,  f o r  i = 1 , 2 , . . . , K 2 = 1 0 .
g) S e t  u p  t h e  s i g n i f i c a n c e  l e v e l s  A L P K A = 0 . 0 1 ,  0 . 0 5  
a n d  0 . 2  f o r  t h e  h y p o t h e s i s  t e s t s .
h) F i n d  t h e  c r i t i c a l  v a l u e , C H I ,  f o r  h y p o t h e s i s  
t e s t s .  A t  s i g n i f i c a n c e  l e v e l s  A L P E A = 0 .0 1 ,  0 . 0 5  
a n d  0 . 2  w i t h  K 2 - 1 = 9  d e g r e e s  o f  f r e e d o m ,  
C B T = 2 1 . 7 ,  1 6 . S a n d  1 2 . 2 ,  r e s p e c t i v e l y .
T h e  h y p o t h e s i s  t o  b e  t e s t e d  a n d  i t s  a l t e r n a ­
t i v e  a r e  a s  f o l l o w s :
HO: T h e  w h o l e  s e r i e s  o f  IS E T = 5 0  s a m p l e s  i s
r a n d o m  a t  t h e  s i g n i f i c a n c e  l e v e l  ALPHA i f  num­
b e r  o f  s i g n i f i c a n t  s a m p l e s  i s  l e s s  t h a n  o r  
e g u a l  t o  i t s  u p p e r  b o u n d ,  o r  i f  t h e  c o m p u t e d  CS 
v a l u e  i s  l e s s  t h a n  o r  e g u a l  t o  COT.
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HA: T h e  w h o l e  s e r i e s  o f  I S E T = 5 0  s a m p l e s  i s  n o t  
w h i t e  n o i s e  a t  t h e  s i g n i f i c a n c e  l e v e l  ALPHA i f  
n u m b e r  o f  s i g n i f i c a n t  s a m p l e s  i s  g r e a t e r  t h a n  
i t s  u p p e r  b o u n d ,  o r  i f  t h e  c o m p u t e d  CS v a l u e  i s  
g r e a t e r  t h a n  C P I .
6 . 3 . 4  No rm a l i z e d  Samp l e  V a r i a n c e  o f  S a m p l e
Sp e c t r a
T h r e e  p r o c e d u r e s  a r e  u s e d  f o r  t e s t i n g  t h e  s e r i e s  f o r  
w h i t e  n o i s e  u s i n g  t h i s  a p p r o a c h .
1 .  T e s t  e a c h  s e t  f o r  w h i t e  n o i s e .
I f  t h e  n u m b e r  o f  d e g r e e s  o f  f r e e d o m  o f  t h e  
s m o o t h e d  s a m p l e  s p e c t r u m  i s  l a r g e ,  t h e  n o r m a l i z e d  
s a m p l e  v a r i a n c e  o f  s a m p l e  s p e c t r a ,  l i k e  t h e  s a m p l e  
v a r i a n c e ,  i s  a p p r o x i m a t e l y  p r o p o r t i o n a l  t o  t h e  
c h i - s g u a r e  d i s t r i b u t i o n  ( P e n d a t  a n d  P i e r s o l ,  1966  
,  p . 3 2 4 ) .
The  P r o c e d u r e  f o r  a c c o m p l i s h i n g  t h e  t e s t  i s  as  
f o l l o w s :
a) S t e p s  a t h r o u g h  i  a r e  t h e  sam e  as  t h o s e i n  t h e  
p r o c e d u r e  o f  " T e s t  e a c h  s e t  f o r  w h i t e  n o i s e "  i n  
s e c t i o n  6 . 3 . 1  i n  t h i s  c h a p t e r .
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b) C o m p u te  t h e  n o r m a l i z e d  s a m p l e  v a r i a n c e : N S V A R s c
N 5 V A R s c = S V A R s c / n s c * * 2 .
c )  C o m p u te  t h e  n o r m a l i z e d  t h e o r e t i c a l  v a r i ­
a n c e :  KVA Bsc
N V A E s c = V A R s c / P * * 2 .
d) S e t  u p  t h e  c o n f i d e n c e  i n t e r v a l  f o r  t h e  s a m p l e  
n o r m a l i z e d  v a r i a n c e
NSVARsc*CS ( A L P H A / 2 ) / ( 1 - 1 )  ,
NSVARsc*C  S ( 1 - A L P H A /2 )  /  ( L— 1) .
T h e  h y p o t h e s i s  and  i t s  a l t e r n a t i v e  a r e :
HO: The  s e r i e s  x i s  w h i t e  n o i s e  a t  t h e  s i g n i ­
f i c a n c e  l e v e l  A I  PH A i f  t h e  NSVABsc i s  i n  t h e  
h y p o t h e t i c a l  c o n f i d e n c e  i n t e r v a l s .
HA: T h e  s e r i e s  x i s  n o t  w h i t e  n o i s e  a t  t h e
s i g n i f i c a n c e  A IPHA i f  t h e  NSVABsc i s  o u t s i d e  
t h e  c o n f i d e n c e  i n t e r v a l s .
2 .  T e s t  e a c h  s a m p l e  o f  K L = 5 0  s e t s  f o r  w h i t e  n o i s e  b y
m eans  o f  a CS g o o d n e s s  o f  f i t  t e s t .
I f  t h e  s a m p l e  o f  K L = 5 0  s e t s  i s  r a n d o m ,  t h e n  t h e
KL h a s  f i f t y  s t a t i s t i c s  { ( L - 1 ) * N S V A R s c / N V A R s c )  
c o m p u t e d  f r o m  e a c h  s e t  h a v e  a c h i - s g u a r e  w i t h  
L - 1 = 3 0  d e g r e e s  o f  f r e e d o m .  T h u s  we c a n  u s e  t h e  CS 
g o o d n e s s  o f  f i t  t e s t  t o  c h e c k  w h e t h e r  o r  n o t  t h e  
s a m p l e  i s  r a n d o m .
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The  p r o c e d u r e  i s  a s  f e l l o w s :
a) Use  p r o c e d u r e  d e r i v e d  a b o v e  t o  c o m p u t e  t h e  
NSVARsc s t a t i s t i c  f o r  e a c h  s e t .  i f  t h e  s a m p l e  
i s  r a n d o m ,  t h e r e  a r e  K L =5 0  s t a t i s t i c s  
( ( L - 1 ) * N S V A R s c /N V A R s c )  w h i c h  h a v e  t h e  c h i -  
s q u a r e  d i s t r i b u t i o n  w i t h  K - 1 = 3 0  d e g r e e s  o f  
f r e e d o m .
b) U s i n g  t h e  c o n v e n t i o n a l  m in im u m  e x p e c t e d  v a l u e  
o f  5 and  C o c h r a n ' s  m o d e r a t e  n u m b e r  o f  c l a s s e s  
b e t w e e n  10 t o  2 5 ,  e s t a b l i s h  m u t u a l l y  e x c l u s i v e  
and  e x h a u s t i v e  c a t e g o r i e s , K 1 ,  f o r  KL s a m p l e s  
and  l e t  K 1 = 1 0  f o r  K L = 5 G .
c )  Use e q u a l  p r o b a b i l i t i e s  1 / 1 0  t o  c o m p u t e  t h e  e x ­
p e c t e d  f r e q u e n c i e s  E i  f o r  t h e  i t h  c a t e g o r y .  
F i n d  E i = 5  f o r  KL=50  a n d  P i = 0 . 1.
d) U n d e r  t h e  n u l l  h y p o t h e s i s  a n d  e q u a l  p r o b a b i l i ­
t i e s  1 / 1 0  p e r  c l a s s ,  c o m p u t e  t h e  u p p e r  a n d  
l o w e r  b o u n d s  f o r  e a c h  c l a s s .
e )  C o u n t  t h e  o b s e r v e d  f r e q u e n c i e s  O i  f o r  t h e  i t h  
c a t e g o r y  i n  K 1 c a t e g o r i e s .
f )  C o m p u te  t h e  CS s t a t i s t i c
CS=SUM { ( E i - G i ) * * 2 / E i ) ,  f o r  i =  1,  2 ,  .  .  .  ,  K 1 = 1 0 .
g) Set.  up  t h e  s i g n i f i c a n c e  l e v e l s  A L P H A - 0 . 0 1 ,  0 . 0 5  
a n d  0 . 2  f o r  t h e  h y p o t h e s i s  t e s t s .
h) F i n d  t h e  c r i t i c a l  v a l u e , C R T ,  f o r  h y p o t h e s i s  
t e s t s .  A t  s i g n i f i c a n c e  l e v e l s  A L P H A = 0 . 0 1 ,  0 . 0 5  
a n d  0 . 2  w i t h  K 1 - 1  = 9 d e g r e e s  o f  f r e e d o m ,  
C R T = 2 1 . 7 ,  1 6 . 9  a n d  1 2 - 2 ,  r e s p e c t i v e l y .
The  h y p o t h e s i s  t o  be  t e s t e d  a n d  i t s  a l t e r n a ­
t i v e  a r e  a s  f e l l o w s :
HO: T h e  s a m p l e  o f  K L = 5 0  s e t s  i s  a w h i t e  n o i s e
s e r i e s  a t  t h e  s i g n i f i c a n c e  l e v e l  ALPHA i f  t h e  
c o m p u t e d  CS v a l u e  i s  l e s s  t h a n  o r  e g u a l  t o  CRT.
HA: T h e  s a m p l e  o f  K L = 5 0  s e t s  i s  n o t  a w h i t e
n o i s e  s e r i e s  a t  t h e  s i g n i f i c a n c e  l e v e l  ALPHA i f  
t h e  c o m p u t e d  CS v a l u e  i s  g r e a t e r  t h a n  CRT-
T e s t  t h e  w h o l e  s e r i e s  o f  I S S T = 5 0  s a m p l e s  f o r  w h i t e  
n o i s e  by n u m b e r  o f  s i g n i f i c a n t  s a m p l e s  c o u n t e d  
a b o v e  a n d  b y  m eans  o f  t h e  CS g o o d n e s s  o f  f i t  t e s t .
A t  s i g n i f i c a n c e  l e v e l  ALPHA, we u s e  t w o  w a y s  t o  
j u d g e  w h e t h e r  o r  n o t  t h e  w h o l e  g e n e r a t e d  s e r i e s  i s  
w h i t  n o i s e .  F i r s t ,  I f  t h e  w h o l e  s e r i e s  o f  I S E T = 5 0  
s a m p l e s  i s  r a n d o m ,  t h e n  t h e  n u m b e r  o f  s i g n i f i c a n t  
s a m p l e s  c o u n t e d  o v e r  I 5 E T = 5 0  s a m p l e s  i s  l e s s  t h a n  
o r  e g u a l  t o  t h e  u p p e r  b o u n d  f o r  n u m b e r  o f  s i g n i f i -
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c a n t  s a m p l e s
( I S E T * A L P H A + Z *  ( IS E T * A L P H A *  ( 1 - A L P H A ) ) * * . 5 ) .  S e c ­
o n d ,  I f  t h e  w h o l e  s e r i e s  o f  I S E T = 5 0  s a m p l e s  i s  
r a n d o m ,  t h e n  t h e  I 5 E T = 5 0  v a l u e s  o f  t h e  CS s t a t i s ­
t i c  c o m p u t e d  f r c m  e a c h  s a m p l e  h a v e  a  c h i - s g u a r e  
d i s t r i b u t i o n  w i t h  K 1 - 1 = 9  d e g r e e s  o f  f r e e d o m .  T h u s  
we c a n  use  t h e  CS g o o d n e s s  o f  f i t  t e s t  t o  c h e c k  
w h e t h e r  o r  n o t  t h e  s e r i e s  i s  r a n d o m .  T h e  e x p e c t a ­
t i o n  o f  t h i s  p r o c e d u r e  i s  a s  f o l l o w s ;
a)  Use t h e  s e c o n d  p r o c e d u r e  d e r i v e d  a b o v e  t o  com­
p u t e  t h e  CS s t a t i s t i c  f o r  e a c h  s a m p l e .  I f  t h e  
w h o l e  g e n e r a t e d  s e r i e s  i s  r a n d o m ,  t h e r e  a r e  
IS E T = 5 Q  CS s t a t i s t i c s  w h i c h  h a v e  a  c h i - s q u a r e  
d i s t r i b u t i o n  w i t h  K 1 - 1 = 9  d e g r e e s  o f  f r e e d o m .
b )  U s i n g  t h e  c o n v e n t i o n a l  m in im u m  e x p e c t e d  v a l u e  
o f  5 a n d  C o c h r a n ’ s  m o d e r a t e  n u m b e r  o f  c l a s s e s  
b e t w e e n  10 t o  2 5 ,  e s t a b l i s h  m u t u a l l y  e x c l u s i v e  
a n d  e x h a u s t i v e  c a t e g o r i e s ,  K2 ,  and  l e t  K2 = 1 0  
f o r  I S E T = 5 Q  i n  t h i s  s t u d y .
c )  Use  e q u a l  p r o b a b i l i t i e s  1 / 1 0  t o  c c i a p u t e  t h e  e x ­
p e c t e d  f r e q u e n c i e s  E i  f o r  t h e  i t h  c a t e g o r y .  
E i = 5  f o r  I S E T = 5 0  a n d  P i = 0 . 1 .
d) U n d e r  t h e  n u l l  h y p o t h e s i s  a nd  e q u a l  p r o b a b i l i ­
t i e s  1 / 1 0  p e r  c l a s s ,  c o m p u t e  t h e  u p p e r  a n d  
l o w e r  b o u n d s  f o r  e a c h  c l a s s .
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e) C o u n t  t h e  o b s e r v e d  f r e q u e n c i e s ,  C i  f o r  t h e  i t h  
c a t e g o r y  i n  K2  c a t e g o r i e s .
f )  C o m p u te  t h e  CS s t a t i s t i c
CS=SUI1 { ( E i - O i )  * * 2 / E i )  ,  f o r  i = 1 , 2 , . . . , K 2 = 1 0 .
g) S e t  up  s i g n i f i c a n c e  l e v e l s  A L P H A = 0 .0 1 , 0 . 0 5  a nd  
0 . 2  f o r  t h e  h y p o t h e s i s  t e s t s .
h )  F i n d  t h e  c r i t i c a l  v a l u e s ,  CRT, f o r  t h e  h y p o t h e ­
s i s  t e s t s .  A t  t h e  s i g n i f i c a n c e  l e v e l s  A l -  
P H A = 0 .0  1 ,  0 . 0 5  a n d  0 . 2  w i t h  K 2 - 1 = 9  d e g r e e s  o f
f r e e d o m ,  C R T = 2 1 . 7 ,  1 6 . 9  a n d  1 2 . 2 ,  r e s p e c t i v e l y .
The  h y p o t h e s i s  t o  b e  t e s t e d  and  i t s  a l t e r n a ­
t i v e  a r e  as  f c l l c w s :
HO: The  w h o l e  s e r i e s  o f  I S F T = 5 0  s a m p l e s  i s  a
w h i t e  n o i s e  a t  t h e  s i g n i f i c a n c e  l e v e l  ALPHA i f  
n u m b e r  o f  s i g n i f i c a n t  s a m p l e s  i s  l e s s  t h a n  o r  
e q u a l  t o  i t s  u p p e r  b o u n d ,  o r  i f  t h e  c o m p u t e d  CS 
v a l u e  i s  l e s s  t h a n  o r  e g u a l  t o  CRT.
HA; T h e  w h o l e  s e r i e s  o f  I S E T = 5 0  s a m p l e s  i s  n o t  
a w h i t e  n o i s e  a t  t h e  s i g n i f i c a n c e  l e v e l  ALPHA 
i f  n u m b e r  o f  s i g n i f i c a n t  s a m p l e s  i s  g r e a t e r  
t h a n  i t s  u p p e r  b o u n d ,  o r  i f  t h e  c o m p u t e d  CS v a ­
l u e  i s  g r e a t e r  t h a n  CR T .
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K e s u l t s  o f  t e s t s  o f  t h e  s e r i e s  f o r  w h i t e  n o i s e  by s p e c ­
t r a l  a n a l y s i s  a r e  o u t l i n e d  i n  T a b l e s  8  a n d  9 .  D i s t r i b u t i o n s  
o f  s a m p le  s p e c t r a  a n d  s a m p l e  means o f  s p e c t r a  a r e  l i s t e d  i n  
T a b l e  8 .  S a m p le  v a r i a n c e s  a n d  n o r m a l i z e d  s a m p l e  v a r i a n c e s  
o f  s p e c t r a  a r e  e x h i b i t e d  i n  T a b l e  9 .  A l l  i n f o r m a t i o n  i n  t h e  
t a b l e s  w e re  d e r i v e d  f r o m  50 i n d e p e n d e n t  s a m p l e s  w i t h  50  s e t s  
p e r  s a m p le  a n d  1 2 0 0  n u m b e r s  p e r  s e t .
L i k e  t h e  a u t o c o r r e l a t i o n  t e s t s ,  we c o m p u t e d  31 s a m p l e  
s p e c t r a  o v e r  50 s e t s  f o r  e a c h - s a m p l e ,  a n d  we o b t a i n e d  a d i s ­
t r i b u t i o n  o f  s a m p l e  s p e c t r a  f o r  t h a t  s a m p l e .  I f  t h e  s e r i e s  
i s  w h i t e  n o i s e ,  t h e  d i s t r i b u t i o n  o f  s i g n i f i c a n t  s p e c t r a  h a s  
a u n i f o r m  d i s t r i b u t i o n  w i t h  50 *A LP H A  e x p e c t e d  n u m b e r s  o f  
s i g n i f i c a n t  s p e c t r a .  C o lu m n s  7 ,  8 , a n d  9 i n  T a b l e  8  s how
t h e  n u m b e r s  o f  s i g n i f i c a n t  s a m p l e s  f o r  a l l  50  i n d e p e n d e n t  
s a m p l e s  a t  l e v e l s  0 . 2 ,  0 . C 5 ,  a n d  0 . 0 1 ,  r e s p e c t i v e l y .  T h e y  
w e r e  o b t a i n e d  b y  c o m p a r i n g  t h e  o b s e r v e d  c h i - s q u a r e  v a l u e s  
w i t h  30  d e g r e e s  o f  f r e e d o m  d e r i v e d  f r o m  t h e  d i s t r i b u t i o n  o f  
s i g n i f i c a n t  s p e c t r a  w i t h  t h e i r  c o r r e s p o n d i n g  c r i t i c a l  v a ­
l u e s .  C o l u m n s  1 0 ,  1 1 ,  a n d  1 2 ,  h o w e v e r ,  s u m m a r i z e  t h e  g r a n d  
c h i - s g u a r e  v a l u e s  w i t h  9 d e g r e e s  o f  f r e e d o m  f o r  t h e  w h o l e  
s e r i e s  a t  s i g n i f i c a n c e  l e v e l s  0 . 2 ,  0 . 0 5  a n d  0 . 0 1 ,  r e s p e c ­
t i v e l y .  T h e y  w e r e  d e r i v e d  f r c m  50 c h i - s g u a r e  v a l u e s  w i t h  3 0  
d e g r e e s  o f  f r e e d o m .
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I n  a d d i t i o n ,  we c o m p u t e d  t h e  s a m p l e  m eans ,  v a r i a n c e s ,  a n d  
n o r m a l i z e d  v a r i a n c e s  o f  t h e  31 s a m p l e  s p e c t r a -  F o r  e a c h  
s a m p l e ,  we h a v e  50 s a m p l e  m e a n s ,  50  s a m p l e  v a r i a n c e s  a n d  5 0  
n o r m a l i z e d  s a m p l e  v a r i a n c e s .  He t h e n  u s e d  c h i - s q u a r e  g o o d ­
n e s s  o f  f i t  t e s t  t o  t e s t  w h e t h e r  o r  n o t  t h e  d i s t r i b u t i o n  o f  
s a m p l e  m eans  h a v e  a n o r m a l  d i s t r i b u t i o n  a n d  t h e  d i s t r i b u t i o n  
o f  s a m p l e  v a r i a n c e s  a n d  n o r m a l i z e d  s a m p l e  v a r i a n c e s  h a v e  a 
p r o p o r t i o n a l  c h i - s q u a r e  d i s t r i b u t i o n  w i t h  30  d e g r e e s  o f  
f r e e d o m .
S i m i l a r l y  t h e  o t h e r  t y p e s  o f  s t a t i s t i c a l  t e s t s  i n  t h e  
p r e v i o u s  c h a p t e r ,  we c o u n t e d  t h e  n u m b e r s  o f  s i g n i f i c a n t  s am ­
p l e s  a n d  c o m p u t e d  t h e  g r a n d  c h i - s q u a r e  v a l u e s  f o r  t h e  w h o l e  
g e n e r a t e d  s e r i e s .  T h e  n u m b e r s  o f  s i g n i f i c a n t  s a m p l e s  a n d  
t h e  g r a n d  c h i - s q u a r e  v a l u e s  o f  s a m p l e  means a r e  a r r a n g e d  i n  
c o l u m n s  3 ,  h ,  5 ,  a n d  6  i n  T a b l e  8 . H o w e v e r ,  t h e  n u m b e r s  o f  
s i g n i f i c a n t  s a m p l e s  a n d  t h e  g r a n d  c h i - s q u a r e  v a l u e s  o f  s am ­
p l e  v a r i a n c e s  a n d  n o r m a l i z e d  s a m p l e  v a i r a n c e s  a r e  l i s t e d  i n  
T a b l e  9 .
T a b l e s  8  a n d  9 ,  e a c h  s h o w s  12 p o s s i b l e  r e j e c t i o n s -  I n  
T a b l e  8 ,  s i x  o f  t h e m  r e s u l t  f r o m  t e s t i n g  means o f  s a m p l e  
s p e c t r a  ( C o l u m n s  3 ,  4 ,  5 ,  a n d  6 ) ;  t h e  o t h e r  s i x  r e s u l t  f r o m  
t e s t i n g  d i s t r i b u t i o n s  o f  s a m p l e  s p e c t r a  ( C c lu m n s  7 ,  8 , 9 ,  
1 0 ,  1 1 ,  a n d  1 2 ) .  I n  T a b l e  9 ,  6  o f  12 p o s s i b l e  s i g n i f i c a n t  
r e s u l t s  c o m e  f r o m  i n v e s t i g a t i n g  v a r i a n c e s  o f  s a m p l e  s p e c t r a
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( C o lu m n s  3 ,  4 ,  5 ,  a n d  6 ) and  t h e  e t h e r  6  a r e  f r o m  n o r m a l i z e d  
v a r i a n c e s  o f  s a m p l e  s p e c t r a  ( C c lu m n s  7 ,  8 ,  9 a n d  1 0 ) .
F o r  e a c h  s e t  o f  s i x  p o s s i b l e  r e j e c t i o n s ,  t h r e e  a r e  i n d i ­
c a t e d  b y  t h e  n u m b e r s  o f  s i g n i f i c a n t  s a m p l e s ,  a n d  t h e  o t h e r  
t h r e e  a r e  p o i n t e d  o u t  b y  t h e  g r a n d  c h i - s g u a r e  v a l u e s  a t  l e v ­
e l s  0 . 2 ,  0 . 0 5  a nd  0 . 0 1 .  C o lu m n  2 e x i h i b i t s  a c t u a l  t o t a l
n u m b e r s  o f  r e j e c t i o n s  . f rom  t h e  d i s t r i b u t i o n s  o f  s a m p l e  s p e c ­
t r a  a n d  t h e  means  o f  s a m p l e  s p e c t r a  and  f r o m  v a r i a n c e s  a n d  
n o r m a l i z e d  v a r i a n c e s  o f  s a m p l e  s p e c t r a  i n  T a b l e  8  a n d  9 ,  
r e s p e c t i v e l y .
I n  t h e  t e s t  u s i n g  s a m p l e  s p e c t r a ,  ( i n  T a b l e  8 ) ,  a t  l e v e l s  
0 . 2  a n d  0 . 0 5 ,  n o  g e n e r a t o r  o r  c o m b i n a t i o n  p a s s e s  t h e  t e s t  
e i t h e r  f r o m  s t u d i n g  n u m b e r s  o f  s i g n i f i c a n t  s a m p l e s  o r  g r a n d  
c h i - s g u a r e  v a l u e s  ( C o l u m n s  3 ,  4 ,  a n d  6 ) .  E v e n  a t  l e v e l
0 . 0 1 , o n l y  a f e w  g e n e r a t o r s  o r  c o m b i n a t i o n s  p a s s  t h e  t e s t -  
RANDfJ, R. S h o r e ,  a n d  M E M  w i t h  BMI p a s s  t h e  t e s t  b o t h  f r o m  
t h e  v i e w s  o f  n u m b e r s  o f  s i g n i f i c a n t  s a m p l e s  a n d  g r a n d  c h i -  
s g u a r e  v a l u e s .  ADRAND, URAND, R . S h o r e  w i t h  BM'I, R S H w i t h  
H S I ,  a n d  L & L w i t h  BMJ p a s s  t h e  t e s t  f r o m  t h e  v i e w  o f  t h e  
n u m b e r s  o f  s i g n i f i c a n t  s a m p l e s  ( C o lu m n  5 and  6  i n  T a b l e  8 ) .
T h e  r e s u l t s  o f  t h e  t e s t s  b y  d i s t r i b u t i o n  o f  s a m p l e  s p e c ­
t r a  a r e  v e r y  s i m i l i a r ,  a s  t h e  o n e s  f r o m  d i s t r i b u t i o n  o f  l a g s .  
I t  i s  t o  be  e x p e c t e d  s i n c e  s p e c t r a l  a n a l y s i s  a n d  a u t o c o r r e -
Table 3
Means and D i s t r i b u t i o n  of  Sample Specta
G e n e r a t o r s /  1Ho 3| .'leans ( D i s t r i b u t i o n  o f  S p e c t r a
C o m b in a t io n s !  o f  | »  o f  S i g .  S C h i - S .  |S o f  S ig . S)  C h i - s q u a r e - V a l u e s  
| H e j | 0 . 2 | - 0 5 | .011 V a l u e s 1 0 . 2 1. 0 5 1 . 0 1 1  0 . 2  | 0 . 0 5  1 0 . 0 1  
CD 1(2)  | ( 3 )  | (4)  | ( 5 )  | (6 )  | ( 7 ) | ( 3 ) | ( 9 ) 1  (10)  J (11 )  | (12)
ADRAND 7 20s 7s 1 3 8 . 0 * * * 4 0 0 2 9 . 2 s 1 3 . 2 7 5 - 6 s
R ANDO 7 15s 7s 0 1 7 . 6  * * 1 0 1 3 3 . 6 s 2 0 . 4 s 9 8 . 0 s
L 6 L 8 19s 9s 3s 3 2 . 8 * * * 5 0 0 1 4 .8 s 1 5 . 6 1 0 0 . 4 s
M S H 8 2 4 s 7 s 3s 3 2 . 8 * * * 2 0 0 2 4 . 8 s 1 2 . 4 5 7 . 2 s
URAND 7 20s 3 s 2 2 2 . C * * * 2 2 2 2 3 . 6 s 1 2 . 8 53.  2s
R .  Sh ore 7 I S s t- 5 2 2 1 . 2  * * 3 0 1 3 1 . 6 s 1 7 . 6 s 6 6 .  4 s
GGOSS 9 19s 10s 4s 32.  4 * * * 5 0 0 15 .6 s 2 0 . 4 s 8 6 . 8 s
ADRAH0 - DM I 8 25s 12s Us 4 2 .  8 * * * 2 2 0 3 6 . 8 s 13.  6 5 6 . 8 s
RANDU-BKX 9 25s Ids 6s 7 2 . 0 * * * 1 5 3s 4 6 . 0 s 1 0 . 4 4 6 . 4 s
L F, 1 -3  MI 9 25s 13s Us 4 5 . 6 * * * 2 0 0 3 9 . 2 s 2 0 . 0 s 6 7 . 2 s
M 6 M-BMI 6 2 0 s 7 s 2 1 7 . 6  * * 2 0 1 4 0 .4 s 1 4 - 0 2 8 . 8 s
ORAN D-BMI 9 22s 12s 6s 2 7 . 6 * * * 1 1 2 6 1 . 2 s 2 3 . 2 s 37. 2s
R .  Shore-BMI 9 19s 9 s 1 34.  0 * * * 1 2 3s 5 3 . 2  s 1 8 . 3 s 52.  8s
GGUDS-BMI 9 23 s 103 5s 4 6 . 0  *  *  * 3 0 0 31.  6s 1 7 . 2 s 6 3 . 6 s
ADRAN D-i ISI 9 26s 15s 8 s 5 2 . 8 * * * 3 . 1 5 s 14. Us 14. 0 5 1 .2s
RAND’J -HSI 8 20s 8s Us 3 9 . 6 * * * 0 1 0 3 9 . 6 s 3 . 4 53.  2s
L 6 L-HSI 3 30 s 1 o s 7 s 6 4 . 0 * * * 5 2 1 2 7 .  2s 9 . 2 4 1 . 2 c
M F. K—US X 7 2 2s 11s 2 3 6 . 4 * * * 2 3 2 2 3.  fcs 6 . 8 35.i>s
ORAND-llSI 6 25s 15s 3s 4 3 .  6 * *  * 1 3 2 6 6 .  4s 1 3 .6 4 0 . 0 s
R.  Shore-H SI 0 25s 10s 3s 35.  6 * * * 1 2 2 3 7 . 2 s 1 3 . 6 5 4 . 0 s
GGUDS-HS1 b 29 s 17s 7 s 6 6 . 8 * * * 6 2 0 2 8 . 8 s 8 . 4 4 6 .  0 s
ADRAND- BMJ 12 32s 17s 9s 83 . »>** * ij 2 s 44 s 50s 2 1 3 . 2 s 39 2. Us 3 7 4 . 0  f.
P.ANDU-DMJ 8 21s 1 is 3s 2 7 . 2 * * * i 0 1 3 3 . 4 s 1 5 . 6 5.6. 4s
L C L-BKJ 8 25s 9s 1 4 1 . 6 * * * 1 4 1 2 8 . 0 s 18.  4s 54.  8s
ti S I1-BMJ 3 2 0s 11 s Us 3 5 . 6 * *  * 2 0 1 4 5 .2 s 1 1 . 2 41 . 6s
U RAHD-BHJ 8 20s 13s 5s 5 2 . 4 * * * 2 1 2 3 0 . 8 s 1 4 .0 45.  2s
R.  S h o r e -B 11J 9 23s 123 7s 2 0 . 0 * * * 2 3 3s 4 8 . 4 s 10 .8 32.  8s
GGUBS-bMJ 7 26 s 10s 2 4 2 . 0 * * * 1 2 1 3 2 . 8 s 1 6 . 0 5 4 . 8  s
GGNPM 9 27s 1 4S Us 7 1 . 6 * * * 1 1 1 4 2 . 8 s 2 6 . 0 s 6 5 .  2s
GGNML 8 30s 14s 6s 8 7 . 6 * * * 4 2 0 3 1 . 2 s 9 . 2 4 6 . 0 s
* :  S i g n i f i c a n t  a t  l e v e l  0 . 2
* * :  s i g n i f i c a n t  a t  l e v e l s  0 . 2  and 0 . 0 5 .
* * * ;  S i g n i f i c a n t  a t  l e v e l s  0 . 2 ,  0 . 0 5  and 0 . 0 1 .  
s:  S i g n i f i c a n t  a t  l e v e l  AT.P1IA.
■3: T o t a l  number o f  r e j e c t i o n s  i s  12.
BKI:  S t a n d s  f o r  B o x - M u l l e r  I n v e r s e .
8MJ: S tands  f o r  B o x - M u l l e r  R e j e c t i o n .
K S I :  St ands  f o r  M a s t i n g  I n v e r s e .
Upper  bound f o r  t h e  nur.ber o f  s i g n i f i c a n t  samples a t  
l e v e l s  0 . 2 ,  0 . 0 5  and 0 . 0  1 a r e  12, 5 ,  and 2, r e s p e c t i v e l y .  
C r i t i c a l  c h i - s g u a r e  v a l u e s  f o r  the  whole g e n e r a t e d  s e r i e s  
a r e  1 2 . 2 ,  1 6 . 9  and 2 1 . 7  f o r  s i g n i f i c a n c e  l e v e l s  0 . 2 ,  0 . 0 5  and
0 . 0 1 ,  r e s p e c t i v e l y .
161
l a t i o n  a n a l y s i s  a r e  s i m p l y  F o u r i e r  t r a n s f o r m s  e a c h  o t h e r .
L i h e  t h e  r e s u l t s  o f  t h e  d i s t r i b u t i o n  o f  l a g s ,  AD8 AND w i t h
BMJ y i e l s  v e r y  p o o r  r e s u l t s  as  i n d i c a t e d  by  t h e  n u m b e r s  o f
s i g n i f i c a n t  s a m p l e s  a n d  t h e  g r a n d  c h i - s g u a r e  v a l u e s .  J u d g e d
b y  t h e  n u m b e r  o f  s i g n i f i c a n t  s a m p l e s ,  w i t h  t h e  e x c e p t i o n  o f
ADRAND w i t h  EMJ,  a l l  o f  g e n e r a t o r s  a nd  c o m b i n a t i o n s  p a s s  t h e
t e s t  a t  l e v e l s  0 . 2  a n d  0 . 0 5 ;  a f e w ,  RANBU w i t h  B M I ,  R. S h o r e  
w i t h  B M I ,  a n d  AERAND w i t h  HS.I ,  do  n o t  p a s s  t h e  t e s t  a t  l e v e l  
0 . 0 1 .  J u d g e d  b y  t h e  g r a n d  c h i - s g u a r e  v a l u e s ,  no  g e n e r a t o r s
o r  c o m b i n a t i o n s  p a s s  t h e  t e s t  a t  l e v e l  0 . 2  o r  0 . 0 1 .  T h e  
r e a s o n s  a r e  t h e  same a s  d i s c u s s e d  r e l a t i v e  t o  t h e  d i s t r i b u ­
t i o n  o f  a u t o c o r r e l a t i o n  l a g s .  T h e y  a r e  r e j e c t e d  b e c a u s e  
t h e y  g e n e r a t e d  t o o  many w h i t e  n o i s e  s a m p l e s  ( C o lu m n  7 ,  8 ,
a n d  9 i n  T a b l e  8 ) a n d  t o o  e v e n l y  d i s t r i b u t e d  n u m b e r s  ( T a b l e  
1 0  a n d  1 1 ) i n  t h e  s e r i e s .
B r i e f l y ,  no  g e n e r a t o r  o r  c o m b i n a t i o n  p e r f o r m s  w e l l  i n  t h e  
t e s t s  o f  m eans  a n d  d i s t r i b u t i o n s  o f  s a m p l e  s p e c t r a ;  e s p e ­
c i a l l y  ADRAND w i t h  BNJ w h i c h  h a s  12 r e j e c t i o n s  o u t  o f  t h e  12 
p o s s i b l e .  E v e n  t h e  b e s t  c o m b i n a t i o n ,  M S M w i t h  B M I ,  i n  
t h i s  t e s t ,  h a s  6  s i g i n i f i c a n t  v a l u e s  o u t  o f  1 2  p o s s i b l e .  
T h e  r e a s o n  p r o b a b l y  i s  t h a t  s p e c t r a l  a n a l y s i s  i s  a d i f f i c u l t  
t e s t  t o  p a s s .  H e n c e  f e w  g e n e r a t o r s  o r  c o m b i n a t i o n s  c a n  p a s s  
t h e  t e s t .
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C o n c e r n i n g  t h e  t e s t s  o f  v a r i a n c e s  a n d  n o r m a l i z e d  v a r i ­
a n c e s  ( i n  T a b l e  9) a g a i n ,  ADRAND w i t h  Bf*J i s  t h e  w o r s t  p e r ­
f o r m e r -  I t  d o e s  n o t  p a s s  a n y  o f  t h e  t e s t s -  T h e  n e x t  w o r s e  
o n e s  i n  o r d e r ,  a r e  H £ M w i t h  B H I ,  URAND w i t h  R S I ,  URAND 
w i t h  BMJ,  ADRAND w i t h  B H I ,  I  & I  w i t h  B H I ,  GGUES, GGOBS w i t h  
B H I ,  GGDBS w i t h  H S I ,  a n d  GGNHI,  t h e y  h a v e  7 ,  7 ,  7 ,  6 ,  6 ,  6 ,
6 ,  6 , 6  r e j e c t i o n s ,  r e s p e c t i v e l y -
T h e  b e s t  g e n e r a t o r s  o r  c o m b i  n a t i o n s  b y  t h e s e  t e s t s  a r e  L 
S 1 a n d  R- S h o r e  w i t h  E f t J - T h e y  p a s s  a l l  o f  t h e  t e s t s  a t  
a l l  s i g n i f i c a n c e  l e v e l s  i n v e s t i g a t e d  h e r e -  N e x t  t o  t h e s e  
t w o ,  RANDU w i t h  H S I ,  BANDU w i t h  EHJ,  h a v e  1 s i g i n i f i c a n t
t e s t  o u t  o f  12 p o s s i b l e  o n e s .  T h e s e  a r e  f o l l o w e d  b y  ADRAND, 
RANBU, L  £ L w i t h  BMJ, GGUBS w i t h  BMJ a n d  H S H w i t h  BM J ,  
w i t h  2 r e j e c t i o n s  e a c h .  The  r e m a i n i n g  g e n e r a t o r s  o r  c o m b i ­
n a t i o n s  h a v e  3 t o  5 r e j e c t i o n s  e a c h  ( C o lu m n  2 ) .
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T a b l e  9
S p e c t r a l  A n a l y s i s  by V a r i a n c e  and  N. V a r i a n c e
G e n e r a t o r s /  l l ioci) |  V a r i a n c e  J N o r m a l i z e d  V a r i a n c e
C o m b i n a t i o n s | o f  |#  o f  S i g  Samp | C h i - S . | #  o f  S i g  Samp J C h i - S .
| Re j  J 0 . 2  1 0 . 0 5 1 0 . 0 1 J V a l u e s J  0 . 2 1 0 . 0 5 } 0 . 0 1 1 V a l u e s
( 1 ) 1 (2 )1  (3) I (4) I (5) I ( 6 ) I (7 )  I ( 8 ) I ( 0 ) | ( 1 0 )
ADRAND 2 14s 2 0 5. 2 13s 3 1 1 1  . 6
RANDU 2 1 2 4 1 1 2 .  0 14s 4 1 1 2 . 4 *
L S L 0 11 5 2 8 . 4 1 0 5 2 1 0 . 0
U 8  M 3 1 7 s 2 0 1 4 . 0 * 15s 3 0 7 . 6
URAND 5 1 4 s 8  s 4 s 9 . 6 16s 7 s 1 1 0 . 0
R. S h o r e 3 17s 3 0 1 2 . 0 1 4 s 6 s 2 8 . 4
GGUBS 6 1 4 s 7s 3s 8 . 8 1 2 7s 3 s 1 3 . 6 *
ADRAND—3 M I 6 14 s 6 3 0 2 0 . 4 * * 14s 7 s 2 8 . 0
RANPU-BMI 3 1 2 5 4 s 1 5 . 6 * 1 4 s 2 1 1 2 . 0
L 6  I - B M I 6 19s 9 s 1 1 8 . 0 * * 1 3 s 4 2 1 6 . 8 *
M & M-BMI 7 1 7 s 4 0 2 2 . 0 * * * 19s 3 0 2 0 . 0 * *
U RAN D -B M I 3 17s 2 0 1 3 . 2 * 1 2 3 0 1 4 . 8 *
R. S h o r e - B H I 5 19s 9s 5s 1 5 . 2 * 16s 3 0 1 2 . 0
GGUBS-BMI 6 18s 9s 1 15. 2 * .14s 4 2 1 7 . 2 * *
ADRAND-HSI 5 1 3 s 2 1 1 1 . 6 2 0 s 8 s 0 2 0 . 4 * *
RAN DU -H S I 1 5 1 0 1 2 . 4 * 1 1 3 0 2 . 4
L 6  L - H 3 I 5 13s 5 1 1 5 . 2 * 1 3s 5 3 s 1 3 . 2 *
M 6  M-HSI 4 13 s 2 1 9 .  6 15s 5 1 2 1 . 2 * *
UR AN D-HSI 7 19s 7s 1 13.  2 * 2 0 s 4 1 2 2 . 0 * * *
R.  S h o r e - H S I 5 17s 4 2 1 4 . 8 * 1 4 s 6 s 4 s 8 . 0
GGUB S -H S I b 15s 6 s 2 16. 4 * 19s 4 4 s 1 3 . 6 *
ADRAND-BM J 1 2 50 s 5 0 s 4 9 s 450 *** 5 0 s 5 0 s 5 0 s 4 5 0 * * *
RAN DU-BMJ 1 1 5 s 4 2 5 . 6 11 3 0 1 0 . 4
L S L -BM J 2 8 5 3s 15.  6  * 1 1 5 2 7 . 2
M & M-BMJ 2 1 0 3 0 14. 0 * 13s 4 0 6 . 0
U RAMD-BMJ 7 2 4 s 7s 2 3 2 . 4 * * * 1 3 s 3 1 14. 0 *
R.  S h o r e - B M J 0 1 2 3 0 6 . 8 1 2 5 1 4 . 8
GG UBS-BMJ 2 9 5 3s 14. 8 * 9 4 2 6 . 4
GGNPH 4 1 9 s 8 s 2 1 5.  2 * 18s 3 0 8. 8
GGNML 6 17s 7s 2 1 2 . 4 * 2 0 s 4 4 s 1 5 . 2 *
* :  S i g n i f i c a n t  a t  l e v e l  0 . 2
* * :  S i g n i f i c a n t  a t  l e v e l s  0 . 2  a n d  0 . 0 5 .
* * * :  S i g n i f i c a n t  a t  l e v e l s  0 . 2 ,  0 . 0 5  a nd  0 . 0 1 .  
s :  S i g n i f i c a n t  a t  l e v e l  ALPHA.
<5: T o t a l  n u m b e r  o f  r e j e c t i o n s  i s  12.
B H I : S t a n d s  f o r  B o x - f l u l l e r  I n v e r s e .
BMJ : S t a n d s  f o r  S o x - M u l l e r  R e j e c t i o n .
H S I :  S t a n d s  f o r  H a s t i n g  I n v e r s e .
U p p e r  b o u n d  f o r  t h e  n u m b e r  o f  s i g n i f i c a n t  s a m p l e s  a t
l e v e l s  0 . 2 ,  0 . 0  5 a n d  0 . 0 1  a r e  1 2 ,  5 ,  a nd  2 ,  r e s p e c t i v e l y .
C r i t i c a l  c h i - s g u a r e  v a l u e s  f o r  t h e  w h o l e  j e n e r a t e d  s e r i e s  
a r e  1 2 . 2 ,  1 6 . 9  a nd  2 1 . 7  f o r  s i g n i f i c a n c e  l e v e l s  0 . 2 ,  0 . 0 5
a n d  0 . 0  1, r e s p e c t i v e l y .
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T a b le  10
D i s t r i  b u t  i o n o f 50 C h i “  S ‘"j u a r e s f r o m  D i s t . o f S i g . Spec t r a
At L e v e l 0 . 2
G e n e r a t o r s / I # o f  C h i - 8 q u a r  e V a l u e s i n i t  h C a t e g o r y | C h i -
C o m b i n a t i o n s J 1 I 2  | 3 I 4 J 5 i 6 I 7 I 8 l ^ | 10 I S q u a r e
ADRAND 14 1 0 4 4 5 5 3 1 2 2 2 9 . 2 s
R AS DU 11 7 1 0 9 4 7 1 0 1 0 3 3 . 6 s
L & L 11 6 9 4 4 4 4 3 3 2 1 4 . 8 s
n S fl 11 4 8 5 6 10 2 2 2 0 2 4 . 8 s
U RAND 1 2 9 6 4 5 7 3 2 2 0 2 3 . 6 s
S .  S h o r e 13 1 0 4 7 6 5 0 2 3 0 3 1 . 6 s
GGFJBS 1 1 6 9 4 4 4 3 4 4 1 1 5 . 6 s
ADRAND-BMI 1 1 14 4 7 4 5 0 3 1 1 36® 8 s
RANDB-BMI 11 1 2 4 1 2 7 2 0 1 1 0 4 6 . 0 s
L 8  L - B H I 15 7 1 1 3 4 3 2 3 2 0 3 9 . 2 s
a & M-BM1 15 5 1 2 4 4 3 3 2 2 0 4 0 . 4 s
UK A HD-B MI 19 7 8 3 8 2 2 0 1 0 6 1 . 2 s
3 .  S h o r e - D M I 19 8 4 5 2 5 4 2 0 1 5 3 . 2 s
GGU B S -B M I 13 3 1 1 3 3 3 3 3 3 0 3 1 . 6 s
ADBA MD-HS1 6 9 8 5 8 3 5 3 3 0 1 4 . 4 s
RANDU-HSI 1 1 1 2 10 6 1 6 1 3 0 0 3 9 . 6 s
L & L - H S I 13 1 1 4 2 3 5 5 2 2 3 2 7 .  2s
M & M -H SI 11 8 6 6 9 3 2 1 4 0 2 3 . 6 s
URAMD-HSI 18 9 7 2 1 2 8 2 1 0 56. 4s
R.  S h o r e - H S I 14 9 10 2 5 2 4 3 1 0 3 7 . 2 s
GGUBS-HSI 14 10 4 O 3 5 5 1 3 3 28. 8 s
ADSAND-BMJ 0 0 1 0 1 1 2 2 6 37 2 3 3 . 2s
RANDU-BMJ 10 1 4 5 6 3 3 3 1 1 0 38. 4s
L & L-BM J 11 9 9 7 6 4 1 2 0 1 2 8 . 0 s
H S M-BMJ 17 9 b 6 4 3 2 1 2 0 4 5 . 2 s
USAHD-BMJ 13 7 1 1 4 3 2 5 3 1 1 3 0 .  8 s
R . S h o r e - B M J 16 13 3 5 3 3 2 3 1 1 4 8 . 4 s
3GUBS-BMJ 11 11 8 8 5 4 1 1 0 1 3 2 . 8 s
GGNPM 14 13 7 4 4 2 3 2 1 0 4 2 .  8 s
GGNML 15 8 5 2 4 7 2 1 3 3 3 1 . 2 s
T o t a l  n u m b e r s o f  c h i - s q u a r e  v a l u e s i n e a c h s ample i s  5 0 .
The expected numbers of chi-square values in each category is 5. 
Bounding Chi-Square Values with equal probability for 10 
categories are 1: under 48.23, 2: under 52.49, 3: under 55.72 
4: under 50.58, 5: under 61.33, 6: under 64.18, 7: under 67.32, 
8: under 7 1.11, 9: under 76.62, 10 above 76.62.
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T a b le  11
D i s t r i b u t i o n o f 50 C h i - s g u a r e s  f r o m D i s t O« S i g .  S p e c t a
A t L e v e l  0 . 0 1
G e n e r a t o r s / 1 # o f  C h i - S q u a r e V a l u e s i r i i t h C a t e g o r y l  C h i -
C o m b in a  t i o n s 1 1 1 2 1 3 | 4 I 5 I 6 1 7 1 8 I 9 | 1 0 | S q u a r e
AERAND 2 1 0 9 0 6 0 7 4 2 1 7 5.  6 s
RANDU 24 0 7 0 3 0 9 4 0 3 9 3 . 0 s
L S L 25 0 5 0 7 0 6 3 2 2 1 0 0 . 4 s
ft G ft 15 0 14 0 7 0 6 5 1 2 5 7 . 2 s
URA ND 18 0 9 0 6 0 4 5 3 5 5 3 . 2 s
R. S h o r e 19 0 1 1 0 7 0 4 3 1 5 6 6 . 4 s
GGUBS 23 0 7 0 7 0 6 4 2 1 8 6 - 8 s
ADRAND-BMI 18 0 6 0 6 0 1 0 5 2 3 5 6 . 8 s
BANDU-BMI 14 0 1 0 0 1 0 0 3 3 2 8 4 6 . 4 s
L G L - B M I 1 0 0 1 2 0 16 0 9 2 0 1 6 7 . 2 s
ft G B - B M I 1 1 0 7 0 8 0 8 8 4 4 2 8 . 8 s
ORA ND-B MI 13 0 9 0 8 0 9 4 4 3 3 7 . 2 s
R .  S h o r e - B M I 14 0 15 0 3 0 4 4 4 6 5 2 .  8 s
G GO BS — BM I 1 1 0 13 0 15 0 6 4 0 1 6  3 . 6 s
ADRAND-HSI 14 0 1 0 0 9 0 3 0 1 8 5 1 .  2 s
K A N D U -H 5 I 15 0 13 0 8 0 5 5 2 2 5 3 .  2 s
L G L - H S I 1 2 0 11 0 oj 0 3 8 1 b 4 1.  2s
M G M - f iS I 14 0 5 0 9 0 7 5 4 6 3 5 . 6 s
URAND-HSI 13 0 8 0 1 2 0 4 4 4 5 4 0 .  0 s
R. S h o r e - H S I 15 0 1 2 0 1 0 0 5 4 1 3 5 4 . 0 s
GGUBS-HSI 11 0 13 0 1 0 0 3 8 1 4 4 6 . 0 s
ADRAND-BMJ 0 0 1 0 0 0 1 1 1 4 6 37 4 . 0s
R AN DU-BMJ 16 0 1 0 0 1 0 0 8 2 2 2 5 6 .  4s
L  G L -BM J 1 0 0 11 0 1 b 0 5 3 2 3 5 4 . 8 s
ft G M-BMJ 14 0 8 0 6 0 1 1 4 3 4 4 1 . 6 s
0 R AM D-BM J 16 0 9 0 5 0 8 3 4 5 4 5.  2s
R.  S h o r e - B M J 1 2 0 9 0 7 0 8 6 2 6 3 2 . 8 s
GGUBS-BMJ 1 0 0 11 0 16 0 5 3 2 3 5 4 .  8 s
GGNPM 16 0 11 0 1 2 0 7 1 2 1 6 5 . 2 s
GGKML 11 0 13 0 1 0 0 4 8 1 3 4 6.  0 s
T o t a l  n u m b e r s o f  r h i  - s q u a r e v a l u  es i n e a c h . s a m p l e i s  5 0.
The expected numbers of chi-square values in each category is 
5. Bounding Chi-Square Values with equal probability for 10 
categories are 1: under 48.23, 2: under 52.49, 3: under 55.72 
4: under 58.58, 5: under 61.33, 6: under 64.18, 7: under 67.32, 
8: under 7 1.11, 9: under 76.62, 10 above 76.62.
C h a p t e r  V I I  
SUMMARY AND CONCLUSION
I n  o r d e r  t o  e v a l u a t e  t h e  q u a l i t y  o f  u n i t  u n i f o r m  r a n d o m  
n u m b e r  g e n e r a t o r s  a n d  u n i t  n o r m a l  r a n d o m  n u m b e r  t r a n s f o r m a ­
t i o n s ,  we h a v e  s e l e c t e d  f i v e  s e t s  o f  s t a t i s t i c a l  t e s t s  t o  
t e s t  t h e  g e n e r a t o r s  a n d  a n d  c o m b i n a t i o n s .  A s u m m a ry  o f  t h e  
r e s u l t s  o f  a l l  o f  t h e s e  t e s t s  a r e  p r e s e n t e d  i n  T a b l e s  1 2 ,  13 
a n d  14 .
T a b l e  12 l i s t s  t h e  t o t a l  n u m b e r s  o f  r e j e c t i o n s  f o r  g e n e r ­
a t o r s  a n d  c o m b i n a t i o n s  b y  s t a t i s t i c a l  t e s t s  a n d  by s i g n i f i ­
c a n c e  l e v e l s .  T h a t  i s ,  f o r  e a c h  g e n e r a t o r  a n d  c o m b i n a t i o n ,  
u n d e r  e a c h  s i g n i f i c a n c e  l e v e l ,  we l i s t  n u m b e r s  o f  r e j e c t i o n s  
o n  t e s t s  o f  g o o d n e s s  o f  f i t ,  r u n s  up  and  d o w n ,  r u n s  a b o v e  
a n d  b e l o w  t h e  m e d i a n ,  a u t o c o r r e l a t i o n  a n a l y s i s ,  m eans  a nd  
d i s t r i b u t i o n  o f  s a m p l e  s p e c t r a ,  a n d  v a r i a n c e  a n d  n o r m a l i z e d  
v a r i a n c e  o f  s a m p l e  s p e c t r a .  U n d e r  e a c h  s i g n i f i c n a c e  l e v e l  
e a c h  s t a t i s t i c a l  t e s t  e x c e p t  f o r  g o o d n e s s  o f  f i t  h a s  4 p o s ­
s i b l e  r e j e c t i o n s ;  t h e  g o o d n e s s  o f  f i t  has  t w o .  H e n c e ,  a t  
e a c h  l e v e l  o f  ALPHA t h e r e  a r e  22  p o s s i b l e  r e j e c t i o n s .  A l s o  
f o r  e a c h  g e n e r a t o r  o r  c o m b i n a t i o n ,  t h e r e  a r e  6 6  p o s s i b l e  
n u m b e r s  o f  r e j e c t i o n s  c o n s i d e r i n g  a l l  l e v e l s .
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Table 12
Number o f  R e j e c t i o n s  by s t a t i s t i c a l  t e s t s  by S i g . L ev e l s
g e n e r a t o r s /  | S i g n i f i c a n c e  L e v e l s  |TL |  l:
C o i u i i m t i o n s ]  0 . 0 1  | 0 . 0 5  ( 0 . 2  1Mo] A
| D | K | H J A | K | VJT 1D J R | E | A | M | V | T |D | i t  | p. | A | M | V | T | o f |  V 
10 | (I | A | T | S | V| 1 | D | iJ | A J T 1 S| V| T | D| U| A| T| S| V| T | R j  1 K 
(1) | 2 | 3 | 4 | 5 | 6 J 7 | 8  |9 |0 11 | 2 | 3 |  «|-5 | 6 17 | 8 | 9 | 0] 1 1 2 |3  | 4
AES AND 0 2 0 1 2 0 5 0 2 1 1 2 0 6 0 3 2 1 3 2 11 22 14
RA NDU 0 1 0 1 1 0 3 1 2 0 1 3 0 7 1 2 1 1 3 2 10 20 7 . 5
L 6 L 0 1 0 1 3 0 5 0 2 1 0 2 0 5 0 3 0 2 3 0 6 18 3 . 5
« f. H 0 0 1 1 3 0 5 1 0 2 1 2 0 6 1 2 3 2 3 3 14 25 2 4 . 5
0 SASD 0 1 0 2 2 1 b 0 1 0 0 2 2 5 0 4 1 1 3 2 11 22 14
R. Shore 0 1 0 1 1 0 3 0 p 0 1 3 1 7 1 2 1 2 3 2 11 21 1 0 .5
GGIJBS 0 0 0 1 3 2 6 0 2 0 0 3 2 7 0 3 0 2 3 2 10 23 1 8 .5
ADR AH D-BH I 0 0 a 1 3 0 4 0 0 0 1 2 3 6 0 0 1 1 3 3 8 18 3 . 5
PALP 0 -3  ill 0 0 0 1 4 1 6 0 1 0 0 2 0 3 0 3 2 1 3 2 11 20 7 . 5
L F-. L -3 M I 0 0 0 1 3 0 4 0 1 0 3 3 2 9 0 4 2 2 3 4 15 28 2 8 . 5
r  3 k- b m i 0 1 0 1 1 1 4 0 0 1 2 2 7 0 3 2 2 3 4 14 25 24. 5
0 p. A h.9-8 MI 0 2 0 1 3 o' 6 0 2 0 1 3 0 6 0 2 1 1 3 3 10 22 14
P.  ShorP-3  11 0 0 0 1 3 1 5 0 i 0 1 3 1 t> 0 4 1 1 J 3 12 23 1b . 5
GDI &S-3HI 0 0 a 1 3 0 4 0 0 0 1 3 2 b 1 2 1 1 3 4 12 22 14
ADRAND-HSI 0 ')4. 0 1 ■4 0 7 0 2 1 1 2 2 R 0 3 2 1 3 3 12 27 27
RA.JPti-HSI 0 1 0 i J 0 5 0 1 0 0 2 0 3 0 2 1 p 3 1 9 17 2
L 3 L-KSI. 0 1 :) 1 3 1 {> 0 2 1 1 2 0 •> 0 3 0 2 3 4 12 24 2 1 . 5
M S K-H5J 0 0 2 2 2 0 n 0 0 2 0 2 1 5 0 0 3 1 3 3 Id 21 10. 5
'J RA b'D-HSI 0 1 0 1 3 1 b 0 1 0 1 2 2 c 0 3 I 2 3 4 13 25 24. 5
S.  Shore-iJSl 0 •*>C. O' 1 3 1 7 0 2 0 2 2 1 7 0 2 1 2 3 3 11 25 2 4 . 5
G Gil D3 — H3 b 0 1 0 1 •» 1 6 0 2 0 1 2 1 b 0 3 0 2 3 4 12 24 2 1 . 5
A DR AMD- Bill 0 2 2 4 4 u 10 0 o 3 4 4 4 17 0 2 3 4 4 4 17 50 30
RAND 0-3  :i.J 0 0 0 1 7 0 4 c 0 0 0 2 0 7 0 1 1 2 3 1 B 14 1
L t  L—BHJ 0 0 0 1 2 1 4 0 3 0 1 3 0 7 1 3 0 3 3 1 11 22 14
M & *i-3«d 0 0 0 1 3 0 4 0 1 0 1 2 0 4 1 4 1 1 3 2 12 20 7 . 5
Ui'.A ND-H -5 J 0 0 0 1 3 1 5 0 0 1 1 2 2 6 0 0 3 2 3 4 12 23 18. 5
R. Shore-DHJ 0 0 1 1 4 0 6 0 4 2 1 2 0 9 1 4 4 1 3 0 13 28 2 8 . 5
GGrJ bs- b;u 0 0 0 1 2 1 4 0 2 0 2 2 0 6 1 2 0 3 3 1 10 20 7 . 5
G G N F ?1 0 0 0 1 3 0 4 0 0 1 1 3 1 6 0 1 1 1 3 3 9 19 5
GGNilL 0 0 0 1 3 1 5 0 2 0 1 2 1 b 0 3 0 2 3 4 12 23 1 8 .5
DD: Stands f o r  goodness o f  f i t  t e s t s .
R 0: Stands f o r  runs  up and down t e s t s .
RA: Stands f o r  r u n s  above and below t h e  median t e s t s .
AT: Stands f o r  a u t o c o r r e l a t i o n  t e s t s .
SH: Stands f o r  d i s t r i b u t i o n  o f  s p e c t r a  and mean o f  sample
s p e c t r a  i n  s p e c t r a l  a n a l y s i s .
VV: S tands  f o r  v a r i a n c e  and no rm a l i s ed  v a r i a n c e  of  sample  
s p e c t r a  i n  s p e c t r a l  a n a l y s i s .
RU, FA, AT/ 115 and VV have 4 p o s s i b l e  r e j e c t i o n s  each a t  
l e v e l  ALPHA. PD, h o w ever ,  has 2 at each l e v e l  ALPHA.
XT: S ta nds  f o r  t o t a l  aumter  o f  r e j e c t i o n s  from DP, HU, RA, 
AT, MS and VV. The number o f  p o s s i b l e  r e j e c t i o n s  a t  each  
l e v e l  of  ALPHA i s  2 2.
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From l e v e l  0 . 0 1 ,  e x c e p t  f o r  ADRAND w i t h  B H J ,  e a c h  
g e n e r a t o r  o r  c o m b i n a i t o n  p a s s e s  t w o - t h i r d s  o f  t h e  t e s t s  (Co­
l u m n  8 ) .  T h e  b e s t  g e n e r a t o r s  o r  c o m b i n a t i o n s  a r e  RANDU, a n d  
S. S h o r e  w i t h  3WJ.  E a c h  h a s  3 s i g n i f i c a n t  t e s t s  o u t  o f  t h e  
2 2  t h a t  a r e  p o s s i b l e .  ADRAND w i t h  Ei iJ  i s  t h e  w o r s t  o n e ,  i t  
h a s  16 r e j e c t i o n s .  T h i s  c a n  c l e a r l y  be  c o n s i d e r e d  as  a b a d  
c o m b i n a t i o n .  The  r e s t  o f  t h e  g e n e r a t o r s  o r  c o m b i n a t i o n s  
h a v e  4 t o  7 s i g n i f i c a n t  t e s t s  o u t  o f  2 2 .  H e n c e ,  a t  l e v e l  
0 . 0 1 ,  w i t h  t h e  e x c e p t i o n  o f  ADRAND w i t h  3 M J ,  t h e  q u a l i t y  o f  
g e n e r a t o r s  o r  c o m b i n a t i o n s  i s  n o t  s u b s t a n t i a l l y  d i f f e r e n t .
A t  s i g n i f i c a n c e  l e v e l  0 . 0 5 ,  j u s t  a f e w  g e n e r a t o r s  o r  com­
b i n a t i o n s  do  n o t  p a s s  t w o - t h i r d s  o f  t h e  t e s t s .  ADRAND w i t h  
H 3 1 ,  L 8  L w i t h  B i l l ,  R. S h o r e  w i t h  3 HJ h a v e  8 ,  9 a n d  9 r e ­
j e c t i o n s  o u t  o f  2 2 ,  r e s p e c t i v e l y .  A g a i n ,  A l i t  AND w i t h  BMJ i s  
t h e  w o r s t  o n e ,  i t  h a s  17 s i g n i f i c a n t  t e s t s  o u t  o f  2 2 .  The  
b e s t  c o m b i n a t i o n  i r i  RANDU w i t h  B K J ,  2 r e j e c t i o n s .  T h i s  i s  
f o l l o w e d  b y  RANDU w i t h  BMI a n d  RANDU w i t h  R S I ,  e a c h  h a s  3 
r e j e c t i o n s .  M S 11 w i t h  BMJ h a s  h s i g n i f i c a n t  t e s t s .  T h e  
r e s t  o f  t h e m  h a v e  n u m b e r s  o f  r e j e c t i o n s  b e t w e e n  5 a nd  7 (Co­
l u m n  15) .
A t  l e v e l  0 . 2 ,  h o w e v e r ,  no  g e n e r a t o r s  o r  c o m b i n a t i o n s  p a s s  
t w o - t h i r d s  o f  t h e  t e s t s .  T he  b e s t  o n e s  a r e  I  8  1 ,  ADRAND 
w i t h  B M I , a n d  RANDU w i t h  B H J ; e a c h  h a s  8  s i g n i f i c a n t  t e s t s  
o u t  o f  2 2 .  T h e s e  a r e  f o l l o w e d  by  RANDU w i t h  K S I  and  GGNPM,
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9 r e j e c t i o n s  e a c h .  RANDU, GGUBS, URAND w i t h  B M I ,  M S M w i t h  
H S I ,  GGUBS w i t h  BMJ h a v e  10 s i g n i f i c a n t  t e s t s  e a c h .  A g a i n /  
ADRAND w i t h  EMJ, t h e  w o r s t  o n e ,  o n l y  p a s s e s  5 o u t  o f  2 2 .  I  
Ft L w i t h  B i l l ,  M S a a n d  M S B  w i t h  EMI p a s s  7 ,  8  a n d  8 ,  r e s ­
p e c t i v e l y .  The  r e s t  o f  t h e  g e n e r a t o r s  o r  c o m b i n a t i o n s  h a v e  
t o t a l  n u m b e r s  o f  r e j e c t i o n s  b e t w e e n  11 t o  13 ( C o l u m n  2 4 ) .
F rom  t h e  t o t a l  n u m b e r  o f  r e j e c t i o n s  f r c m  a l l  t e s t s  and  
a l l  l e v e l s ,  i t  a p p e a r s  t h a t  RANDU w i t h  BBJ i s  t h e  b e s t  o n e ;  
i t  i s  r e j e c t e d  b y  14 o u t  o f  6 6  t e s t s .  N e x t  i s  RANDU w i t h  
H S I ,  17 r e j e c t i o n s .  T w o ,  3 . 5  r a n k ,  a r e  L & L  a n d  ADRAND 
w i t h  B M I ,  18 s i g i n i f i c a n t  t e s t s  e a c h .  GGNFM h a s  19 r e j e c ­
t i o n s .  RANDU, RANDU w i t h  B M I , M 8  M w i t h  B M J ,  a nd  GGUBS 
w i t h  B M J , a r e  r a n k  7 . 5  w i t h  20 r e j e c t i o n s  e a c h .  N i t h  50  r e ­
j e c t i o n s  o u t  o f  6 6 , ADRAND w i t h  BMJ i s  t h e  w o r s t  c o m b i n a ­
t i o n .  N e x t  t o  t h i s  a r e  I  & L w i t h  BMI a n d  R. S h o r e  w i t h  BMJ 
w i t h  28 s i g i n i c a n t  t e s t s  e a c h .  T h i s  i s  f o l l o w e d  b y  ADRAND 
w i t h  EiSI w h i c h  h a s  27 r e j e c t i o n s .  The  r e s t  o f  t h e m  h a v e  21 
t o  25 s i g n i f i c a n t  t e s t s  (C o lu m n  2 6 ) .
The i n f o r m a t i o n  i n  T a b l e  13 i s  t h e  sam e as  t h a t  i n  T a b l e  
1 2  b u t  f o r  d i f f e r e n t  a r r a n g e m e n t  o f  d a t a .
The n u m b e r s  o f  o b s e r v e d  r e j e c t i o n s  f o r  g e n e r a t o r s  a n d  
c o m b i n a t i o n s  a r e  l i s t e d  by s i g n i f i c a n c e  l e v e l s  a n d  b y  s t a ­
t i s t i c a l  t e s t s .  F rom  t h i s  t a b l e ,  i t  i s  c l e a r  t h a t ,  among
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Table 13
Nuaber oE R e j e c t i o n s  f o r  A l l  L ev e ls  by S t a t i s t i c a l  T es ts
G e n e r a t o r s /  I D i s t r i . |Runs U£> | Kuhsj A h | A u t o c o r . | S p e c t r u n | V a r i a n c e J  1 
Coufcina t i o n s j  F i t  18 Sown JS 01. 11 | A n a l y s i s  |£ st-aB |>7 tf.  V a r j T L l  0
I  ^ I I ? ! I " I I " I I 7 I I  e I |No | A
10 ] G | 2 | T ] 0 | 0 1 2 | T | 0 1 0 1 2 | T'| 0 1 0 1 2 1 1 I 0 t & f 2 | T  10 J 0 1 2 1T | o f  | N
| 1 | 5 | 0 l T | 1 | 5 | O | T | 1 i 5 t O | T | 1 | 5 | O i T  | I | 5 | { J | T  | I f  5|  0* T JRj |  K
(1) | 2 | 3 i 4 | 5 | 6 | 7 | 8 | 9 | 0 | 1 | 2 | 3 | 4 | 5 | 6 | 7  | 2 13 1 U ) S \ 6 | 7
AERAND 0 0 0 0 2 2 3 7 0 1 2 3 1 1 1 3 2 2 3 7 0 0 2 2 22 14
RANDU 0 1 1 2 1 2 2 5 0 0 1 1 1 1 1 3 1 3 3 7 0 0 2 2 20 7 .  5
L S I 0 0 0 0 1 2 3 6 0 1 0 1 1 0 2 3 3 2 3 8 0 0 0 0 18 3 . 5
a & a 0 1 1 2 0 0 2 2 1 2 3 6 1 1 2 4 3 ■*1£ 3 8 0 0 3 3 25 2 4 . 5
URAND 0 0 0 0 1 1 4 b 0 0 1 1 2 0 1 3 2 2 3 7 1 2 2 5 22 14
R. Shore 0 0 1 1 1 2 2 5 0 0 1 1 1 1 2 4 1 3 3 7 0 1 2 3 21 1 0 . 5
GGU53 0 0 0 0 0 2 3 5 0 0 0 0 1 0 2 3 3 3 3 9 2 2 2 6 23 1 8 .5
ADRAND-3.4 1 0 0 0 0 0 0 0 0 0 0 1 1 t 1 1 3 3 2 3 S 0 3 3 6 10 3 . 5
H A ND U-3 "11 0 0 0 0 0 1 3 u 0 0 2 2 1 0 3 2 4 2 3 9 1 0 2 3 20 7 . 5
L & L -3MI 0 0 0 0 0 1 4 5 0 0 2 2 1 3 2 6 3 3i 3 9 0 2 4 6 28 2 8 . 5
M & 0 0 0 0 1 2 3 6 0 0 2 2 1 1 2 4 3 2 3 b 1 2 4 7 25 24.  5
URAVD-QMI 0 0 0 0 2 2 2 & 0 0 1 1 1 1 3 3 3 1 3 9 0 0 3 3 22 14
R. Sh o re -E d l 0 0 0 0 0 1 4 5 0 0 1 1 1 1 3 3 3 3 3 9 1 1 3 5 23 1 8 . 5
GGUDS-Bdl 0 0 1 1 0 0 2 2 0 0 1 1 1 1 3 3 3 3 3 9 0 2 4 6 22 14
ADR AND-IIS I 0 0 0 0 i. 2 3 7 c 1 > 3 1 1 3 3 4 2 3 q 0 2 3 5 27 27
EASDU-HSI 0 0 0 0 1 1 ■1 4 0 0 1 1 1 0 2 3 3 2 3 c» 0 0 1 1 17 2
L >; l - ; i s i 0 0 0 0 1 2 3 f> 0 1 0 1 3 3 2 4 3 2 3 8 I 8 4 5 24 2 1 .5
K r. 3 -H S I 0 0 0 0 0 0 0 2 2 3 7 2 0 1 3 2 u 3 7 0 1 3 4 21 1 0 . 5
URAND-HSI 0 c 0 0 1 1 3 5 0 0 1 1 1 1 2 4 3 2 3 fi 1 2 4 7 25 24. 5
R. Shore -H S I 0 0 0 0 2 D 2 6 0 0 1 1 1 2 2 5 3 2 3 8 1 1 3 5 25 24 .5
GGUBS-iiSI 0 0 0 0 1 2 3 b 0 0 0 0 1 1 2 4 3 2 3 a 1 1 4 6 24 2 1 . 5
ADR AN D-l'F.J 0 0 0 0 z 2 n 6 2 3 3 a 4 4 4 32 4 4 4 12 4 4 4 12 50 30
RA NDU-I; :•!J 0 0 0 0 0 0 i 1 0 0 1 1 1 0 2 3 3 2: 3 a 0 0 1 1 14 1
b & t -BNJ 0 0 1 1 0 3 3 b 0 0 0 0 1 1 3 5 2 3 3 8 1 0 1 2 22 14
a S 0 0 1 1 0 1 4 5 0 0 1 1 1 3 3 3 3 2 3 8 0 0 2 2 20 7. 5
URAND -BNJ 0 0 0 0 0 0 0 0 0 1 3 4 1 3 2 4 3 2 3 3 1 2 4 7 23 10. 5
I I .  Shore-3MJ 0 0 1 1 0 4 4 8 1 2 4 7 1 3 3 3 4. 2 3 9 0 0 0 0 28 2 3 . 5
GGU ES-BNJ 0 0 1 1 0 2 2 4 0 0 0 0 1 2 3 6 2 2 3 7 1 0 1 2 20 7 . 5
GG.NPi'1 0 0 0 0 0 0 1 1 0 1 1 2 1 1 3 3 3 3 3 9 0 1 3 4 19 5
GGHrtL 0 0 0 0 0 2 3 5 0 0 0 0 1 3 2 4 3 T.1 3 0 1 1 4 6 23 18. 5
There  a r e  4 p o s s i b l e  numbers of r e j e c t i o n s  f o r  each  s t a t i s t i c a l  t e s t  
but  f o r  d e s i r e !  d i s t r i b u t o r ,  f i t  (2 ones) a t  each s i  j  n i f  i c a n c e  l e v e l .
TT: Stands  f o r  t o t a l  number o f  r e j e c t i o n s  f r o o  3 l e v e l s ,  0 . 0 1 ,  0 . 0 5  and 
0 . 2 .  Number o f  p o s s i b l e  r e j e c t i o n s  a t  each s t a t i s t i c a l  t e s t  i s  12 
but f o r  d e s i r e d  d i s t r i b u t i o n  f i t  t e s t  (6 o n es ) .
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f o u r  r a n d o m n e s s  a n d  i n d e p e n d e n c e  t e s t s ,  s p e c t r a l  a n a l y s i s  i s  
t h e  m o s t  p o w e r f u l  t e s t ,  e s p e c i a l l y  t h e  mean a nd  d i s t r i b u t i o n  
o f  s a m p l e  s p e c t r a .  The  t o t a l  n u m b e r  o f  r e j e c t i o n s  o f  a l l  
g e n e r a t o r s  a n d  c o m b i n a t i o n s  a t  a l l  l e v e l s  f o r  t h i s  t e s t  i s  
2 4 5  (sum o f  30 r o w s  i n  c o l u m n  2 1 )  c u t  o f  3 6 0  ( 3 0  *  4 p o s s i ­
b l e  r e j e c t i o n s  *  3 s i g n i f i c a n c e  l e v e l s ) .  The  n e x t  m o s t  p o w ­
e r f u l  t e s t  i s  t h e  r u n s  up a nd  down t e s t s  w i t h  134 (C o lu m n  9)  
o u t  o f  3 6 0  p o s s i b l e  s i g n i f i c a n t  t e s t s .  T h i s  i s  f o l l o w e d  by 
t h e  v a r i a n c e  a n d  n o r m a l i z e d  v a r i a n c e  t e s t s  o f  t h e  s a m p l e  
s p e c t r a  w i t h  126 r e j e c t i o n s  ( C o lu m n  2 ) .  N e x t  t o  t h i s  i s  a u ­
t o c o r r e l a t i o n  t e s t s  w i t h  116 r e j e c t i o n s .  T h e  l e a s t  p o w e r f u l  
t e s t  i s  r u n s  a b o v e  a n d  b e l o w  t h e  m e d ia n  t e s t ,  60 r e j e c t i o n s  
( C o lu m n  13) .
I t  i s  a s  e x p e c t e d ;  t h e  s p e c t r a l  a n a l y s i s  i s  m ore  p o w e r f u l  
t h a n  a u t o c o r r e l a t i o n  a n a l y s i s  s i n c e  t h e  f o r m e r  u s e s  m o re  i n ­
f o r m a t i o n ; !  t h a n  t h e  l a t t e r .  I n  t h i s  s t u d y ,  we a n a l y z e d  64 
a u t o c o r r e l a t i o n  l a g s  among t h e  1 2 0 0  n u m b e r s  i n  t h e  a u t o c o r ­
r e l a t i o n  a n a l y s i s .  I n  o t h e r  w o r d s ,  t h e  a u t o c o r r e l a t i o n  a n a ­
l y s i s  u s e s  t h e  f i r s t  64 l a g s  t o  j u d g e  w h e t h e r  o r  n o t  t h e  
1 2 0 0  n u m b e r s  c o r r e l a t e d .  T h e  s p e c t r a l  a n a l y s i s ,  a f t e r  t h e  
F o u r i e r  t r a n s f o r m a t i o n  on a l l  p o s s i b l e  1199 l a g s  t o  a n a l y z e  
w h e t h e r  o r  n e t  t h e  1200 n u m b e r s  r e s p e c t s  w h i t e  n o i s e .  The  
r u n s  up  a n d  down t e s t  u s e s  m o re  i n f o r m a t i o n  t h a n  d o e s  t h e  
r u n s  a b o v e  and b e lo w  t h e  m e d ia n  t e s t ,  a l s o .
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T h e  o t h e r  s u m m a ry  t a b l e  i s  T a b l e  1 4 .  T h i s  t a b l e  l i s t s  
t h e  t o t a l  n u m b e r  o f  r e j e c t i o n s  f o r  e a c h  o f  t h e  7 g e n e r a t o r s  
i t s e l f  a n d  i n  c o m b i n a t i o n  w i t h  e a c h  o f  t h e  3 t r a n s f o r m a t i o n  
a l g o r i t h m s  a n d  2 IBM JMSL u n i t  n o r m a l  v a r i a t e  g e n e r a t o r s .  
F ro m  t h i s  t a b l e  i t  i s  c l e a r  t h a t ,  u s i n g  t h e  s a m e  t r a n s f o r m a ­
t i o n  a l g o r i t h m  t o  t r a n s f o r m  7 g e n e r a t o r s ,  g o o d  c o m b i n a t i o n s  
a r e  n o t  n e c e s s a r i l y  o b t a i n e d  f r o m  g o o d  u n i t  u n i f o r m  g e n e r a ­
t o r s .  We a l s o  s e e  t h a t  some g e n e r a t o r s  a r e  g o o d  i n  c o m b i n a ­
t i o n  w i t h  o n e  t y p e  o f  t r a n s f o r m a t i o n  b u t  n o t  n e c e s s a r i l y  
g o o d  w i t h  o t h e r  t y p e s  o f  t r a n s f o r m a t i o n s .
From C o lu m n  2 ,  we s e e  t h a t  t h e  q u a l i t y  o f  t h e  7 u n i t  u n i ­
f o r m  g e n e r a t o r s  i s  n o t  s u b s t a n t i a l l y  d i f f e r e n t .  W i t h  r e s ­
p e c t  t o  t h e  t o t a l  n u m b e r  o f  r e j e c t i o n s ,  t h e i r  r a n g e  i s  7 ,  
t h e i r  mean i s  2 1 . 5 7  a n d  t h e i r  s t a n d a r d  d e v i a t i o n  i s  2 . 1 4 7 .  
W i t h  18 r e j e c t i o n s ,  L & L i s  t h e  b e s t  o n e .  N e x t  t o  t h i s  a r e  
3 ANDU a n d  R. S h o r e  w i t h  20 a n d  21 r e j e c t i o n s ,  r e s p e c t i v e l y .  
N e x t  a r e  f o l l o w e d  b y  ADRAND a nd  URAND; e a c h  h a s  22  r e j e c ­
t i o n s .  T h e  w o r s t  o n e  i s  N & M w i t h  25 r e j e c t i o n s .  GGUBS 
h a s  23 r e j e c t i o n s -
U s i n g  t h e  B'1I  t r a n s f o r m a t i o n ,  t h e  g u a l i t y  o f  c o m b i n a t i o n s  
i s  s u b t a n t i a l y  m o re  v a r i a b l e  t h a n  t h a t  o f  t h e  u n i t  u n i f o r m  
g e n e r a t o r s .  The  r a n g e  o f  t h e  t o t a l  n u m b e r  o f  r e j e c t i o n s  i s  
1 0 .  T h e  mean a n d  s t a n d a r d  d e v i a t i o n  a r e  2 2 . 5 7  a n d  3 . 2 5 9 ,  
r e s p e c t i v e l y .  T h e  b e s t  c o m b i n a t i o n  d o e s  n o t  come f r o m  t h e
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T a b l e  14
T o t a l  N u m b e r s  o f  R e j e c t i o n s  a n d  R a n k s  
b y  G e n e r a t o r s  a n d  T r a n s f o r m a t i o n  A l g o r i t h m s
G e n e r a t o r s /  | G e n e r a t o r s  | BMI \ H S I  1 B'HJ 
C o m b i n a t i o n s !  # o f  E $ j lR k .  J#  o f  S j J R k .  j #  o f  R j  | Rk .  | # o f  R j j R k -
ADFAND 2 2 4 .  5 18 1 27 7 50 7
RANDU 2 0 2 2 0 2 17 1 14 1
L f> L 13 1 28 7 24 3 . 5  22 4
H & H 25 7 25 6 2 1 2  2 0 2 . 5
URAND 2 2 4 . 5 2 2 3 . 5 25 5 . 5  23 5
R. S h o r e 2 1 3 23 5 25 5 . 5  28 6
GGUBS 2 3 b 2 2 3 . 5 24 3 . 5  20 2 . 5
GGNPM * 19
GGNML * 23
R a n g e 7 1 0 1 0 3 6 . 0 / 1 4 . 0  * * *
Mean 2 1 . 57 2 2 . 57 2 3 . 286  2 5 . 2 9 / 2 1 . 17*
S t a n d a r d  De 2 . 147’ * * 3 . 259 3 . 047  1 0 . 8 1 / 4 . 1
*  IM 3 L  n o r m a l  r a n d o m  v a r i a t e  g e n e r a t o r .
* *  Does  n o t  i n c l u d e  GGNPM a n d  GGNML.
* * *  D o es  n o t  i n c l u d e  ABRANJD c o m b i n e d  w i t h  BMJ.
T o t a l  n u m b e r  o f  p o s s i b l e  r e j e c t i o n s  i s  6 6 .
R a n g e ,  mean and  s t a n d a r d  d e v i a t i o n  o f  t o t a l  n u m b e r s  
o f  r e j e c t i o n s .
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b e s t  g e n e r a t o r ,  L 8  L ,  b u t  f r o m  A DR AND, r a n k  4 . 5 .  The  r a n k  
1 g e n e r a t o r ,  L S L ,  when c o m b i n e d  w i t h  BMI y i e l d s  t h e  w o r s t  
c o m b i n a t i o n  w i t h  28  r e j e c t i o n s .  T h e  r a n k s  3 ,  4 . 5 ,  and  6
g e n e r a t o r s ,  R.  S h o r e ,  BRAND a n d  GGUBS, r e s p e c t i v e l y ,  w h e n  
c o m b i n e d  w i t h  B i l l  y i e l d  r a n k s  5 ,  3 . 5 ,  3 . 5  w i t h  t h e i r  c o r r e s ­
p o n d i n g  r e j e c t i o n s  2 3 ,  22  a n d  22 e a c h .  T he  q u a l i t y  o f  c o m b i -  
n a i t o n  w i t h  t h e  w o r s t  g e n e r a t o r ,  M S M, h a s  25 r e j e c t i o n s .
When u s i n g  t h e  H S I  t r a n s f o r m a t i o n ,  ADRAND ( t h e  t e s t  com­
b i n a t i o n  i n  B i l l )  b e c o m e s  t h e  w o r s t  c o m b i n a t i o n ,  27 r e j e c ­
t i o n s .  L  8  L a n d  M S d ,  t h e  w o r s t  a n d  s e c o n d  w o r s e  c o m b i n a ­
t i o n s  w i t h  BHI  , move  t o  r a n k s  3 . 5  and  2 i n  c o n j u n c t i o n  w i t h  
H S I ;  t h e y  h a v e  24 a n d  21 r e j e c t i o n s ,  r e s p e c t i v e l y .  RANDU 
i m p r o v e s  i n  q u a l i t y  i n  c o n j u n c t i o n  w i t h  H S I ;  w i t h  17 r e j e c ­
t i o n s ,  i t  i s  t h e  b e s t  g e n e r a t o r  i n  c o m b i n a t i o n  w i t h  t h e  H S I  
t r a n s f o r m a t i o n .  URAND, R. S h o r e ,  a n d  GGUBS y i e l d  w o r s e  com ­
b i n a t i o n s  w i t h  H S I  t h a n  w i t h  E M I ;  t h e i r  c o r r e s p o n d i n g  num­
b e r s  o f  s i g n i f i c a n t  t e s t s  a r e  2 5 ,  25  a n d  2 4 ,  r e s p e c t i v e l y .
U s i n g  t h e  3N J  a l g o r i t h m ,  t h e  r a n k s  o f  t h e  v a r i o u s  c o m b i ­
n a t i o n s  a r e  n e a r l y  t h e  same a s  t h o s e  w i t h  H S I .  W i t h  14 r e ­
j e c t i o n s ,  RANDU h a s  a b e t t e r  q u a l i t y  t h a n  i n  BMJ a n d  r e t a i n s  
t h e  f i r s t  r a n k .  ADRAND k e e p s  t h e  l a s t  r a n k ,  t u t  w i t h  50 r e ­
j e c t i o n s ,  i t  i s  s u b s t a n t i a l  m a r g i n  t h e  p o o r e s t  q u a l i t y  c o m ­
b i n a t i o n .  T h e  r a n k s  o f  M S M a n d  L S I  w i t h  BHJ a r e  c l o s e  
t o  t h o s e  i n  H S I ,  b u t  e a c h  h a s  a s l i g h t l y  t e t t e r  q u a l i t y .
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T h e i r  c o r r e s p o n d i n g  n u m b e r s  o f  r e j e c t i o n s  a r e  20  and  2 2 .  
GGUPS a n d  URAND a l s o  a r e  b e t t e r  i n  c o m b i n a t i o n s  w i t h  BMJ 
t h a n  w i t h  H S I .  T h e i r  n u m b e r s  o f  r e j e c t i o n s  a r e  r e d u c e d  f r o m  
24  t o  20 a n d  f r o m  25 t o  2 3 ,  r e s p e c t i v e l y  a n d  t h e i r  c o r r e s ­
p o n d i n g  r a n k s  move f r o m  3 . 5  t o  2 . 5  a n d  5 . 5  t o  5 .  W i t h  28 
r e j e c t i o n s  R. S h o r e  c o m b i n e d  w i t h  BMJ i s  w o r s e  t h a n  t h a t  
c o m b i n e d  w i t h  BMI a n d  H S I .
Among t h e s e  t h r e e  u n i t  n o r m a l  t r a n s f o r m a t i o n  a l g o r i t h m s ,  
i n  g e n e r a l ,  i t  a p p e a r s  t h e  BMJ i s  t h e  b e s t  o n e .  E x c l u d i n g  
c o m b i n e d  w i t h  ADRAND, t h e  a v e r a g e  n u m b e r  o f  r e j e c t i o n s  i s  
2 1 . 1 7 .  H o w e v e r , t h e  q u a l i t y  o f  c o m b i n a t i o n  w i t h  BMI a n d  H S I  
i s  n o t  s u b s t a n t i a l l y  d i f f e r e n t .  T h e i r  m eans  n u m b e r  o f  r e ­
j e c t i o n s  a r e  2 2 . 5 7  a n d  2 3 . 2 8 6 ,  r e s p e c t i v e l y -
F i n a l l y ,  t h e  f i n d i n g s  o f  t h i s  s t u d y  c a n  be  s u m m a r i z e d  a s  
f o l l o w s .  F i r s t ,  among 21 c o m b i n a t i o n s  b e t w e e n  7 g o o d  g e n e r ­
a t o r s  a n d  3 g o o d  u n i t  n o r m a l  t r a n s f o r m a t i o n  a l g o r i t h m s  a n d  2 
IBM  I M 3 L  u n i t  n o r m a l  r a n d o m  v a r i a t e  g e n e r a t o r s ,  we h a v e  
f o u n d  t h a t  some c o m b i n a t i o n s  seem t o  b e  g o o d  b u t  som e a r e  
b a d .  RANDU w i t h  BMJ,  RANDU w i t h  H S I ,  ADRAND w i t h  B M I ,
GGNEM, RANDU w i t h  B M I ,  M & M w i t h  BMJ, GG DBS w i t h  BMJ a r e
g o o d  c o m b i n a t i o n s .  H o w e v e r ,  ADRAND w i t h  EMJ i s  t h e  w o r s t  
o n e .  I n  a d d i t i o n ,  L 6  I  w i t h  B M I ,  R. S h o r e  w i t h  BMJ a n d  AD­
RAND w i t h  HSI  a r e  b a d .  The  r e s t  o f  c o m b i n a t i o n s  f a l l  s om e­
w h e r e  b e t w e e n  t h e s e  e x t r e m e s .  An e x t e n s i v e  s t u d y  t o  i m p r o v e
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t h e  9 U t i l i t y  o f  a v a i l a b l e  c o m b i n a t i o n s  i s  n e c e s s a r y .  S e c o n d ,  
we f o u n d  t h a t  s p e c t r a l  a n a l y s i s  i s  a t o u g h  t e s t ,  f e w  g e n e r a ­
t o r s  o r  c o m b i n a t i o n s  c a n  p a s s  t h e  t e s t .  T h i r d ,  i n  g e n e r a l ,  
we f o u n d  BMJ t r a n s f o r m a t i o n  a l g o r i t h m  a p p e a r s  b e t t e r  t h a n  
BM I  a n d  H S I .  F o u r t h ,  we f o u n d  t h a t  t h e  q u a l i t y  o f  c o m b i n a ­
t i o n  o f  a " g o o d ”  g e n e r a t o r  and  a " g o o d "  t r a n s f o r m a t i o n  a l ­
g o r i t h m  i s  n o t  n e c e s s a r i l y  " g o o d " .  F i f t h ,  we f o u n d  some 
" g o o d "  g e n e r a t o r s  h a v e  " g o o d "  c o m b i n a t i o n  w i t h  o n e  t y p e  o f  
t r a n s f o r m a t i o n s  b u t  a " b a d "  q u a l i t y  w i t h  t h e  o t h e r  t y p e  o f  
t r a n s f o r m a t i o n .  H o w e v e r ,  i n  m c s t  s i m u l a t i o n  a l g o r i t h m s ,  i t  
i s  i m p l i c i t l y  a s s u m e d  t h a t  i n  a n y  " g o o d "  g e n e r a t o r  c a n  b e  
u s e d  i n  c o n j u n c t i o n  w i t h  a n y  " g o o d "  t r a n s f o r m a t i o n ;  t h e  r e ­
s u l t i n g  r a n d o m  v a r i a t e s  w i l l  h a v e  g o o d  p r o p e r t i e s  o f  r a n d o m ­
n e s s  and  d e s i r e d  d i s t r i b u t i o n  f i t .  T h e  r e s u l t s  o f  t h i s  r e ­
s e a r c h  h a v e  s h o w n  t h a t  t h i s  a s s u m p t i o n  i s  f a l s e .  H e n c e ,  t h e  
s i m u l a t i o n  p r a c t i t i o n e r  m u s t  be  c a u t i o u s  i n  t h e  s e l e c t i o n  o f  
b o t h  t h e  g e n e r a t o r  a n d  t h e  t r a n s f o r m a t i o n  a l g o r i t h m  t o  b e  
u s e d  a n d  t h e i r  i n t e r a c t i o n ;  e s p e c i a l l y  h e  n e e d s  t o  s e l e c t  a 
s t r i g e n t  s i g n i f i c a n c e  l e v e l .  F u r t h e r ,  a r e s e a r c h  w o u l d  be 
v a l u a b l e  i n  i d e n t i f y i n g  w h i c h  u n i t  u n i f o r m  g e n e r a t o r s  ( i n  
t e r m s  o f  a d d i t i v e ,  m u l t i p l i c a t i v e  o r  m i x e d  c o n g r u e n t i a l )  i s  
g o o d  f o r  w h i c h  k i n d  o f  t r a n s f o r m a t i o n s  ( i n  t e r m s  o f  i n v e r s e ,  
r e j e c t i o n  a n d  o t h e r  t y p e  o f  d i s t r i b u t i o n  t r a n s f o r m a t i o n )  i n  
t h e  s i m u l a t i o n  a r e a .
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UNIT  UNIFORM RANDOM NUMBER GENERATORS
A d d i t i v e  C o n g u r e n t i a l  M e th o d
T h e  a d d i t i v e  c o n g r u e n t i a l  m e th o d  t e s t e d  h e r e  (ADRAND) 
( B u r f o r d ,  1 9 7 3 ,  1 9 7 5 )  a s s u m e s  K s t a r t i n g  v a l u e s ,  a n d  i t  com ­
p u t e s  a  s e q u e n c e  o f  n u m b e r s  by  t h e  f o l l o w i n g  c o n g r u e n c e  r e ­
l a t i o n :
E i= {S U M  ( R i - j ) ) (mod b * * m )  , f o r  j - 1 , 2 , ____, K .
f l h e r e  b i s  a b a s e  o f  t h e  n u m b e r  s y s t e m  ( i . e .  b a s e = 1 0 ,  o r  
b u s e = 2 ) .
ra i s  t h e  n u m b e r  o f  d i g i t s  d e s i r e d  f o r  t h e  p s e u d o  r a n d o m  
n u m b e r s  g e n e r a t e d .
H i  i s  t h e  p s e u d o  r a n d o m  n u m b e r s  d e t e r m i n e d  f r o m  R i - 1  up  
t o  E i - k .
K i s  t h e  n u m b e r  o f  p r e v i o u s  n u m b e r s  u s e d  t o  g e n e r a t e  o n e  
p s e u d o  r a n d o m  n u m b e r -
T he  c o n g r u e n c e  r e l a t i o n  o f  ADEAND i s
B i  = (SUM ( R i - j ) ) (mod 1 0 * * 8 ) ,  f o r  j = 1 , 2 , 3 , 4 .
C o n g ru e n tial M e t h o d
-  190 -
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The  m u l t i p l i c a t i v e  c o n g r u e n t i a l  m e th o d  c o m p u t e s  a 
s e g u e n c e  R i  o f  n o n n e y a  t . i  ve i n t e g e r s  by means o f  t h e  c o n ­
g r u e n c e  r e l a t i o n :
5 i =  A * R i - 1  (mod h * * i n )  
w h e r e  A i s  a m u l t i p l i e r .
Two m u l t i p l i c a t i v e  c o n g r u e n t i a l  g e n e r a t o r s  a r e  t e s t e d  
h e r e .  T h e y  a r e  t h e  g e n e r a t o r s  o f  L e w i s  a n d  L e a r m o n t h  (L  8 
L )  ( L e w i s  a n d  M i l l e r ,  1 9 6 9 ,  K l e i j n e n ,  197 4 )  a n d  I B M » s  RANDU 
( I B M ,  SSP,  1 9 6 8 ) .  T h e  c o n g r u e n c e  r e l a t i o n s  o f  L 6 L a n d
RANDU a r e  a s  f o l l o w s :
R i = { 7 * * 5 ) * R i - 1 ( m o d  ( 2 * * 3 1 )  - 1 )  f o r  L S I ,  and  
B i = 6 5 5 3 9 * R i - 1 ( m o d  2 * * 3 1 )  f o r  BANCO.
_Ni_xed Congruenti al Me t h od
T h e  basic c o n g r u e n c e  r e l a t i o n  for mixed c o n g r u e n t i a l  g e n ­
e r a t o r s  is
E i = A * E i - 1 + C ( m o d  b * * m )  , w h e r e  C i s  a c o n s t a n t .
T h r e e  m i x e d  c o n g r u e n t i a l  g e n e r a t o r s  i n v e s t i g a t e d  i n  t h i s  
s t u d y  a r e  BRAND ( F o r s y t h e ,  M a c l c o l m ,  a n d  m c l e r , 1 9 7 7 ) ,  M 8 M 
( M a r s a g l i a  a n d  M a c l a r e n ,  1 9 7 0 ) ,  a n d  R .  S h o r e .  ( K i n d e r m a n  and  
R a m a g e ,  1 9 7 4 ) .  ' A '  a n d  ' C '  i n  BRAND a r e  c o m p u t e d  a c c o r d i n g
t o  t h e  t h e o r y  a n d  s u g g e s t i o n s  o f  C. E. K n u t h  ( 1 9 6 9 ,  p .  78  
a n d  p .  1 5 5 ) .
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I t ’ M - lM S L  l i b r a r y  S u b r o u t i n e
T h e  I M S L  g e n e r a t o r  GGUES ( IBM I M S L ,  1 9 7 9 )  i s  a l s o  t e s t e d  
h e r e .  GGU3S i s  d e r i v e d  f r o m  t h e  p a c k a g e  LLBANDOM ( i .  e .  L S 
L) w i t h  s o m e  c o s m e t i c  c h a n g e s  a n d  e t h e r  m i n e r  c h a n g e s  n e c e s ­
s a r y  t o  a l l o w  i t  t o  f i t  i n t o  t h e  IM S L  L i b r a r y .
A p p e n d i x  B 
NORMAL TRANSFORMATION ALGORITHMS
B o x - M u l l e r  I n v e r s i o n  T r a n s f o r n a t i o n
The  w e l l  k n o w n  Eox -  M u l l e r  t r a n s f o r m a t i o n  a l g o r i t h m  ( B o x  
a n d  M u l l e r ,  1958)  i s  a p a r t i a l  i n v e r s i o n  m e th o d  b a s e d  o n  
p r o p e r t i e s  o f  p a i r s  o f  n o r m a l  r a n d o m  v a r i a b l e s .  L e t  Z1 a n d  
Z2 be i n d e p e n d e n t  r a n d o m  v a r i a b l e s ,  w i t h  t h e  s t a n d a r d  n o r m a l  
d i s t r i b u t i o n  w h i c h  d e f i n e  t h e  C a r t e s i c n  c o - o r d i n a t e s  o f  a 
r a n d o m  p o i n t .  T h e n  t h e  p o l a r  c o - o r d i n a t e s  a r e  a l s o  i n d e p e n ­
d e n t l y  d i s t r i b u t e d .  The a n g l e  i s  u n i f o r m l y  d i s t r i b u t e d  o n  
( 0 , 2 P I ) ,  a n d  t h e  s q u a r e  o f  t h e  r a d i u s  h a s  a c h i - s q u a r e  d i s ­
t r i b u t i o n  w i t h  t w o  d e g r e e s  o f  f r e e d o m  ( A t k i s o n  a n d  P e a r c e ,  
1S76)  .  B o t h  o f  t h e s e  d i s t r i b u t i o n s  may be i n v e r t e d  t o  g i v e  
t h e  p a i r
Z1=  ( - 2  *  l n R 1  ) * * 0 . 5 * C O S 2 P I * R 2 ,  a n d  
Z2=  ( - 2  *  I n R 1 ) * * 0 . 5 * S I N 2 P I * R 2  
w h e r e  R1 a n d  R2 a r e  tw o  u n i t  u n i f o r m  r a n d o m  n u m b e r s .
A l t h o u g h  many a l t e r n a t i v e s  f o r  t r a n s f o r m i n g  t o  n o m a l i t y  
d o  e x i s t ,  n o  o t h e r  m e t h o d  h a s  t h e  s i m p l i c i t y  o f  t h i s  t r a n s ­
f o r m a t i o n .  A l s o ,  t h i s  t r a n s f c r m a t i c n  i s  a t h e o r e t i c a l l y  e x ­
-  193 -
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a c t  o n e  i t  t h e  v a r i a t e s  t o  w h i c h  i t  i s  a p p l i e d  a r e  f r o n t  a 
t r u l y  r a n d o m  u n i t  u n i f o r m  s e q u e n c e .  T h i s  m e t h o d  d e v e l o p e d  
f r o m  t h e  d e s i r e  t o  h a v e  a way o f  g e n e r a t i n g  n o r m a l  d e v i a t e s  
w h i c h  w o u l d  ho r e l i a b l e  i n  t h e  t a i l s  o f  t h e  d i s t r i b u t i o n .  
M a t h e m a t i c a l l y  t h i s  a p p r o a c h  h a s  t h e  a t t r a c t i v e  a d v a n t a g e  
t h a t  t h e  t r a n s f o r m a t i o n  f o r  c h a n g i n g  f r o m  u n i f o r m  d e v i a t e s  
t o  n o r m a l  d e v i a t e s  i s  e x a c t  ( d u l l e r ,  1 9 5 9 ) -
B o x - H u H e r  R e j e c t i o n T r a n s f o r m a t i o n A l g o r i t hm
M a r s a g l i a  a n d  B r a y  ( 1 9 t h )  i m p r o v e d  t h e  B o x - T l u l l e r  i n v e r ­
s i o n  s t a t e d  a b o v e  L y  r e p l a c i n g  t h e  t r i g o n o m e t r i c  f u n c t i o n s  
w i t h
X= V1 * ( (-2*lr.'0 /W )**C.5, and
Y- V2  *  ( ( - 2 * l n T. ! ) / H )  * * 0 . 5
w h e r e  w= V 1 * * 0 . 5 +  V 2 * * 0 . 5  ^  1 ;  V1 a n d  V2 a r e  u n i f o r m a l l y  
d i s t r i b u t e d  on  ( - 1 , 1 ) .  And  H i s  u n i f o r m a l l y  d i s t r i b u t e d  on  
( 0 , 1 )  i n d e p e n d e n t l y  o f  V1 a n d  V2 ( A t k i s o n  a n d  P e a r c e ,  1 9 7 6 ) .
H a s t i n g s  R a t i o n a l  Ap p r o x i m a t i o n
R a t i o n a l  a p p r o x i a a t i e n s  t o  t r a n s f o r m  a u n i f o r m  d e v i a t e  t o  
a n o r m a l  d e v i a t e  h a v e  b e e n  s u g g e s t e d  b y  s e v e r a l  p e o p l e .  T h e  
b e s t  k n o w n  v e r s i o n  i s  d u e  t o  H a s t i n g s  ( 1 9 5 5 )  ( M u l l e r ,  1 9 5 9 ,  
S c h m i d t  a n d  ' T a y l o r ,  1 9 7 0 ) .  U s i n g  t h i s  a p p r o a c h  o n e  o b t a i n s  
a r e l i a b l e  n o r m a l  d e v i a t e  X w i t h  mean MU a n d  s t a n d a r d  d e v i a -
t i c n  SIGMA f r o m  a u n i f o r m  d e v i a t e  (J = g a s  f e l l o w s :
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X=MU + ( {TJ-O .  5) /  | U—0 .  5 | )  * S IG M A * A A ,  w h e r e
AA = V-  ( (A0 + A 1 * V + A 2 * V * * 2 ) /  ( 1 +D1 *V + B 2 * V * * 2 + E 3 * V * * 3 )  )
a n d  V = ( - 2 1 n 0 . 5 *  ( 1 ~ j  1 -2 U  | ) * * 0 .  5 ) ,
A 0 = 2 . 5 1 5 5 1 7 ,  A 1 = 0 . 8 0 2 8 5 3 ,  A2 = 0 . 0 1 0 3 2 8 ,  B 1 = 1 . 4 3 2 7 8 8 ,
B 2 = 0 .  1 8 9 2 6 9 ,  6 3 = 0 - 0 0 1 3 0 8 .
GGNilL a n d  GGMEM ( IBM I M S L ,  197 9 )  a r e  t w o  n o r m a l  o r  G aus ­
s i a n  r a n d o m  d e v i a t e  g e n e r a t o r s  i n c l u d e d  i n  t h e  IB M  IM S L  L i ­
b r a r y  S u b r o u t i n e s .  GGNMI g e n e r a t e s  p s e u d o - r a n d o m  n o r m a l  d e ­
v i a t e s  b y  t r a n s f o r m i n g  u n i t  u n i f o r m  v a r i a t e s  p r o d u c e d  f r o m  
t h e  GGUBS r o u t i n e  t o  n o r i t a l  v a r i a t e s  by  means  o f  t h e  i n v e r s e  
a p p r o a c h .  T he  p r o b l e m  i s  t o  f i n d  t h e  i n v e r s e  r e l a t i o n s h i p  
l)=F (X) g i v e n  t h a t
T h a t  i s ,  t h e  u n i f o r m  . randcm d e v i a t e s ,  U, g e n e r a t e d  by  
GGUBS a r e  t r a n s f o r m e d  t o  n o r m a l  d e v i a t e s  X u s i n g  I M S L  i n ­
v e r s e  n o r m a l  p r o b a b i l i t y  d i s t r i b u t i o n  f u n c t i o n  MDNRIS ( IB M  
I M S L ,  1 9 7 9 ) .
GGNPM g e n e r a t e s  p s e u d o - r a n d o m  n o r m a l  d e v i a t e s  by  t h e  p o ­
l a r  m e t h o d .  I t  g e n e r a t e s  p s e u d o - r a n d o m  n o r m a l  d e v i a t e s  b y  
t r a n s f o r m i n g  u n i t  u n i f o r m  v a r i a t e s  g e n e r a t e d  f r o m  GGUBS t o  
n o r m a l  v a r i a t e s  u s i n g  B o x -  M u l l e r  r e j e c t i o n  t r a n s f o r m a t i o n  
a l g o r i t h m .
IBM IMSL L i b r a r y  S u b r o u t i n e s
U=F (X) = ( 1 /  ( 2 * P I ) * * 0 „ 5 )  EXP ( -  1 / 2 *  t * * 2 )  d t
Appendix C
D E F I N I T I O N S  OF S T A T I S T I C S  INVE STIG A TED FOR GOODNESS OF F I T
1. S t a n d a r d  T h i r d  M o m e n t— J b 1
^ b 1 i s  t h e  r a t i o  o f  t h e  t h i r d  moment  t o  t h e  
s t a n d a r d  d e v i a t i o n .
b 1 = N * * 0 .  5*SUM ( X i~ M x )  * * 3 /  { (SOM ( X i - M x )  * * 2 )  * * 1 . 5 )  , 
f o r  i =  1 , 2 , .  .  t  N.
Mx i s  t h e  s a m p l e  mean o f  t h e  o b s e r v a t i o n s  X i .
2 .  S t a n d a r d  F o u r t h  M c a e n t — fc2
t 2 i s  t h e  r a t i o  o f  t h e  f o u r t h  moment  t o  t h e  
s q u a r e  o f  t h e  v a r i a n c e .
L 2 = N * S U M ( X i - H x ) * * ' 4 /  ( ( S U M ( X i - M x ) * * 2 ) * * 2 ) ,
f o r  i =  1 , 2 ,  .  . - ,  N.
3.  K o l m o g o i o v - S m i r n o v  ( 1 9 3 5 J - K S
KS i s  a f u n c t i o n  o f  t h e  l a r g e s t  d i f f e r e n c e  b e t ­
ween  t h e  e m p i r i c a l  d i s t r i b u t i o n  f u n c t i o n  o f  d a t a  
a nd  t h e  d i s t r i b u t i o n  f u n c t i o n  h y p o t h e s i z e d
KS(  + ) = M a x ( ( i / N ) - F ( Y i )  ) ,  i = 1 , 2 , . . . , N .
K S ( - ) =  m a x ( ( F ( Y i )  ) ~  ( ( i - 1 ) / N )  ) ,  i = 1 , 2 , . . . , N .
KS= max (KS (+)  , KS { - } )
Y1 < Y 2 . . .  < Yn d e n o t e s  t h e  o r d e r e d  o b s e r v a ­
t i o n s  f r o m  a c o m p l e t e  s a m p l e  o f  s i z e  N.
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F i s  t h e  h y p o t h e s i z e d  c u m u l a t i v e  n o r m a l  
d i s t r i b u t i o n  f u n c t i o n .
C r a m e r - V o n  H i s e s  ( 1 9 2 8 ,  19 3 1 ) — CM
CM i s  t h e  sum o f  t h e  s q u a r e d  d i f f e r e n c e  b e t w e e n  
t h e  e m p i r i c a l  d i s t r i b u t i o n  f u n c t i o n  o f  t h e  d a t a  
a n d  t h e  h y p o t h e s i z e d  d i s t r i b u t i o n  f u n c t i o n .
CM=SUM (F ( Y i ) -  ( ( 2 i -  1) /  ( 2 * N )  ) ) * * 2 +  ( 1 /  ( 1 2 * N )  ) ,  
f o r i  — 1 , 2  ,  N.
W e i g h t e d  C r a r a e r - V o n  M i s e s  ( A n d e r s o n  a n d  D a r l i n g ,  
1 9 5 h ) — SCM
WCH i s  a m o d i f i c a t i o n  o f  t h e  CM i n  w h i c h  t h e  
t a i l s  a r e  g i v e n  g r e a t e r  w e i g h t .
W CM=(-  (SUM ( 2 * i - 1 )  *  ( I n F  ( Y i )  + l n  ( 1 - F  ( Y n + 1 - i )  ) ) ) / N ) - H  
f o r  i - 1 , 2  ,»  - .  , i i -
M o d i f i e d  KS ( D u r b i n ,  1 9 6 1 ) — D
D= Max { i / H  - S U M ( G j ) ) ,  i = 1 , 2 , . . . , N .
G j = ( N + 2 - j )  * { C j  - C g - 1 ) , j = 1 , 2 , . . . , H .
0 < CO < C 1 . . .  < Cn o b t a i n e d  by o r d e r i n g .
C*1=U1r (^2 -U  2 - 0 1 ,  Cn+1 = 1 -U n
<J i  = F ( Y i )  ,  i = 1 ,  2 ,  .  . - , ? I .
C h i - s q u a r e d  ( P e a r s o n ,  1 9 C 0 ) — CS
W i t h  K m u t u a l l y  e x c l u s i v e  a n d  e x h a u s i v e  
c l a s s e s ,  t h e  CS s t a t i s t i c  i s  t h e  sum o f  t h e  r a t i o s  
ot '  t h e  s q u a r e  o f  t h e  d i f f e r e n c e  b e t w e e n  t h e  num -
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b e r s  o f  3a t a  p o i n t s  o b s e r v e r !  i n  t h e  c l a s s e s  a n d  
t h e  n u m b e r s  e x p e c t e d  i n  t h e  c l a s s e s  u n d e r  t h e  n u l l  
h y p o t h e s i s  t o  t h e  n u m b e r s  e x p e c t e d .
CS=SUH ( ( O i - E i )  * * 2 / E i )  , f o r  i - 1 , 2 , . . . , K .
f i i = E x p e c t e d  n u m b e r  p e r  c e l l .
O i= N u m b e r  o f  o b s e r v a t i o n s  p e r  c e l l .
8 .  S h a p i r o  a n d  W i l ' k  ( 1965)  —  W t e s t
W i s  t h e  r a t i o  o f  t h e  s q u a r e  o f  t h e  b e s t ,  o r  a p ­
p r o x i m a t e l y  b e s t  l i n e a r  u n b i a s e d  e s t i m a t o r  o f  t h e  
p o p u l a t i o n  s t a n d a r d  d e v i a t i o n  t o  t h e  s a m p l e  v a r i ­
a n c e .
W= (SUM ( a i Y i ) ) * * 2 / ( S U M ( Y i - M y ) * * 0 . 5 ) ,  w h e r e  
a i =  ( a l  , a 2  . , a n ) =  (ra’ * V ) /  { ( in’ *V * V * m » )  * * 0 .  5)
m’ = ( m l ,m 2 , . . . , mn) d e n o t e s  t h e  v e c t o r  o f  e x p e c t e d  
v a l u e s  o f  s t a n d a r d  n o r m a l  o r d e r  s t a t i s t i c s .
V = { v i j )  i s  t h e  c o r r e s p o n d i n g  N*N i n v e r s e  c o v a r ­
i a n c e  m a t r i x .
My i s  t h e  s a m p l e  mean o f  t h e  o r d e r e d  o b s e r v a ­
t i o n s .
9 .  D* A g o s t i n o —  DA ( 1 9 7 1 )
Up t o  a c o n s t a n t ,  DA i s  t h e  r a t i o  o f  D o w n t o n ' s  
l i n e a r  u n b i a s e d  e s t i m a t o r 1 o f  t h e  p o p u l a t i o n  s t a n ­
d a r d  d e v i a t i o n  t o  t h e  s a m p l e  s t a n d a r d  d e v i a t i o n .
E A = T /  ( ( N * * 2 ) * S V A R ) ,
‘ D o w n t o n ' s  ( 1 9 6 6 )  o r i g i n a l  u n b i a s e d  e s t i m a t o r  o f  t h e  n o r m a l  
d i s t r i b u t i o n  s t a n d a r d  d e v i a t i o n  i s  2  *  1 /  N ( N - 1 ) .
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w h e re  T= (SUM ( i -  ( (N + 1 ) / 2 ) } ) * Y i  a nd
5 VAI\= (SUM ( X i - M x )  * * 2 ) / N
1 0 .  M o d i f i e d  V ( S h a p i r o  a n d  F r a n c i a ,  1 9 7 2 ) — W*
W '  = (SUM ( t i Y i )  ) * * 2  /  (SUM ( Y i -  My) * * 2 )  ,
W he re  c o e f f i c i e n t s  b . i=  ( b 1 , b 2 , . . . , b n ) =  
m, / { m , *[u) d e p e n d  o n l y  o n  t h e  e x p e c t e d  v a l u e s  o f  
t h e  n o r m a l  o r d e r  s t a t i s t i c s  { H a r t e r ,  1 9 6 1 ;  P e a r ­
s o n  and  H a r t l e y ,  1 9 7 2 ,  T a b l e  9 ) .
11 .  G e a r y  t e s t  ( G e a r y ,  1 9 3 5 ) - - W n
'Sin i s  t h e  r a t i o  o f  t h e  mean d e v i a t i o n  t o  t h e  
s t a n d a r d  d e v i a t i o n .
Wn = S 0 M | X i - M X | / S
w h e r e  S d e n o t e s  t h e  s a m p l e  s t a n d a r d  d e v i a t i o n .
1 2 .  S t a n d a r d i z e d  r a n g e  t e s t  ( D a v i d ,  e t ,  a l . , 1 9 5 4 ) — u
u i s  t h e  r a t i o  o f  t h e  r a n g e  t o  t h e  s t a n d a r d  d e -  
v i a  t i o n .
u=  ( I J - 1 ) * * 0 . 5 *  ( Y n - Y 1 ) /  ( ( (SUM ( Y i - t t y )  * * 2 )  * * 0 . 5 )  )
13 .  E a t i o  o f  b1  a n d  b2 j o i n t l y  (Bowman a n d  S h e n t o n ,  
1975)  — K
K = X ^ J b 1 )  ♦ X ( b 2 )
w h e r e  X g . t 1 )  and  X ( b 2 ) a r e  s t a n d a r d i z e d  n o r m a l  
e q u i v a l e n t s  t o  t h e  s a m p l e  s k e w n e s s #/J b 1 , a n d  k u r t o -  
s i s ,  b 2 , s t a t i s t i c s .  K i s  d i s t r i b u t e d  a s  c h i -  
s q u a r e d  w i t h  2  d e g r e e s  c f  f r e e d o m .
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MATHEMATICAL RELATIONS: POWER SPECTRUM AND AUTOCOVARIANCE
S u p p o s e  X ( T )  i s  a s t a t i o n a r y  s t o c h a s t i c  p r o c e s s  w i t h  mean 
z e r o  ,  v a r i a n c e  VAR, a n d  l e n g t h  N .  The m a t h e m a t i c a l  r e l a ­
t i o n s  b e t w e e n  t h e  p o w e r  s p e c t r u m  a n d  t h e  a u t o c o v a r i a n c e  
f u n c t i o n  o f  X (T )  a r e  a s  f o l l o w s :
1 .  C o n t i n u o u s  t i m e  d o m a i n  c a s e .
T he  a u t o c c v a r i a n c e  f u n c t i o n  w i t h  l a g  U may be
d e f i n e d  as
E (U) = L I M ( 1 / N )  f i X (T )  *X (T + U) dT
M t>o SrSL
- N / 2  < T < N / 2 ,  -M < U < N <D-1)
T h i s  may be  r e d u c e d  t o  t h e  f o r m :
r**R { U ) = j  P ( F ) * E X P  ( j 2 P I * F * U ) d F ,  w h e r e  (D -2 )
P ( F ) = L I M  ( 1 / N )  ( |  p X ( T ) * E X P ( - j 2 P I * F * T ) d T J ) * * 2 .  (D -3 )  
t\i /-N
D - 3  may t e  r e d u c e d  t o
<D-4)
w h e r e  EXP ( j 2 P I * P * U )  =CCS2 F I * F * U + ; j * S I N 2 P I * F * U .  (D -5 )
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F d e n o t e s  f r e q u e n c i e s  f r o m  p o s i t i v e  i n f i n i t y  t o  
n e g a t i v e  i n f i n i t y .
P ( F )  d e n o t e s  a f u n c t i o n  c f  f r e q u e n c i e s ,  a n d  i t  i s  
c a l l e d  t h e  p e r i o d c c r a m  p o w e r  s p e c t r u m .
D - 2  s h o w s  t h a t  t h e  a u t c c o v a r i a n c e  f u n c t i o n  R(U) 
i s  a F o u r i e r  t r a n s f o r m  o f  t h e  p o w e r  s p e c t r u m ,  
P ( F ) .  And A - 4  s h o w s  t h a t  t h e  p o w e r  s p e c t r u m ,  
P ( F ) , i s  an i n v e r s e  F o u r i e r  t r a n s f o r m  o f  t h e  a u t o ­
c o v a r i a n c e  f u n c t i o n ,  R ( U ) .
I n  a d d i t i o n ,  The a u t c c o v a r i a n c e  f u n c t i o n  E(U)  
a n d  t h e  p o w e r  s p e c t r u m  P ( F )  a r e  e v e n  f u n c t i o n s  o f
t h e i r  r e s p e c t i v e  a r g u m e n t s .  H e n c e ,  t h e  r e l a t i o n
b e t w e e n  t h e  t w o  r a y  be e x p r e s s e d  m ore  s i m p l y  a s  
t w o - s i d e s  c o s i n e  t r a n s f o r m a t i o n s .  T h a t  i s
t h e  sum o f  P ( F )d F = V A R .
P ( F ) d F  i s  a m e a s u r e m e n t  c f  t h e  v a r i a n c e  i n  f r e ­
q u e n c y  b a n d  F t o  F + d F .  T h u s ,  P ( F )  s h o w s  how t h e  
v a r i a n c e  o f  t h e  X <T) p r o c e s s  i s  d i s t r i b u t e d  o v e r  
f r e q u e n c i e s .
D i s c r e t e  t i m e  d o m a i n  c a s e .
* C 0 S 2 ? I * F * U  dF (D -7 )
a n d  P ( F ) = j  R ( U ) * C 0 S 2 P I * F * U  dO. ( D - 8 )
F o r  l a y  U - 0
(D -9 )
202
T h e  a u t o c o v a r i a n c e  f u n c t i o n  w i t h  l a g  K, a n d  
s a m p l i n g  i n t e r v a l  D may fce d e f i n e d  a s  f o l l o w s
R ( K ) = I I f *  (SUM ( X ( T )  *X (T + K) ) ) / N ,  ( D - 1 0)
N - *
f o r  T= 1 , 2  , .  .  „  , ( K-  K) .
The  p o w e r  s p e c t r u m  may fce d e f i n e d  as
P ( F ) = D *  (SUM (K (K) *EXP ( - j 2 P I * F * K * D ) ) ) ,
P (F )  = D *  (SUM (R (K) * C O S 2 P I * F * K * D )  ) ,
- i n f i n i t y < K < + i n £ i n i t y ,  - 1 / 2 D < F < 1 / 2 D ,  ( D - 1 1 )
w h e r e  F ( F )  i s  a P o u r i e r  t r a n s f o r m  o f  t h e  a u t o c o ­
v a r i a n c e  f u n c t i o n  E (K ) o v e r  d i s c r e t e  l a g s ,  a n d  i t  
i s  a p e r i o d i c a l  f u n c t i o n .  A l s o  8 (K) i s  t h e  i n ­
v e r s e  F o u r i e r  t r a n s f o r m  o f  t h e  p o w e r  s p e c t r u m  
P ( F ) .  T h a t  i s
- 1 / 2 D < F <  1 / 2 D ,  K = 0 , + 1 , + 2 , ( D - 12)
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SAMPLE SPECTRUM AND SAMEIE AUTOCOVARIANCE
S u p p o s e  x ( T )  i s  o n e  s a m p l e  r e c o r d  o f  t h e  s t o c h a s t i c  p r o ­
c e s s  w i t h  s a m p l e  mean z e r o ,  s a m p l e  v a r i a n c e  SVAT? ,  s a m p l i n g  
i n t e r v a l  D,  a n d  s a m p l e  s i z e  N. T h e  m a t h e m a t i c a l  r e l a t i o n s  
b e t w e e n  t h e  s a m p l e  s p e c t r u m  a n d  t h e  s a m p l e  a u t o c o v a r i a n c e  
f u n c t i o n  a r e  a s  f o l l o w s :
1 .  C o n t i n u o u s  t i m e  d o m a i n  c a s e .
U s i n g  e q u a t i o n  ( D - 3 ) , t h e  s a m p l e  s p e c t r u m  may
fce d e f i n ed as f o l l o w s
JfcL
C ( F ) - ( 1 /N ) * (  I / 11'4
N/2 < T < N / 2 .
w h e r e N i s t h e F i r  i t
E ' .q u a t i on  E - 1 ma y fce :
C ( F ) = CCJ-ty« V ( U) *E X E  ( -
—N < U < H.
( E - 1 )
(E-2)
E q u a t i o n  E - 2  s h o w s  t h a t  t h e  s a m p l e  s p e c t r u m  i s  
t h e  E o u r i e r  t r a n s f o r m  o f  t h e  s a m p l e  a u t o c o v a r i a n c e  
f u n c t i o n .  T h i s  may be i n v e r t e d  t o  e x p r e s s  t h e  
s a m p l e  a u t o c o v a r i a n c e  f u n c t i o n  a s  t h e  F o u r i e r  
t r a n s f o r m  o f  t h e  s a m p l e  s p e c t r u m .  T h u s  we h a v e
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2 0 4
r**C O V ( 0 ) =  J C ( F }  *EXP ( j 2 P I * F * U )  d F , - N <  0 <N ( E - 3 )
‘ '- p o
a n d ,  f o r  U = 0 ,  e q u a t i o n  E - 3  becom es
T h u s  t h e  s a m p l e  s p e c t r u m  s h e w s  hew t h e  s a m p l e  
v a r i a n c e  o f  x  (T) i s  d i s t r i b u t e d  o v e r  f r e q u e n c i e s .
2 .  D i s c r e t e  t i m e  d o m a i n  c a s e .
T h e  s a m p l e  s p e c t r u m  i s  a F o u r i e r  t r a n s f o r m  o f  
t h e  s a m p l e  a u t o c o v a r i a n c e  f u n c t i o n .  T h u s ,
C (F )= D *S U M  (COV ( K ) * E X P  ( - j  2 P I * F * K * D ) ) ,  -  1 / 2 D < F <  1 / 2 D ,  
K = -  ( N - 1 )  , -  ( N - 2 )  , ,  ,  . ,  0 ,  . . . ,  (N -1 )  .  ( H - 5 )
I n  a d d i t i o n ,  t h e  s a m p l e  a u t o c o v a r i a n c e  f u n c t i o n
i s  a F o u r i e r  t r a n s f o r m  o f  t h e  s a m p l e  s p e c t r u m
Jr io^ C ( F )  * E X E ( j 2 P I * F * K * D )  d F ,  
xo
- 1 / 2 D  < F < 1 / 2  D, K = 0 , + 1 , + 2 , . . .  £  ( N - 1 ) . ( E - 6 )
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SMOOTHED SAMPLE SPECTRUM AND SAMPLE AUTOCOVARIANCE
B a r t l e t t  s u g g e s t e d  i n  1S18 how s p e c t r a l  a n a l y s i s  c o u l d  b e  
m o d i f i e d  s o  a s  t o  l e a d  t o  i m p r o v e d  s p e c t r a l  e s t i m a t o r s .  H i s  
was  t h e  s i m p l e  d e v i c e  o f  s p l i t t i n g  t h e  s e r i e s  i n t o  Q s e t s  o f  
M t e r r a s  s o  t h a t  N=M*Q. F o r  e a c h  s e t  o f  s u b s e r i e s ,  we c o n ­
d u c t  a s p e c t r a l  a n a l y s i s  a n d  e s t i m a t e  t h e  s a m p l e  s p e c t r u m ,  
C h ( F i ) ,  f o r  h = 1 , 2 , 3 , . , Q .  T h e n  t h e  s m o o t h e d  s a m p l e  s p e c t ­
r u m ,  a v e r a g i n g  t h e  s a m p l e  s p e c t r u m  o v e r  s u b - s e r i e s  a t  e a c h  
f r e q u e n c y ,  may b e  w r i t t e n
SC (Fi}= ( 1 / Q )  *SUM (Ch ( F i )  ) ,
h = 1 , 2 , 3 , . . . , Q ,  - 1 / 2 D  < F < 1 / 2 D .  ( F - 1 )
The  s a m p l e  s p e c t r u m  f o r  t h e  h t h  s u f c - s e r i e s  w i t h  l e n g t h  M i s
Ch
D e f i n e  t h e  a v e r a g e  s a m p l e  a u t o c o v a r i a n c e  a t  e a c h  l a g  a s
-hM-L i
SCOV (IJ)= ( 1 / Q )  *SUM 0 / n )  J X ( T ) * X ( T + U )  d T ,
iH-U M
( h - 1 ) * M  < T < h M -U ,  U > C.  ( F - 3 )
F rom  C - 2  a n d  C - 3 ,  E q u a t i o n  C - 1 b e c o m e s
S l»
SC (F) = J SCOV ( U) *E X P  ( - j 2 P I * F * U )  d U ,  M < U < M. ( F - 4 )
w~t>o
S i n c e  E(SCOV{U)  ) =R (U) * ( 1 - ( | U | / M )  ) ,  ( F - 5 )
( F ) =  f
*-t
M
C O V ( U ) * E X P  { - j 2 P I * F * U )  da , -M < U < H.  ( F - 2 )  
M
-  205 -
206
a n d  s i n c e  B a r t l e t t ' s  l a g  w in d o w  i s
K ( D ) = 1 - ( | U | / H ) ,  J u I < n ( F - 6 )
= 0  ,  1 U| >  M
E q u a t i o n  F - 4  b e c o m e s  
(* *S C (F )  = | COV (0)  ( IJ ) *H XP  { - j 2 P I * F * U )  dU. ( F - 7 )
/ - p a
E q u a t i o n  F - 7  s h o w s  t h a t  t h e  s m o o t h e d  s a m p l e  s p e c t r u m  i s  
t h e  F o u r i e r  t r a n s f o r m  o f  t h e  a v e r a g e d  ( o r  w e i g h t e d )  s a m p l e  
a u t o c o v a r i a n c e  f u n c t i o n .  F u r t h e r m o r e ,  The  n u m b e r  o f  s a m p l e  
a u t o c o v a r i a n c e  f u n c t i o n s ,  t h a t  m u s t  be c o m p u t e d ,  i s  o n l y  u p  
t o  M: a t r u n c a t i o n  p o i n t .
A ppend ix  G
K ELAT IONS BETWEEN THE VARIANCE AND THE TRUNCATION POINT
The v a r i a n c e  o f  t h e  s m o o t h e d  s p e c t r a l  e s t i m a t o r s  i s  
t h e o r e t i c a l l y  g i v e n  t y
F o r  B a r t l e t t * s  l a g  w i n d o w ,  I = ( 2 / 3 ) * M ,  w h e r e  2 / 3  i s  a m u l ­
t i p l i e r ,  a n d  E ~ 3 / ( 2 * M ) .
So t h e  v a r i a n c e  i s  p r o p o r t i o n a l  t o  M a n d  i s  i n v e r s e l y  
p r o p o r t i o n a l  t o  P.
B i s  c a l l e d  t h e  f r e q u e n c y  r e s o l u t i o n  b a n d w i d t h  i n  c y c l e s  
p e r  u n i t  o f  t i m e .  W{U) i s  c a l l e d  t h e  l a g  w i n d o w ;  PW (F) i s  
c a l l e d  t h e  s p e c t r a l  w i n d o w .  T h e  l a g  w in d o w  a nd  t h e  s p e c t r a l  
w in d o w  a r e  F o u r i e r  t r a n s f o r m s  o f  e a c h  o t h e r .
VAR (SC (F )  ) = ( (P (F) * * 2 ) / N )  * { U ) )  * * 2 d U
= ( (P (F) ) * * 2 / N )  * 1 =  (? (F) * * 2 ) /  <N*B) ,
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Appendix  H
PROPERTIES OF SAMPLE SPECTRAL ESTIMATORS: WHITE NOISE SERIES
S u p p o s e  X i s  a n o r m a l  s t o c h a s t i c  p r o c e s s  w i t h  i t s  e x ­
p e c t e d  v a l u e  e q u a l  t o  z e r o ,  v a r i a n c e  e q u a l  t o  VAR, s a m p l i n g  
i n t e r v a l  e q u a l  t o  D ,  a n d  s a m p l e  s i z e  e q u a l  t o  N. F rom  A p ­
p e n d i x - A  a n d  A p p e n d i x - B ,  t h e  s a m p l e  s p e c t r u m  e s t i m a t o r s  f o r  
t h e  d i s c r e t e  c a s e  may he d e f i n e d  a s  
C ( F )  = ( D / N ) * { S U E { X * C C S 2 P I * F * T * D ) ) * * 2 +  ( S U M ( X * S I N 2 P I * F * T * D ) ) *+2>
T = ( - N / 2 )  , ( - N / 2  +1) , . . , 0 , . . ,  ( N / 2  - 1 )  ,
- 1 / 2 D  < F < 1 / 2 D- <H-1)
This may le red u c e d  t o  the form 
C (F )=  (D/M) * ( A ( F )  * * 2 + H { F )  * * 2 )  , " 1 / 2 0  < F < 1 / 2 D ,  (11-2)
where A (f) =SUM ( X * C 0 5 2 P I * F * T * D )  , (H -3 )
H e n c e ,  a t  t h e  h a r m o n i c  f r e q u e n c i e s  F i = i / ( N * E ) ,
VAR (A ( F i )  ) =E (A ( F i  ) * * 2  )
= V A R * C O S 2 P l * F i * T * I ) = V A R * N / 2 ,  i = ± 1 ,+  2 , -  - . ,  + (N - 1 )
B (F) =SUM (X*S.IN 2P I ^ F ^ T ^ P ) (H -h )
S i n c e  E (X  ) = 0 ,  E (A (F) ) =0=E (B ( F ) ) ( H -5 )
= V A R *N ,  i = 0 , - N ( H - 6 )
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S i m i l a r l y ,
VAF (B ( F i ) ) = V A B * N / 2  ,  i - 1 , + 2 ,  r ± ( N - 1 )
=  0  i = 0 , - N  (H -7 )
f u r t h e r m o r e ,  when i = l  
COV (A ( F i )  ,A  ( F I )  ) =VAR*SUF ( C O S 2 P I * F i * ,r * D * C O S 2 P I * F l * T * D )
COV (A ( F i )  ,A  ( F I )  ) = 0  ( H - 8 )
CGV (B ( F i )  ,  E ( F I )  ) = 0 .
I n  a d d i t i o n ,  f o r  a l l  K and  L
COV (A ( F i )  ,B  ( F I )  ) = 0 .  (H -9 )
E q u a t i o n  H -7  a n d  H- 8  s h o w  t h a t  t h e  r a n d o m  v a r i a b l e s  a r e  
u n c o r r e l a t e d  a n d  t h u s  i n d e p e n d e n t .  Now, s i n c e  A ( F i )  a nd  
B ( F i ) a r e  l i n e a r  f u n c t i o n s  o f  n o r m a l  ra n d o m  v a r i a b l e s ,  A ( F i )  
a n d  E ( F i )  a r e  a l s o  d i s t r i b u t e d  n o r m a l l y .  H e n c e ,  t h e  r a n d o m  
v a r i a b l e s
A ( F i )  * * 2 / V A R  (A ( F i )  ) = 2 * A  ( F i )  * * 2 /  (N*VAR) ,  a n d
B ( F i )  * * 2 / V A H  ( E ( F i )  ) =2*13 ( F i )  * * 2 / ( N * V A R )  
a r e  e a c h  d i s t r i b u t e d  a s  CS.  S i n c e  A ( F i )  a n d  B ( F i )  a r e  n o r ­
m a l  r a n d o m  v a r i a b l e s .  H e n c e  t h e i r  sum 
( 2 /  (N *VAR)  ) *  ( A ( F i )  * * 2 + B  ( F i )  * * 2 )
= 2 * C ( F i ) / ( D * V A B ) = Y ( F i )  i s  d i s t r i b u t e d  a s  CS .  (H -10 )
When k = 0 , - N ,  3 ( F i )  i s  i d e n t i c a l l y  z e r o .  H e n c e ,
Y ( F i )  =A ( F i )  * * 2 / V A H  (A ( F i )  ) =C ( F i  ) /  ( D*V AF.) , K = 0 , - N ,  { H- 11)
i s  d i s t r i b u t e d  a s  CS.
E q u a t i o n  H - 7  a n d  H- 8  i m p l y  t h a t  the* r a n d o m  v a r i a b l e s  
Y ( F i )  a t  d i s t i n c t  f r e q u e n c i e s  a r e  u n c o r r e l a t e d  a n d  h e n c e  i n ­
d e p e n d e n t  b e c a u s e  o f  t h e  n o r m a l i t y  a s s u m p t i o n .
S i n c e  2 * C  ( F i ) / ( D * V A P . )  i s  d i s t r i b u t e d  a s  CS w i t h  2 d - f . ,
E ( 2 * C ( F i ) / ( D * V A R ) ) = n u m b e r  o f  d . f . = 2 .
T h e r e f o r e ,  E ( C ( F i )  ) = D * V A R .
F o r  w h i t e  n o i s e  s e r i e s ,  t h i s  i s  a n  u n b i a s e d  e s t i m a t o r  
s i n c e  t h e  t h e o r e t i c a l  p o w e r  s p e c t r u m  P ( E i ) = D * V A R .  
a n d  V A E ( 2 * C ( F i ) / ( D * V A H ) ) = 2 * d . f .
T h u s ,  VAR ( C ( F i ) ) = ( D * * 2 ) * V A R * * 2 .
T h i s  s h o w s  t h a t  a t  t h e  h a r m o n i c  f r e q u e n c i e s ,  a t  l e a s t ,  
t h e  v a r i a n c e  o f  t h e  e s t i m a t o r  i s  a c o n s t a n t  i n d e p e n d e n t  o f  
t h e  s a m p l e  s i z e .  S o ,  i t  i s  i n c o n s i s t e n t .
E v e n  i f  X i s  n o t  a n o r m a l  p r o c e s s ,  i f  t h e  s a m p l e  s i z e  N 
i s  l a r g e ,  b y  t h e  c e n t r a l  l i m i t  t h e o r e m ,  t h e  s a m p l e  s p e c t r a l  
e s t i m a t o r : 2 * C  ( F i ) / ( D * V A R )  i s  a p p r o x i m a t e l y  d i s t r i b u t i o n  a s  
CS w i t h  2 d . f . f o r  a l l  F .
Append ix  I
D I S T R IB U T IO N  OF THE SMOOTHED SAMPLE SPECTRAL ESTIMATORS
T h e  s m o o t h e d  s a m p l e  s p e c t r u m  SC (F) i s  a w e i g h t e d  sum o f  
c h i - s g u a r e  v a r i a b l e s .  H e n c e  i t  i s  r e a s o n a b l e  t o  a p p r o x i m a t e  
i t s  d i s t r i b u t i o n  by  a c h i - s g u a r e  d i s t r i b u t i o n .  T h a t  i s ,
SC { $ ) * & *  A *  CSv
E (SC(F) ) =E{A*CSv) =A*v, a nd  
VAR (SC (F) ) = VAR (A*CSv)=2 (A**2) *v 
where v=2 (E (SC (F) )) **2/VAK (SC (F)) , and A=E (SC (F)) /v.
S i n c e  VAR (SC (F) )=P ( F ) * * 2 / ( N * f  (W (U ) * *2 )d U )  , 
and E (SC { F ) ) =P (F) ,
v = 2N / (  (?i  (U) * * 2 )  ) dU = 2 i V I r  and A = P { F ) / v ,/-l>o-l*>
W here  I  i s  t h e  l a g  w i n d o w ,  N i s  t h e  s a m p l e  s i z e ,  a n d  n i s
t h e  t r u n c a t i o n  p o i n t .
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For generating U.U.R.N. and U.N.D.
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List of Programs
UURNGT, GETRAN, ADRAND, RANDU, RANNOS, RANDOM, RANC, 
URAND.
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c c ------
c c
cc
c c
* * *  UURNGT ROUTINE * * *
c c * * T H IS  PROGRAM GENERATES SEVEN TYPES OF U N IT
cc UNIFORM RANDOM NUMBERS AND TWO KINDS OF U N IT
c c NORMAL RANDOM VARIATES (GGNML AND GGNPMJ.
cc EACH GENERATED SECUENCE CONTAINS 5 0  SAMPLES,
c c AND EACH SAMPLE CONTAINS 5 0  SETS WITH 1200 NO.
cc PER SET I N  T H I S  STUDY.  THE GENERATED SEQUENCE
c c W ILL BE STORED I N  THE TAPE.  THE CREATED TAPE
cc W ILL BE USED AS THE INPUT F I L E  FOR NORMAL
c c TRANSLATING ROUTINE: MAINNOR AND S T A T IS T IC A L
c c
c c
TEST R O U T IN E S .
c c REQUIRED SU3 ROUTINES—-G ETRAN* AORAND, RANDU,
cc RANNOS,RANDOM, RANC, URAND. AND THREE
c c IM S L  RTNS----GGUBS * GGNML, GGNPM.
c c * * INPUT f i l e :
c c 1 ) FREE FOR MAT:
c c I  SET— NO . OF INDEPENDENT SAMPLES. I S E T = 5 0 .
cc !<L —  NO. OF SETS PER SAMPLE. K L = 5 0 .
c c N----NC. OF RANDOM NUMBERS PER S E T .  N = 1 2 0 0 .
c c IGG— INDEX FOR UNIT  UNIFORM RANDOM NUMBER
c c GENERATORS ( U . U . R . N . G . )  AND FOR U N IT  NORM
c c OEVIATES ( U . N . D . ) .  IS ADRANDJ 2 :  RAND UI
c c 3 : r a n n o s ;  4:  r a n c o m ;  5 : r a n c ;  s :  u r a n d ;
c c 7 : g g u o s ;  e:  g g n m l ;  9 : ggnpm.
cc 2 )  HEADING AND I N I T I A L  SEEDS FOR WHOLE SE R IES :
c c HEADING: FORMAT 4A1C.
cc
c c
I N I T I A L  SEEDS: IA ,  1 3 ,  IC , I D ----4 1 1 0 .
c c * * OUTPUT f i l e :
c c 1 ) MAGNATIC TAPE:
c c 1) HEADING AND I N I T I A L  SEEDS FOR WHOLE SERIES
c c C 4 A1 0 ,  4 1 1 0 ) .
cc 2 )  NUMBER OF SAMPLES AND SEEDS FOR EACH SAMPLE
c c ( 3 0 X , 5 1 1 0 ) .
c c 3 )  1200  GENERATED NUMBERS PER SE T ,  50 SETS PER
c c SAMPLE.
c c
c c 1 HE AD IN G * S E E D S | | N 0 .  OF SAMPLE,SEEDS|SET l | S E T  2 |
cc .  .  .  |SET 5 0 | | N O .  OF SAMPLE»SEEDS|SET 1 | S E T  2 | . . .
cc
cc |SET 5 0 ] |  . . .  | N O • OF SAMPLE, SEEDSJSET 1 |SET 2 j . . .
cc
cc SET 5 0 j  1
c c
cc
cc OTHER KEY VARIABLES IN THE PROGRAM
cc U----ARRAY FOR UN IT  UNIFORM RANDOM NUMBER PER S E T .
c c I A , 1 3 , I C , I D ----SEEDS PER SAMPLE.
cc I A A * I B E , I C C . I D D ----ARRAY FOR SEEDS OF 30  SAMPLES.
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REAL43 RX
D I  Net'S ICN HEAD( 1 0 ) , U ( 5 0 0 0 ) , R ( 4 ) . I A A ( I O O ) , I B B ( 1 0 0 ) ,
1 ICC{ 10C) * I D D ( 100 )
DATA I A A / 10 0 4 0 / , 1 8 8 / 1 0 0 * 0 / , I C C / 1 0 0 * 0 / , I D D / 1 0 0 * 0 /
CC *  IN P U T  AND P R IN T  PARAMATERS— I S E T . K L ,  N* AND IG G .  
R E A D ( 5 , 4 )  I S E T . K L , N , I  GG 
HR I TE ( 6 . 1 5 5 )  I  SET * KL » N » I  GG
155  FORMAT ( 10 X * * IS E  T = • * I  5 * 5 X . *  KL=* . I 5 . 5 X * *  N=* . 1 5 . 5 X  »
1 ■ IGG=* »15  )
CC 4 INPUT HEADING AND SEEDS FOR WHOLE GENERATED SERIES
CC AND WRITE INPUT CATA ON THE TAPE
READ ( 5 . 5 )  ( H E A C ( I ) , 1  = 1 , 1 0 ) , I A , I 8 , I C » I D  
WRITE ( 6 , 1 5 6 )  ( HEAD( I  ) , 1 = 1 , 1 0 ) , 1 A , I B . I C , I D
156  FORMAT ( 1 OX ,1 0  A4 ,  • I N I T  IAL SEEDS=• , 4  1 1 0 / )
WRI TE ( 1 , 5 )  ( H E A D ( I ) , 1 = 1 , 1 0 ) • I A , I B , I C . I D
5 FORMAT ( 1 0 A 4 . 4 I 1 0 )
CC *  GENERATE 5C I N I T I A L  INTEGER SEEDS FOR 50
CC INDEPENDENT SAMPLES
RX =DFLO AT{ I  A)
DO 40 1= 1 , I  SET
CALL GGL3S ( R > , 4 , R )
I  A A ( I . )= R (  1 ) 4 1 0 0  0 0 0 0 0 0  
I B 5 ( I ) = R ( 2 ) 4 1 0 4 0 0 0 0 0 0  
ICC I I  ) = R ( 3 ) 4 1 0 0  00  0 0 0 0  
I Q D ( I ) = f i ( 4 ) 4 1 0 0 0 0 0 0 0 0  
40 CONTINUE
CC *  GENERATE U . !J .R , N .  FOR IS E T = 5 0  INDEPENDET SAMPLES
CC WITH KL=50 SETS PER SAMPLE AND N = 1 2 0 0  N O S.  PER S E T .
DO 50 111=1,1  SET 
CC 4 IN I T I A L  SEEDS FOR EACH SAMPLE
1A = I A A { I I I )
I 8 = I B B ( I I I )
I C - 1 C C ( I I I )
I D = I D D ( I I I )
RX=DFL 0 AT( I  A)
CC 4 WRITE I N I T I A L  SEEDS AND NUMBER OF SAMPLES
CC CNTO THE OUTPUT TAPE FOR EACH SAMPLE
WRITE ( 1 , 2 5 )  I J  I , I A ,  I B . I C , ID  
2 5  FORMAT ( 3 0 X . E I 1 0 )
ViRITE ( 6 , 2 0 0 )  I  I  I , I A  , I B ,  IC , ID  
200  FORMAT ( 1 0 X , • 3 AMPLE= • , I  5 ♦» I N T I A L  VALLE =  * , 4 1 10)
DC 7 0 0 0  1 1 = 1 , KL 
DO 30 1 = 1 , N
CC *  CALL CORRESPONDING GENERATOR RTNS AND GENERATE
CC U . U . R . N ,
CALL GETRAN ( I  A , I 3 , IC , ID , I G G , 3 , Y F L , R , RX)
I F  ( IG G  , G T , 6 ) GOTO 31
CC 4 STORE U . L . R . N . F O R  GENERATORS—
CC ADRAND, RANDU, RANNCS, RANDOM, RANC, AND URAND
U ( I  ) = YFL 
GOTO 30
CC *  STORE U . U . R . N .  FOR IMSL GENERATORS GGU3S,
cc
2 1 
30
CC
CC
20
CC
7 0 0 0
CC
50
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GGNML AND GGNPM*
U{ I  >=R( 1)
CCNT INUE
*  WRITE THE GENERATED U . U . R . N .  AND U . N . D .  CNTQ 
ThE CUT PUT T / P E
WRITE ( 1 , 2 C )  C U I I ) . 1 = 1 . N)
FORMAT C20A4J
*  GENERATE NEXT SET 
CONTINUE
*  GENERATE NEXT SAMPLE 
CONTINUE
STOP
END
cc-
cc
cc
cc
cc
cc
cc
cc
cc
cc
cc
cc
cc
cc
cc
cc
cc
cc
cc
cc
cc
cc
cc
cc
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* * *  GETRAN ROUTINE * * *
* *  T H IS  ROUTINE W ILL CALL EACH CORRESSPONOING UN IT  
UNIFORM RANOCM NUMBER GENERATORS ( U . U . R . N . G . )
OR IBM INSL SUBROUTINES CGGNML. GGNPM) BY MEANS 
OF PARAMETER IG G .
* *  SUBROUTINES REQUIRED ARE ADRANO. RANDU. RANNOS.  
URAND. RANDGN. RAN. AND THREE IBM IMSL ROUTINES-  
GGUBS. GGNML• GGNPM.
SUBROUTINE GETRAN ( I A . I B . I C . I D . I G G . K L K L . Y F L . R . R X )
* *  KEY VA RIA3LES IN  T H I S  ROUTINE
IGG — I T  IS  THE SAME AS »UURNGT» RO UTIN E .
YFL— GENERAIED NUMBER.
RX— I N T I A L  SEED FOR IMSL RO UTIN ES.
R— ONE 01 MENSICNAL ARRAY FOR GENERATED NUMBER 
FOR IMSL R O U T IN E S .
KLKL NO.  QF D I G I T S  PER GENERATED NUMBER.
I A . I B . I C . I D — I N I T I A L  SEEDS FOR THE ROUTINES  
CTHER THAN I M S L .
DIMENSION R ( 1 )
REAL*8 RX
CC
GOT C ( 1 0 , 2 0  , 1 0 , 4  0 , 5 0 , 6  0 , 7 0 . 3 0 . 9 0  ) . IGG 
CALL ADRAND ( I A» I B , IC . I D . KLKL ,YFL>
I F  ( YFL . E Q .  O .  .O R .  YFL . EQ. 1.  ) GOTO 11
RETURN
CC *  U . U . R . N .  IS  0 OR 1 ,  GENERATE NEXT NUMBER 
WRITE ( 6 , 2 0 0 )  YFL 
FORMAT ( / I 0 X . » V F L = * , F 1 0 . 3 )
GOTO 1
CALL RANDU ( I A . Y F L )
I F  ( YFL . E Q .  0 .  .O R .  YFL .E Q .  1 .  ) GOTO 11
RE TURN
CALL RANNOS ( I A . Y F L )
I F  ( YF L  . E G ,  0 .  . O R .  YFL .EQ .  1 .  ) GOTO 11
RETURN
Y F L = U R A N D ( IA )
I F  ( YFL . E G .  0 .  . O R .  YFL . E G .  1 .  ) GOTO 11
RETURN
CALL RANDOM ( I A . Y F L . 1 )
IF  ( YFL . E Q .  3 .  . O R .  YFL .E Q .  1 .  ) GOTO 11
RETURN 
Y F L = R A N (1)
I F  ( YFL . E Q .  0 .  .O R .  YFL . E Q .  1 .  ) GOTO 11
RETURN 
CONTINUE
CALL GGUBS ( R X . l . R )
1 0
11
•200
20
30
40
5 0
60
70
220
I F  ( R (1 ) . E Q .  0 .  . O R .  R {1 ) .E Q .  1 .  ) GOTO 11
RETURN 
80  CONTINUE
CALL G G N M LtR X . l  . R )
RETURN 
9 0  CONTINUE
CALL GGNPM C R X . l . R )
R E T U P N
END
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cc:--------------------------------------------------------------------------------------------------
c c
CC * * *  AD RAND ROUTINE ***
CC
CC ** THIS IS R. BURFGHD'S A R C H I V E  GENERATOR 
CC
SUBROUTINE ADRAND (NA ,  NB ,  NC ,  ND , K L K L ,  YF L) 
LO G IC A L*1  I S W / . F A L S E . /
I F  { ISW) GOTO 10 
ITEMP = 1 0 .  * *  KLKL 
TEMP=DFLOAT ( IT E M ? )
I S W=. TRUE.
10 MR =NA +NB +NC + ND
M R=M R -(M E/ ITEM P)  *  ITEMP 
YFL= MR
YFL= Y F L /T E i lP
NA=NB
NB= NC
NC=ND
ND=MR
RETURN
END
ROUTINE.
I
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c c ------------------------------------------------------------------------------------------------------------------------
c c
CC * * *  RANDU ROUTINE * * *
CC
CC * *  T H IS  ROUTINE I S  A CONGRUENTIAL GENERATOR FURNISHED
CC BY IBM SSP PACKAGE.
CC
SUBROUTINE RANDU ( I X , Y F L )
CC
CC * *  KEY VA RIAB LES IN  TH IS  ROUTINE ARE AS FOLLOWS:
CC I X — FOR THE F IRST ENTRY T H IS  MUST CONTAIN ANY
CC ODD INTEGER NUMBER WITH NINE OR LESS D I G I T S .
CC AFTER THE F I R S T  ENTRY I X  SHOULD BE THE
CC PREVIOUS VALUE OF IY  COMPUTED BY T H I S  R O U T IN E .
CC I Y — A RESULTANT INTEGER RANDOM NUMBER REQUIRED
CC FOR THE NEXT ENTRY TO T H IS  SUBROUTINE.
CC THE RANGE OF T H IS  NUMBER IS  BETWEEN ZERO AND
CC 2 * * 3 1 .
CC YFL— THE RESULTANT UNIFORMLY D IS T R IB U S D ,  FLOATING
CC PO INT ,  RANDOM NUMBER I N  THE RANGE 0 TO 1.
CC
1 I Y = I X  *  6 5 5 3 9
I F  ( I Y )  5 , 6 , 6
5 I Y = I Y + 2 14748  36 47 +1
6  Y F L = IY
YFL=YFL *  0 . 4 6 5 6 6 1 3  E - 9
I  X = I  Y
RETURN
END
* * *  RANNOS ROUTINE * * *
* *  T H IS  I S  MACLAREN AND M AP.S A G L IA ’ S MIXED M U L T I P L IC A T I V E  
CONGRUENTIAL GENERATOR ROUTINE (EMSHOFF AND 
S IS S O N ,  1 9 7 0 )  .
SUBROUTINE RANNOS (MSSED, YFL)
REAL KNEW
I  NT EGE E PLU S / Z  1 0 0 00 0 0 /  , I  B I T /  :Z9 0 0 0 0 0 0 0 /  , H E X /Z  1000 3 /
INTEGER OLD, NEW, SEED 
L O G I C A L * 1 N O R M A L / . F A L S E . /
EQUIVALENCE (MEM,KNEW)
I F  (NORMAL ) GOTO 10 
OLD = IA B S  (MSEED)
NORMAL= .T R U E .
O LD = OLD *  HEX 
NSW =OLD / 2 5 6
I F  (NEW . L T .  0) NEW=NEW + PLUS
NEH= NEW+IBIT
YFL =R NEW + 0 . 0
RETURN
END
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1 * ----------
2  *
3 * * * *  RANDOM ROUTINE * * *n *
5 * T H IS  I S LEWIS-LEARNON T H ' S UNIFORM RANDOM NUMBER
6  ^ GENERATOR ROUTINE. NAVAL POSTGBADUTE SCHOOL MONTEREY
7 * C A L IF O R N IA  (LEWISE AND M IL L E R ,  1 9 6 9 ,  K L E IJ N E N ,  1 9 7 4 ) .
8  *
9 0 VFLO H CSEC1
10 ENTRY RANDOM
1 1 USING OVFLOW,S1 2
1 2 SAVE ( 1 4 , 1 2 )
13 + JB 12 ( 0 , 1 5 )
14 + DC AL 1 ( 6 )
15+ DC C L 6 ' OVFLOW1
16 + SIM 1 4 , 1 2 , 1 2 ( 1 3 )
17 LR R 1 2,  R 1 5
18 ST R1 3 , S A + 4
19 LR R 2 ,  R 1 3
2 0 LA R 1 3, SA
2 1 ST R1 3 , 8  ( , E2)
2 2  *
23 * ISSUE SP1K MACRO TO F IELD  INTERRUPTS
24  *
2 5 SP I E X I T  , (3 , 9 , 1 1 , 1 2 , 1 3 , 1 5 )
26 + CROP 0 ,  4
27  + DAL 1 , *+  1 0
28  + DC B L 1 » 000010 10 »
29 + DC AT, 3 (X I T )  . .
30 + 
+
DC B L 2 ' 0 0 0 0 0 0 0 0 1 1 0 1 1 1 0 1 •
+
31 + SVC 14 , '
32 *
33 ST S1 , P I C A
34 L R 13,  SA+4
35 RETURN ( 1 4 , 1 2 )
36+ LM 1 4 , 1 2 , 1 2 ( 1 3 )
37 + BE 14
38 *
39 * HERE ON INTERRUPT
40 *
4 1 U S I  NG X I T , R 1 5
42 XI T TH 7 (R1 ) , X 1F7 •
43 DC 5 ,  FORT
44 CLC 17 { 3,  B 1) , ARAN DO M + 1
45 BNE 0  ( , R 14)
4 6 *
47 * M AK E THE CORRECTION, I . E .  ADD 2 * * 3 1 - 3  TO R4
48  *
49 A R4 ,  P M2
50 AR R 4, R 2
51 B R R 1 4
52 *
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53 * LET OS HANDLE THE
54 *
55 FO RT L .R 15,  P ICA
56 L R 1 5 , 0 ( , R 1 5 )
57 BR R15
59 *
60  *  GENERATE SOME RANDOM NUMBER
61 *
6 2  USING * , E 1 5
6  3 RANDOM SAVE ( 1 4 ,  1 2 )
64+RANDOM B 12 ( 0 , 1 5 )
65  + DC A 1 1  (6 )
6 b + DC CL 6 '  RAN.DOM »
67 + STM 1 4 ,  12, 1 2 ( 1 3 )
6 8 ST R 13 ,  SA+ 4
69 LR R2 ,R 1 3
70 LA E 1 3 ,S A
71 ST R 13,  8  ( ,  S 2)
72 SUR FRO,FRO
73 LM S9 , R 11 , A75
74 *
75 *
76 I.A B2 ,4
77 LM S 5 ,  R 7 ,  0 (fi 1)
78 L R 5 , 0 ( , F 5 )
7 9 L E3 ,0  (,117)
80 SI.A S 3 ,  2
8 1 SS I( 6 , 1: 2
82 LR R7 ,R 2
83 LA It1 2 , NO NORM
8  4 CNO? 2,  8
8 5  *
86  * LOOP FOR N RANDOM
37 *
8 8  LOOP MR S 4 ,  ES
89 SLD A R4 ,1
90 SEL R 5 ,1
9 1 AE P 4 ,  R 5
92 LR R5 , R4
93 SEL R4 ,7
9 4 OR E 4 ,R  1 0
95. ST R 4 ,  0 { R 7 ,  S 6 )
96 C K R 4 , E1 1
97 BNL 0 ( , R 1 2 )
98 LE FR 2, 0 ( R 7 , R  6)
99 AER F R 2 , FRO
1 0 0 STE ,FR2 , 0  (37 , R6 )
10 1 NONORM BX L E E 7 ,  P 2, LOOP
1 0 2  *
103 I. R4 ,0  ( ,R 1 )
104 ST R 5, 0 (, E 4)
10 5 L It 13,  SA+4
106 RETURN ( 1 4 , 1 2 )
107  + LM 1 4 ,  12 , 1 2  ( 1 3 )
1 0 0  + BE 14
1 1 0 ❖
1 1 1 * CONS TANTS AND STORAGE
1 1 2
113 P IC A DC F* O'
114 ARANDOM DC V (RANDOM)
115 P M2 DC F » 2147  4 8 3 6 4 5 '
116 A 75 DC F ' 1 6 8 0 7  •
117 DC X' 4 0 0 0 0 0 0  1 '
118 DC X ' 4 0 1 0 0 0 0 0 '
119 SA DS 18F
1 2 0 R 0 EQU 0
1 2 1 R 1 EQU 1
1 2 2 R 2 EQU 2
123 R3 EQU 3
124 R4 EQU 4
125 R5 EQU 5
126 P. 6 EQU 6
127 37 EQU 7
128 38 EQU 8
129 F 9 EQU 9
130 3 1 0 EQU 1 0
131 R 11 EQU 1 1
132 E 1 2 EQU 1 2
133 3 13 EQU 13
134 R14 EQU 14
135 3 15 EQU 15
136 FRO EQU 0
137 FR2 'EQU 2
138 END
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1 V — — — — — — —
2 ❖
3
i±
❖ * * *  R AIIC ROUTINE * * *
*T
5 T H IS  IS  E .  SHORE'S ASSEMBLER UNIFORM GENERATOR
6 * ROUT IN E . EACH ENTRY HAS 3 P O IN T S -  A S IN G L E -P R E C I
7 ❖ UNIFORM DEVIATES ON ( 0 , 1 )  I S  STORED IN  U BY
8 SETING; U=EAN (1 ) (KINDERMAN S RAMAGE, 1 9 7 4 ) .
9 *
1 0 FANC CSECT
11 ENTRY R A N , S E T , I G E T
1 2 H1 EQU 0
13 M2 EQU 1
14 BASE EQU 15
15 *
16 US ING RAM,BASE
17 * T H IS  PROGRAM I S  A FORTRAN-CALLABLE ROUTINE .
18 * TO GENERATE UNIT  RANDCM
19 RAM L M2, CURNT GET THE LAST INTEGER
2 0 M M1 , MU LTR T IM ES THE MULTIPLAYER
2 1 A.L M2 ,  ADE R PLUS THE CONSTANT
2 2 ST M 2 , CURST ADD STORED I N  THE R IG HT PLACE
23 *
24 S L I ­ M2,1 GET RLD OF THE EXTRAM ECUS B I T .
25 ST . M2, CON V AND SET UP FOR FLOAT CONVERSION
26 LI) M1, F ID  TR NOW TO CLEAEELY CONVERT TO FLO AT IN '
27 AD M 1 ,Z E P 0  ALL DONE
28 *
29 BR 14 BACK TO THE MAIN
30 *
31 USING S E T ,B A S F
3 2 SET L M2 , 0 { M2)
3 3 I. M2 , 0  (M2 ) GET THE NUMB
34 ST M 2 , CURNT PUT I T  I N  THE RIGHT PLACE
35 DR 14 BACK HE GO
36 •A.T
37 USING I G E T ,B A S E
33 I  SET L 0 , CURNT
3S BR 14
40
41 * NON TH E CONTENTS
42
4 3 DS OD GET THE ALIGNMENT RIGHT
4 4 ZERO DC X ' 4 6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 »
45 MULT a DC F» 1611715109'
46 AD EH DC F' 45 38 1669 3*
47 F LOTH DC X '46 0 0 0 0 0 0  '
48 CON V DC F* O'
49 CUE Mr DC F' O'
50 END
* * *  HPAND ROUTINE * * *
* *  URAND I S  A UNIFORM RANDOM NUMBER GENERATOR BASED
ON THEORY AND SUGGESTIONS GIVEN I N  D. E. KNUTH (19 69 )  
VOL- 2 .  THE INTEGER »JY» SHOULD P E IN IT T A L Z T F D  TO AN 
ARBITRARY INTEGER PRIOR TO THE F IR S T  CALI. TO URAND. 
THE CALL ING  PROGRAM SHOULD NOT ALTER THE VALUE OF 
I Y  BETHFEN SUBSEQUENT CALLS TO " URAND". VALUE OF 
"URAND”  W ILL  BE RETURNED IN  THE INTERVAL ( 0 , 1 )  
(FORSYTHE, MALCOLM, 1 9 7 7 ) .
REAL FUNCTION URAND ( I Y )
INTEGER I Y
INTEGER I A ,  I C , I T W O , M2, M , M I C  
DOUBLE PR ECIS ION HALEM 
PEAL S
DOUBLE PRECIS ION DATAN,DSQPT 
DATA M 2 / 0 / , I T W O / 2 /
I F  (M2 .  NE. 0 )  GOTO 20
*  I F  F IR S T  ENTRY, COMPUTE MACHINE INTEGER WORD LENGTH
M= 1 
M2=M
M=ITW0 *M2
I F  ( M . G T .  M2) GOTO 10
*  COMPUTE M U L T IP L IE R  AMD INCREMENT FOR L IN E AR  
CONGPUF.NTIAL m e t h o d
HALF 21= M2
I A  = 8  *  I  D IN T  (HA LF M *D AT A N ( 1. B 0) / 8  . DO) + 5
I C = 2  * IP I N ? ( H R I . F M  * { 0 . 5 D 0  -DSORT (3 . DO ) / 6  . DO) ) + 1
MIC= ( M2 - I C )  +M2
*  S I S  THE SCALE FACTOR FOE CONVERTING TO 
FLO AT IN G  POINT
S = 0 - 5 /HALFM
*  COMPUTE NEXT RANDOM NUMBER 
I Y = I Y * I A
*  THE FOLLOWING STATEMENT I S  FOR COMPUTERS WHICH 
DO MOT ALLOW INTEGER OVERFLOW NO A D D IT IO N
I F  ( I Y  . G T .  N IC)  IY =  ( I Y  -M2)  -M 2
IY  = I Y  + IC
*  THE FOLLOWING STATEMNET I S  FOP COMPUTERS WHERE 
THE WORD LENGTH p OR A D D IT IO N  I S  GREATER THAN FOR 
M U L T IP L IC A T IO N
cc 230
I F  ( I l f / 2  - G T .  M2) I  Y= ( I  Y- M2) -M2
CC
CC *  THE FO LLOWI ITS STATFMEMT I S . F O E  COMPUTERS WHERE 
CC INTEGER OVERFLOW AFFECTS THE SIGN B I T
CC
I F  { I Y . L T .  0 )  I  Y= ( I  Y+ M 2) + M2
URAND = F LO A T (T Y )  * S
RETURN
END
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cc
CC * * *  URGBMJ ROUTINE * * *
CC
CC * *  T H IS  PROGRAM GENERATES SEVEN TYPES OF U N IT
CC UNIFORM RANDOM NUMBERS AND TRANSLATE THESE
CC NUMBERS IN T O  U N IT  NORMAL RANDOM NUMBERS BY
CC BOX-MULLER REJECTION ALGORITHMS. EACH
CC GENERATED SEQUENCE CONTAINS 50 SAMPLES.
CC EACH SAMPLE CONTAINS 5 0  SETS WITH 1200  NUMBERS
CC PER SET.  THE GENERATED SERIES W ILL  BE STORED
CC IN  THE T A P E .  THE CREATED TAPE W IL L  BE USED
CC AS THE IN P U T  F I L E  FOR S T A T I S T I C A L  TEST HOUTINS.
CC
CC * *  REQUIRED SUBROUTINES— GETRAN, ADRAND, RANDU,
CC RANNOS,RANDOM, RANC, URAND, IB M  IM S L-G G U B S ,  AND BM.
CC
CC * *  IN P U T  F I L E :
CC 1) FREE FORMAT:
CC I S E T  —  NO. OF INDEPENDENT SAMPLES. I S E T = 5 0 .
CC KL— NO. OF SETS PER SAMPLE. K L = 5 0 .
CC N— NO. OF RANDOM NUMBERS PER SET. N = 1 2 0 0 .
CC IG G — INDEX FOR U N IT  UNIFORM RANDOM NUMBER
CC GENERATORS ( U . U . R . N . G . )  .
CC 1: ADRAND; 2 ;  RANDU; 3 :  RANNOS; 4 :  RANDOM;
CC 5 :  RANC; 6 : URAND; 7 :  GGUBS.
CC 2 )  HEADING AND I N I T I A L  SEEDS FOR WHOLE S E R IE S :
CC HEADING: FORMAT 4 A 1 0 .
CC I N I T I A L  SEEDS: I A ,  I B ,  I C ,  I D — 4 1 1 0 .
CC
CC * *  OUTPUT F I L E :
CC 1) MAGNA T IC  TAPE:
CC 1) HEADING AND I N I T I A L  SEEDS FOR WHOLE SERIES
CC (4 A 10 ,  4 1 1 0 ) .
CC 2) NUMBER OF SAMPLES AND SEEDS FOR EACH SAMPLE
CC ( 3 0 X , 5 I 1  0) .
CC 3 )  GENERATED NUMBERS PER SET,  50 SETS PER SAMPLE.
c c  '  —
CC JHEADING, S E E D S j |M O .  OF SAMPLE, SEEDS1 SET 1 |  SET 2 | . . .
CC -----------------------------------------------------------------------
CC ’ I SET 5 0 ) JNO. OF SAMPLE, SEEDS | SET 1 1 SET 2 J  JSET 5 0 1|
c c  ----------------------------------------------------------------------------------------------------------------------------
CC .  .  .  ] NO. OFS AMPLE, SEEDS I SET 1JSET 2 J . . . S E T 5 0 ] |
cc -------------------------------------------------------------------------------------------------------
cc
CC * *  OTHER KEY VARIABLES I N  T H IS  ROUTINE ARE AS FOLLOWS:
CC U— ARRAY FOR U N IT  UNIFORM RANDOM NUMBER PER SET.
CC I A , I B , I C , I D — SEEDS PER SAMPLE.
CC I A A , I B B , I C C ,  ID D — ARRAY FOR SEEDS OF 30 SAMPLES.
CC HEAD— ARRAY FOR HEADING.
CC
REAL * 8  RX
DIMENSION HEAD (10 ) ,  0 ( 5 0 0 0 )  ,  R (4)  , IAA  (1 0 0 )  , IB B  ( 1 0 0 )  ,
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1 I C C  (1 00 )  , IDD ( 1 0 0 )
DATA I A A / 1 0 0 * 0 / , I B B / 1 0 0 * 0 / , I C C / 1 0 0 * 0 / , I D D / 1 0 0 * 0 /
CC *  INPU T AND PRINT P ARAM A T E R S - - I S E T ,  K L ,  N, AND IGG.
READ ( 5 , * )  I S E T , K L , N , I G G  
WRITE ( 6 , 1 5 5 )  I S E  T , K L , N , I G G
155  FORMAT (1  O X , * I S E T = ' , 1 5 , 5 X , ' K L = '  , 1 5 , 5 X , • N = * , 1 5 , 5 X ,
1 * IG G =  * , 1 5 )
CC *  IN P U T  HEADING AND SEEDS FOR WHOLE GENERATED
CC S E R IE S  AND WRITE IN P U T  DATA ONTO THE TAPE
READ ( 5 , 5 )  (HEAD ( I )  , 1 = 1 ,  1 0 ) ,  I A ,  I B ,  I C ,  I D  
WRITE ( 6 , 1 5 6 )  ( H E A D ( I )  ,  1 = 1 ,  10) , I A ,  I B , I C , I D
156 FORMAT ( 1 0 X , 1 0 A 4 , ' I N I T I A L  SEEDS= ' , 4 1 1 0 / )
WRITE ( 1 , 5 )  (HEAD ( I )  , 1 = 1 , 1 0 )  , I A , I B , I C , I D
5 FORMAT (10 A 4 ,  4 1 1 0 )
CC *  GENERATE 5 0  I N I T I A L  INTEGER SEEDS FOR 50
CC INDEPENDENT SAMPLES
RX=DFLOAT ( I A )
DO 40  1 = 1 , I S E T  
CALL  GGUBS ( R X , 4 , R )
I A A ( I )  = R ( 1 )  * 1 0 0 0 0 0 0 0 0  
I B B  ( I )  = R ( 2 ) * 1 0 0 0 0 0 0 0 0  
ICC ( I )  =R (3 )  *  1 0 0 0 0 0 0 0 0  
I D D ( I )  = R (4)  * 1 0 0 0 0 0 0 0 0  
40 CONTINUE
CC *  GENERATE U . U . R . N .  FOR I S E T = 5 0  I N D E P .  SAMPLES WITH
CC K L = 5 0  SETS PER SAMPLE AND N=1200 NOS. PER SET.
DO 50 1 1 1 = 1 , I S E T  
CC *  I N I T I A L  SEEDS FOR EACH SAMPLE
I A = I A A  ( I I I )
I B = I B B  ( I I I )
I C = I C C ( I I I )
I D = I D D ( I I I )
R X = D F L O A T ( IA )
CC *  WRITE NUMBER OF SAMPLES AND I N I T I A L  SEEDS ONTO
CC THE OUTPUT TAPE FOR EACH SAMPLE
WRITE ( 1 , 2 5 )  I I I  , I A  , I B , I C , I D  
25  FORMAT ( 3 0 X , 5 I 1 0 )
WRITE ( 6 , 2 0 0 )  I I I ,  I A ,  I B ,  I C ,  I D  
200  FORMAT (1 OX, • SA MPLE = * , 1 5  ,  *1 N T IA  L VALUE= » ,  4110)
DO 7 0 0 0  1 1 = 1 , KL 
DO 30 1 = 1 , N 
CC *  CALL CORRESPONDING GENERATOR RTNS
CC AND GENERATE NORMAL RANDOM NUMBERS
U ( I )  = B M ( I A ,  I B , I C ,  I D ,  IGG, K L K L ,  Y F L ,  E , R X )
30 CONTINUE
CC *  WRITE THE GENERATED U N IT  NORMAL VARIATES ONTO
CC THE TAPE
WRITE ( 1 , 2 0 )  (0  ( I )  ,  1= 1,  N)
20 FORMAT ( 2 0 A 4 )
CC *  GENERATE NEXT SET
7 0 0 0  CONTINUE 
CC *  GENERATE NEXT SAMPLE
50 CONTINUE
STOP
END
c c ----------------------------------------------------------------------------------------------------------------------2 3 5 .
CC
c c  * * *  BM * * *
CC
CC * *  T H IS  ROUTINE W IL L  BE CALLED FOR TRANSLATING U . U . R . N .
CC GENERATED FROM GETRAN AND CORRESPONDING GENERATOR
CC ROUTINES IN TO  U . N . D .  BY BOX-MULLER REJECTION
CC ALGORITHM. THE U . N . D .  GENERATED HERE W I L L  BE
CC RETURNED TO THE CA LL ING  ROUTINE.
CC
CC * *  REQUIRED SUBROUTINE: GETRAN
CC
REAL FUNCTION BM ( I A , I B , I C , I D , I G G , K L K L , Y F L , R , R X )
CC
CC *  KEY VARIABLES I N  T H IS  ROUTINE ARE AS FOLLOWS:
CC I G G - - I N D E X  FOR GENERATOR ROUTINES.
CC I A ,  I B ,  I C ,  I D — I N I T I A L  SEEDS FOR GENERATOR OTHER
CC THAN IMSL * S GENERATORS.
CC I X — I N I T I A L  SEED FOR IMSL *S GENERATORS.
CC YFL- -G E N E R A  TED NUMBERS FROM GENERATORS OTHER
CC THAN GGUBS.
CC R — GENERATED NUMBERS FROM GGUBS.
CC
DIMENSION 8 ( 1 )
REAL* 8  RX
L O G IC A L *  1 C K / . T R U E . /
C K = .N O T .  CK 
I F  (CK) GOTO 20 
10 CALL GETRAN ( I  A , I B  , 1 C , I D  , IGG , 8  ,  Y F L ,R  , RX)
I F  ( IG G  . E Q .  7) GOTO 15 
V = 2 .  *  (YFL - 0 .  5)
GOTO 16
15 V = 2 .  * { R  (1 )  - 0 . 5 )
16 CALL GETRAN ( I A ,  I B ,  I C ,  I D ,  IG G ,  K L K L ,  Y*FL ,  R , RX)
I F  ( IGG .E Q .  7)  GOTO 17
R = 2 .  * ( YFL - 0 . 5 )
GOTO 18
17 W=2. *  (R (1 )  - 0 . 5 )
18 B M = V * * 2  + W **2
I F  ( BM . G T . 1 ) GOTO 10  
X=SQRT ( ( - 2 .  *  ALOG (BM) ) /  BM)
BM=V*X 
RETURN 
20 BM=W*X
RETURN 
END
Block Diagrams—MAINNOR
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CC------
c c
c c * * *  MAINNOR ROUTINE * * *
c c
c c * * T H IS  PROGRAM TRANSLATES U . U . R . N .  INTO U . N . D .
c c A. READ U . U . R . N .  FROM TAPE CREATED IN "UURNGT"
c c S O U T IN E .
c c B. TRANSLATE U . U . R . N .  INTO U . N . D .
c c C.  WRITE U . N . D .  ONTO TAPE.
c c
cc * * THE REQUIRED SUBROUTINE I S  UNTRAN.
c c
c c * * IN P U T  F I L E :
cc 1) FREEFORM A T :  N ,  K L ,  I S E T ,  IGG.
cc 2 )  HEADING FROM CARD F I L E ,  FORMAT: 2 0 A 4 .
c c 3) HEDING S STARTING SEEDS FOR WHOLE SERIES
cc FROM TAPE F I L E  CREATED I N  "UURNGT”  RTN,
cc FORMAT: 1 0 A 4 ,  4 1 1 0 .
c c 4> NUMBER OF SAMPLES AND SEEDS PER SAMPLE FROM
c c TAPE F I L E  CREATED I N  ' 'UURNGT" RTN,
cc FORMAT: 3 0 X ,  5 1 1 0 .
c c 5 )  U . U . R . N .  FROM INPU T TAPE F I L E  CREATED IN
c c "UURNGT" RT N ,  FORMAT: 2 0 A 4 .  N=1200 PER SET,
cc 50  SETS PER SAMPLE, 5 0  SAMPLES FOR WHOLE S E R IES .
c c
c c * * OUTPUT: TAPE F I L E
c c 1 )  HEADING 5 STARTING SEEDS FOR WHOLE S E R IE S .
cc FORMAT: 1 0 A 4 ,  4 1 1 0 .
cc 2) NUMBER OF SAMPLES AND SEEDS PER SAMPLE,
c c FORMAT: 3 0 X ,  5 1 1 0 .
c c 3) PRODUCED U . N . V A R I A T E S ,  FORMAT: 2 0A 4 .
c c
cc * * KEY VA RIAB LES USED I N  T H IS  PROGRAM ARE AS FOLLOWS:
c c I S E T — NO. OF INDEPENDENT SAMPLES, LET I S E T = 5 0 .
cc KL— NO. OF SETS PER SAMPLE, LET K L = 5 0 .
cc N— NO. OF RANDOM NUMBERS PER SET,  L E T  N = 1 2 0 0 .
c c IGG— TYPE OF TRANSFORMATION ALGORITHMS, IGG=1
c c FOR BOX-MULLER, IGG=2 FOR HASTING*S ROUTINE.
cc HEAD— AREA FOR HEADING OF U . U . R . N .  IN P U T  FROM TAPE
c c F I L E .
c c HEADN— AREA FOR HEADING OF U . N . D .  INPUT FROM CARD
c c F I L E .
c c U - -A R E A  FOP U . U . R . N .  IN P U T  FROM THE TA P E .
c c RMORM--AREA FOR U . N . D .  PRODUCED I N  TH IS  ROUTINE.
c c
DIMENSION HEAD ( 1 0 ) , H E A D N ( 2 0 ) , U ( 6 0 0 0 )  ,R N D R M {6 0 0 0 )
c c * IN P U T  PARAMATERS— I S E T = 5 0 ,  K L = 5 0 ,  N = 1 2 0 0 ,  IGG=1
c c (OR 2) .
READ ( 5 , * )  I S E T , K L , N , I G G
WRITE ( 6 , 1 5 5 )  I  S E T , K L , N , I S G  
155 FORMAT (1 OX, * I S E T = '  , 1 5 , 5 X , '  KL=* ,  15 , 5 X ,  • N= * ,  15  , 5 X , 
1 * I G G = » , I 2 )
CC *  INPU T HEADING FROM CARD F I L E
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READ ( 5 , 3 0 )  (H E A D N ( I )  , 1 = 1 , 2 0 )
CC *  INPU T HEADING 8  I N I T I A L  SEEDS FROM INPU T TAPE F I L E
READ ( 1 , 1 0 )  (HEAD ( I )  , 1  = 1, 10) , I A , I B , I C , I D  
10 FORMAT ( 1 OA 4 , 411 0)
CC *  PRINT HEADING
WRITE ( 6 , 2 0 )  (HEAD ( I )  , 1 = 1 ,  10) ,  I A ,  I B ,  I C ,  I D ,  (H E A D N ( I )
1 , 1 =1, 20)
20 FORMAT ( 5 X , • U . U . R . N . — » , 1 0 A 4 , 5 X , ' S T A R T I N G  S E E D S = ' ,
1 4 1 1 0  / 5 X , 'N O R M A L  TRANSFORMATION —  ' , 5 X , 2 0 A 4 / )
CC *  WRITE HEADING 8  STARTING SEEDS ONTO THE OUTPUT TAPE
WRITE ( 2 , 1 0 )  (HEADN ( I )  , 1  = 1 , 1 0 )  , I A , I B , I C , I D  
CC *  TRANSFORM U . U . R . N .  INTO U . N . N .  AND WRITE U .N .N
CC ONTO TAPE
DO 2 0 0  1 1 1 = 1 , I S E T  
CC *  READ NUMBER OF SAMPLES AND SEEDS FOR EACH SAMPLE
CC FROM THE IN P U T  TAPE F I L E
READ ( 1 , 1 5 )  I S E T 1 , I A , I B , I C , I D  
CC *  WRITE NUMBER OF SAMPLES AND SEEDS OF EACH SAMPLE
CC ONTO THE TAPE F I L E
WRITE ( 2 , 1 5 )  IS E T  1, I A ,  I B ,  I C ,  I D  
WRITE ( 6 , 1 6 )  IS E T  1 , I A , I B , I C , I D  
16 FORMAT (1 OX, *  SAMPLE = * , I 5 , 5 X
1 , 'S T A R T IN G  NUMBERS FOR THAT SAMPLE=», 4 1 1 0 )
15 FORMAT ( 3 0 X , 5 1 1 0 )
30 FORMAT (20 A 4 )
TWOPA= FL O A T (2 )  * 3 . 1 4 1 5 9 2 6 5 4  
DO 201  1 1 = 1 , KL 
CC *  READ U . U . R . N  FROM IN P U T  TAPE,  AND TRANSLATE
CC THESE NUMBERS INTO  IT .N .D .
READ ( 1 , 3 0 )  (U ( I )  ,  1= 1,  N)
CC *  NORMAL TRANSFORMATION BY BOX-MULLER AND HASTING
DO 40  1 = 1 , N , 2
CALL UNTRAN ( U,RNORM, I , I G G , TWOPA)
40 CONTINUE
CC *  WRITE U . N . D .  ONTO TAPE
WRITE ( 2 , 3 0 )  (RNORM ( I )  , 1 = 1  ,N)
CC *  PROCESS NEXT SET
201 CONTINUE
CC *  PROCESS NEXT SAMPLE
2 0 0  CONTINUE
STOP 
END
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c c ---------------------------------------------------------------------------------------------------------------------JL43.
CC * * *  STSMAIN ROUTINE * * *
CC
CC * *  T H IS  I S  THE MAIN ROUTINE OF S T A T I S T I C A L  TEST
CC PROGRAMS. I T  W ILL  CALL F I V E  SUBROUTINES FOR
CC TE ST IN G  DESIRED D IS T R IB U T IO N  F I T ,  RONS UP AND
CC DOWN, RUNS ABOVE AND BELOW THE M EDIAN ,
CC AUTOCORRELATION TESTS AND SPECTRAL TESTS.
CC
CC * *  REQUIRED SUBROUTINES I N  T H IS  ROUTINE ARE D I S F I T ,
CC RUNOD, RUNAB, AUTO, TSTAOT,  AND TE ST.
CC
CC * *  KEY VA RIABLES I N  TH IS  ROUTINE ARE AS FOLLOWS:
CC N— SAMPLE S IZ E  PER SET,  LET N = 1 2 0 0 .
CC KL— NUMBER OF SETS PER SAMPLE, LET K L = 5 0 .
CC I S E T — NUMBER OF SAMPLES FOR WHOLE S E R IE S ,  L E T  I S E T = 5 0 .
CC U— ARRAY FOR RANDOM NUMBERS.
CC X — ARRAY FOR RANDOM NUMBERS DEVIATED FROM THE MEAN.
CC USET— UPPER BOUND OF EXPECTED NO. OF S IG N .  SETS PER
CC SAMPLE.
CC TJSAMPLE--UPPER BOUND OF EXPECTED NO. OF S IG N .  SAMPLES.
CC READ— HEADING OF RANDOM NUMBERS FROM I N P U T .
CC I A ,  I B ,  I C ,  I D — I N I T I A L  SEEDS OF RANDOM NUMBERS.
CC E R 1— S IG N IF IC A N C E  L E V E L ,  TYPE I  ERROR, LET
CC E R 1 = 0 . 2 / 0 .  0 5 / 0 . 0 1 .
CC ZVAL— Z VALUE AT S IG N IF IC A N C E  LEVEL ER1
CC (TWO T A IL E D  T E S T ) .
CC ZVALU — Z VALUE AT S I G N IF IC A N C E  LEVEL ER 1
CC (ONE T A I L E D  T E S T ) .
CC CH63— C R IT IC A  L CHI-SQUARE VALUE WITH D . F . = 6 3
CC FOR PORTMANTEAU S T A T IS T IC  TEST AT
CC ER1 LEVEL.
CC C H 62 - - C R I T I C A L  CHI-SQUARE VALUE WITH D . F . = 6 2  FOR
CC D I S T R IB U T IO N  OF AUTOCORRELATION LAG TESTS
CC AT ER1 LEVEL.
CC COV— AUTOCOVARIANCE OF T IME SERIES FOR LAGS 0 - 6 3 .
CC CO V O - -V A R IA  NCE OF TIME S E R IE S .
CC T P S — POWER SPECTRUM FOR WHITE NOISE S E R IE S .
CC I.— TRUNCATION P O IN T ,  M, LET L = M = 6 4 .
CC K— K POWER OF 2 EQUALS TO L  FOR FAST FOURIER
CC TRANSFORM ROUTINE.
CC L 2 — NUMBER OF SAMPLE SPECTRA NEEDED FOR A N A L Y S IS .
CC W— ARRAY FOR BAR TLE TT* S LAG WINDOW.
CC DF— DEGREES OF FREEDOM OF SMOOTHED SAMPLE SPECTRA,
CC DF=2 N / I  FOR BARTLETT*S WINDOW DF= 3 N /M .
CC C H I 1— C R I T I C A L  CHI-SQUARE VALUE AT E R 1 / 2  S I G .  LEVELS
CC WITH DF =L 2 - 1 .  I T  I S  USED I N  HYPOTHESIS TEST
CC FOR SAMPLE VARIANCE.
CC C H I 2 — SAME AS C H I1  AT ( 1-ER 1 /2 )  S IG N IF IC N A C E  L E V E L .
CC CH3 2 - - C R I T I C A L  CHI-SQUARE VALUE WITH D. F.  =30  FOR VAR.
CC AND NORMALIZED VARIANCE OF SAMPLE SPECTRA TESTS.
CC C H IH — CH I-S Q U A R E  VALUE FOR D. F.  =DF= 56 AT EE 1 / 2  LE V E L S .
CC C H I L - - C H I - S Q U A R E  VALUE FOR D . F . = D F = 5 6  AT 1 - E R 1 / 2  LEVELS
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CC CH31— C R I T I C A L  CHI-SQUARE VALUE WITH D . F . = 3 1
CC FOR DESIRED D IS T R IB U T IO N .
CC RMEN—  M EDIAN OF GENERATED SERIES FOR RUNS TESTS.
CC CH4— C R I T I C A L  CHI-SQUARE VALUE WITH D . F .  = 4 FOB RUNS UP
CC AND DOWN TESTS.
CC CH6 — C R I T I C A L  CHI-SQUARE VALUE WITH D . F . = 6  FOR
CC RUNS ABOVE AND BELOW THE MEDIAN TESTS.
CC
I M P L I C I T  REAL * 8  ( A - H , 0 - Z )
DIMENSION X ( 5 0 0 0 )  , U { 5 0 0 0 )  ,COV (1 0 0 )  ,HEAD(10) .
R E A L *4  R,U 
CC *  IN P U T  PARAMETERS
CC *  FOR GENERAL CASE
READ ( 5 , * )  N , K L , I S E T , E R 1  ,Z V A L ,Z V A L U  
CC *  FOR SPECTRAL ANALYSIS
READ ( 5 , * )  T P S , D F , L , K , C H 3 2  
CC *  FOR D I S T R IB U T IO N  F I T
READ (5 ,  * )  CH3 1,  CH9, IDX 
CC *  FOR AUTOCORRELATION ANALY SIS
READ ( 5 , * )  CH6  3 ,  CH62 
CC *  FOR RUNS TESTS
READ ( 5 , * )  CH4,CH6,RMEN 
I 1 = L / 2 - 1
I F  (DF . G T .  1 0 0 .  DO) GOTO 2 
CC *  DF LE 100  IN P U T  C R I T I C A L  VALUES FROM THE
CC CH I-SQ U A R E TABLE
READ ( 5 , * )  C H I L ,  CHIH 
R D GFR =C H I L *  TP S/D F 
H D G F R = C H IH *TP S /D F  
GOTO 3
2 CONTINUE
CC *  DF GT 100 COMPUTE CHI-SQUARE VALUE BY FORMULA
HDGFR= ( ( (2 .  DO * D F -  1. DO) * * 0 .  5 +ZVAL) * *  2 / 2 . DO ) * T P S / D F  
RDGFR = ( ( ( 2 . D 0 * D F - 1 . D 0 ) * * 0 . 5  -Z V A L )  * * 2 / 2 - D 0  ) * T P S /D F
3 CONTINUE
I F  { L1 .  GT. 100)  GOTO 4 
CC *  SAMPLE S I Z E  L1 LE 100 ,  INPUT C R IT IC A L  CHI-SQUARE
CC FROM THE TABLE
READ ( 5 , * )  C H I 1 , CHI2  
GOTO 551
4 CONTINUE
CC *  SAMPLE S IZ E S  L1 GT 1 0 0 ,  ESTIMATE C R I T I C A L
CC CH I-S Q U A R E  VALUE
C H 1 1= ( ( { 2 .D 0 *D F LO A T  ( L 1) - 1 . DO) * * 0 . 5  -Z V A L )  * * 2 / 2 .  DO)
C H I 2 = ( ( { 2 . D0*D F LO A T ( L1)  - 1 . D 0 ) * * 0 . 5  + Z V A L ) * * 2 / 2 .  DO)
551 CONTINUE
CC *  COMPUT UPPER BOUND FOR NO. OF S I G N I F I C A N T  SETS
CC AND SAMPLES
USET =DFLOAT (KL) *ER1 +DSQRT (DFLOAT (KL)  * E R 1 *  (1 .  D0-ER1)  )
1 *  ZVALU
USAMP = D F L O A T ( IS E T ) * E R 1  + DSQRT(DFLOAT{ IS E T )  * E R 1 *
1 * ( 1 . D 0 - E R 1 ) ) *  ZVALU
CC *  PRINT INPUT DATA
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W R IT E ( 6 , 1 1 ) N , K L , I S E T , E R 1 , Z V A I , Z V A L U , T P S , D F , L , K , C H 3 2 , CH IH ,  
1 C H I 1 , C H I 2 , C H 6 3 , C  H 6 2 ,C H 3 1 ,C H 9 , 1 D X ,C H 4 , C H 6 , RMEN,USET,OS AMP
11 F O R M A T ( * 1 * , 1 X , * N = * , 1 5 , '  K L = » , 1 3 , *  I S E T = * , 1 3 , *  ER1= *
1 , F 6 . 4 ,  * Z V A L = * , F 6 . 4 ,  * ZVALU= • , F 6 . 4 ,
3 / 1 X , * * *  SPECTRAL A N A L Y S I S : ' , *  T P S = ' , F 1 0 .  8 # * B F = » , F 4 . 1 ,
3 * L = ' , I 3 ,
4 * K= '  ,  13 ,  '  C H 3 2 = ' ,  F6 .  2 ,  * L .  C H I - D F *  ,  F 6 . 2 ,  * H-  C H I - D F  1
4 , F 6 . 2 ,  '  L .  C H I - L = * ,F  6 . 2 , *  H. C H I - L = ' , F 6 . 2 , /
5 • * *  AUTOCORRELATION A N ALY SIS  * * « , *  C H 6 3 = * , F 6 . 2  
5 ,  '  CH62= '  , F6 . 2 /
5 / 1 X , * * *  D I S T .  F I T  * * * , «  CH31 = ' , F 6 . 2 ,  • C H 9 = * , F 6 . 2
6  , *  I D X = ’ , 1 3 ,
6  / 1 X , » * *  RUN TEST * * *  , *  C H 4 = ' , F 6 . 2 , '  C H 6 = ' , F 6 . 2
5 , '  RMEN='  ,  F6 .  2 / •  * *  UPPER BOUND * * * ,
6  » FOR NO. OF S I G .  S E TS=• , F 6 . 2 , '  FOR HO. OF S I G . » ,
7 '  SAM PLE3= '  , F 6 . 2 / )
CC
CC *  INPUT HEADING, SEEDS AND GENERATED RANDOM NO S .  AND 
CC CALL S T A T I S T I C A L  TEST ROUTINES
1 READ ( 1 , 1 2 ,E N D = 1 0 0 0 )  ( H E A D { I ) , 1 = 1 , 1 0 ) , I A , I B , I C , I D
12 FORMAT (10 A4,  4 1 1 0 )
WRITE ( 6 , 2 5 )  (HEAD ( I )  ,1 = 1  , 1 0 )  , I A  , I B , I C , I D  
25 FORMAT ( * 1 1 0 X ,1 0 A 4  , 5 X , *  I N I T I A L  SEEDS=» , 4 1 1 0 )
CC *  I S E T = 5 0  SAMPLES FOR THE WHOLE SERIES
DO 7 0 0 0  1 1 1 1 = 1 , IS E T  
READ ( 1 , 2 1 )  IS E T 1  , I A  , I B , I C , I D  
21 FORMAT ( 3 0 X , 5 1 1 0 )
WRITE ( 6 , 3 5 )  IS E T  1 ,1  A, I B ,  I C ,  I D  
35 FORMAT { / / 1 O X , • S E T = • , 1 5 , 5 X , • STARTING NUMBER*,
1 » FOR THAT SET=* , 411 0)
CC *  KL=50 SETS PER SAMPLE
DO 7 0 0 1  1 1 1 = 1 , KL 
CC *  IN P U T  RANDOM NUMBERS
READ ( 1 , 1 4 )  (U ( I )  ,  1= 1, N)
14 FORMAT ( 2 0 A4)
SU=O.DO 
DO 5 1 = 1 ,N  
S U = S U + U ( I )
5 CONTINUE
CC *  SUBTRACT FROM MEAN
S U = S U /D F LO A T(N )
DO 6  1= 1 ,  N 
X ( I )  =U ( I )  - S U
6  CONTINUE
CC *  D I S T R I B U T IO N  F I T  TESTS
CALL D I S F I T  (CH3 1 ,C H 9 , U , N , 1 1 1 , 1 1 1 1 , K L , I S E T , U S E T  
1 ,  US AMP, IDX)
NN= N
CC *  RUNS UP AND DOWN TESTS
CALL RfTNUD ( FJ, NN , I I I ,  I I I I , KL , IS  E T , US ET ,  US AMP,CH4 ,
1 CH9 , ZV AL)
NN =N
CC *  RUNS ABOVE AND BELOW THE MEDIAN TESTS
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CALL RUNAB ( U , N N , I I I , I I I I ,  K L , I S  FT, U S E T ,U S A M P ,C H 6 ,C H 9 ,
1 R MEN, ZVAL)
CALL AUTO ( X , N , L , COV,COVO)
CC *  AUTOCORRELATION TESTS
CALL TSTAUT (N , L , T P S , C O V , C O V O , I I I , I I I I , K L , I S E T , U S E T ,
1 USAMP, Z V A L ,  Z V A L U , C H 9 , C H 6 2 , C H 6 3 , ER1)
CC *  SPECTRAL TESTS
CALL TEST (N , L , K , T P S , CHI  1 , C H I  2 , COV,RDGFR, HDGFR, 1 1 1 , 1 1 1 1 ,  
1 K L ,  I S E T , U S E T , U S A M P , E R 1 , Z V A L ,Z V A L U ,C H 9 ,C H 3 2 )
CC *  PROCESS NEXT SET 
7 00 1  CONTINUE 
CC *  PROCESS NEXT SAMPLE
7 0 0 0  CONTINUE 
CC *  END OF JOB
1000  WRITE ( 6 , 2 0 0 0 )
2000 FORMAT
STOP
END
{ / 5 5 X , ' * * *  END 0? JOB * * * ' )
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CC----------------------------------------------------------------------------------------------------------------------------------------
CC
CC * * *  D I S F I T  ROUTINE * * *
CC
CC * *  T H IS  ROUTINE W IL L  BE CALLED BY ROUTINE-STSMAIN
CC FOR DESIRED D IS T R .  F I T  TESTS- I T  COMPUTES NO.
CC OF S I G .  SAMPLES AND GRAND CHI-SQUARE VALUES USING
CC TESTS OF PEARSON*S CHI-SQUARE FOR WHOLE SE R IES .
CC
CC * *  THE REQUIRED SUBROUTINE I S  EQ PDIS .
CC
SUBROUTINE D I S F I T  (CH3 1 ,  CH9,  U, N, I I I ,  I I I I , K L , I S E T ,  USET 
1 , US AM P, ID X)
CC
CC * *  KEY VARIABLES I N  T H IS  ROUTINE ARE AS FOLLOWS:
CC U— ARRAY FOR GENERATED NUMBERS I N  S ING LE  P R E C IS IO N .
CC DU— ARRAY FOR GENERATED NUMBERS IN  DOUBLE P R E C IS IO N .
CC N— NO. OF OBSERVATIONS.
CC I D X — I N D E X .
CC 1 :  U N IT  UNIFORM D IS T R IB U T IO N .
CC 2 :  U N IT  NORMAL D I S T R I B U T IO N .
CC 3 :  CH I-SQUARE D I S T R I B U T IO N .
CC C H I — CH I-SQ UA RE VALUE COMPUTED.
CC CTFT —  NO. OF S I G .  SETS.
CC TCTFT— NO. OF S I G .  SAMPLES.
CC S T C H I — ARRAY FOR CHI-SQUARE VALUES OF EACH SET.
CC SMCHI— ARRAY FOR CH I-SQ UARE VALUES OF EACH SAMPLE.
CC
I M P L I C I T  REALMS ( A - H , 0 - Z )
REAL*4 U
DIMENSION S T C H I  (10 0) , SMCHI (1 0 0 )  , 0 ( 1 ) ,  DU ( 5 0 0 0 )
DATA C T F T / O . D 0 / , T C T F T / 0 .  D O /
CC *  TEST D I S T R IB U T IO N  F I T  PER SET
DO 500 1 = 1 , N 
DU ( I )  =U ( I )
5 00  CONTINUE 
CC . *  COMPUTE CHI-SQUARE VALUES FOR SETS
CALL EQPDIS ( 0 . ,  3 2 r D U , N , I D X , C H I , 1 1 1 1 , I S E T )
CC *  STORE CH I-S Q U A R E  VALUE FOR EACH SET
S T C H I  ( I I I )  = C H I  
CC *  TEST S I G N I F I C A N T  SETS
I F  ( C H I  - G T .  CH31) CTFT=CTFT + 1 . DO 
CC *  TEST END OF SAMPLE
I F  ( I I I  . E Q .  KL)  GOTO 100  
CC *  PROCESS NEXT SET OF DATA
RETURN 
100 CONTINUE 
CC *  COMPUTE CHI-SQUARE VALUES FOR SAMPLES
CALL EQPDIS (3 1 . ,  1 0 , S T C H I , K L ,  3 , C H I , I I I I , I S E T )
CC *  P R IN T  S T A T I S T I C S  FOR EACH SAMPLE
WRITE ( 6 , 2 0 0 )  I I I I , C T F T , C H I  
200  F O R M A T ( / / 5 0 X , * * * *  D IS T R IB U T IO N  F I T  TESTS FOR SAMPLE*
1 , 1 4 , '  * * * V 1 X , '  NO. OF S I G .  SETS » , F 5 . 0 , 5 X ,
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2
CC
CC
CC
c c
c c
300
c c
4 0 0
CC
201
1
1
1
•C H I -S Q U A R F  VALUE FOR S AMPL E ' , F 7 .  2 / )
*  CLEAR COUNTERS 
C T F T = 0 . D 0
*  D I S T .  F I T  TEST PER SAMPLE 
S M C H I ( I I I I )  =CHI
I F  ( S M C H I ( I I I I )  - G T .  CH9) T C T F T = T C T F T + 1. DO
*  TEST END OF SAMPLE
I F  ( I I I I  . E Q .  I S E T )  GOTO 300
*  PROCESS NEXT SAMPLE 
RETURN
*  D I S T R I B U T IO N  F I T  TEST FOR WHOLE SE R IES  
CONTINUE
*  COMPUTE CH I-SQ U A R E VALUES FOR WHOLE SERIES 
CALL EQPDIS ( 9 . , 1 0 , S M C H I , I S E T , 3 , C H I , I I I I , I S E T )  
WRITE ( 6 , 4 0 0 )  (SMCHI ( I )  , 1 = 1  , I S E T )
FORMAT ( 1 X , » D I S F I T = » ,  1 0 F 1 0 . 5 )
*  PR IN T  S T A T I S T I C S  FOR THE WHOLE SE R IES  
WRITE ( 6 , 2 0 1 )  T C T F T ,C H I
FORMAT ( / / 5 5 X , * * * *  D I S T R I B U T IO N  F I T  TESTS FOR * ,
» WHOLE SERIES * * * * / 1 X ,
• NO.  OF S IG .  SAMPLES FOR THE WHOLE SE RIES  I S » , F 5 . 0  
,  5X ,  • CH I-SQ UA RE VALUE FOR THE SE RIES  I S * , F 6 . 2 / )
T C T F T = 0 .  DO 
RETURN 
END
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CC----------------------------------------------------------------------------------------------- ------------------------------
c c
CC * * *  RUNUD ROUTINE * * *
CC
CC * *
CC
** r»w w
CC 
CC 
CC
CC * *
c c
SUBROUTINE RUNUD (U, N , I I I , I I I I , K L , I S E T , U S E T , U S A M P  
1 #C H 4 6 ,  C H 9 ,  ZVAL)
CC
CC * *  KEY V A R IA B LE S  I N  T H IS  ROUTINE ARE AS FOLLOWS:
CC U— ARRAY FOR GENERATED NUMBERS TO BE TESTED•
CC RMEN— MEDIAN OF GENERATED SEQUENCES.
CC IC O T — ARRAY FOE SIGNS OF OBSERVATIONS.
CC N1— NUMBER OF S IG N S .
CC DF— DEGREES OF FREEDOM FOR NUMBER OF RUNS BY LENGTH.
CC NOLTH— NO. OF RUN BY LENGTH=5.
CC CTRUN— NO. OF S I G .  SETS BY TESTING NO. OF RUNS BY LEN.
CC C MRU N— NO. OF S I G .  SAMPLES BY TESTING NO. OF RUNS
CC BY LENGTH.
CC CTTOL —  NO. OF S I G .  SETS BY TESTING TOTAL NO. OF RUNS.
CC CMTOL— NO. OF S I G .  SAMP. BY TESTING TOTAL NO. OF RUNS.
CC EX PTL --EX PEC TED  TOTAL NO. OF RUNS.
CC STD— STANDARD D E V IA T IO N  OF TOTAL NO. OF RUNS.
CC UPER— UPPER BOUND OF C. I .  FOR SAMPLE TOTAL NO. OF RUNS.
CC BLOW— LOWER BOUND OF C . I .  FOR SAMPLE TOTAL NO. OF RUNS.
CC EX PL- -EXPEC TED NO. OF RUNS BY LENGTH.
CC SM CH I— ARRAY FOR CHI-SQUARES FOR EACH SAMPLE BY LENGTH.
CC SMTOL— ARRAY FOR CHI-SQUARE VALUES FOR EACH SAMPLE
CC BY TOTAL NO. OF RUNS.
CC S T C H I — ARRAY FOR CHI-SQUARES FOR EACH SET BY LENGTH.
CC STTO L— ARRAY FOR CHI-SQUARES FOR EACH SET BY TOTAL NO.
CC OF RUNS.
CC
I M P L I C I T  REAL * 8  ( A - H , 0 - Z )
DIMENSION I C O T  ( 3 0 0 0 )  ,E X P L  (20 )  , STCHI (1 0 0 )  , SMCHI ( 1 3 0 )
1 ,S T T O L  ( 1 00) ,  SMTOL (1 0 0 )  ,U  (1)
REAL*4 DF,U
DATA E X P L / 4 9 8 . 7 5 D 0 , 2 1 9 . 2 7 D 0 , 6 3 . 0 7 D 0 , 1 3 . 7 4 D 0 , 4 . 8 4 D 0 ,  
1 1 5 * 0 . D O / , C H T O L / O . D 0 / , C M R U N / 0 . D 0 / , I C O T / 3 0 0 0 * 9 /
LOGICA L *1  K E Y / .  F A L S E . /
CC *
IE Q U = 0
I F  (KEY) GOTO 3 
CC *  F I R S T  TIME ENTER RUNS UP AND DOWN RTN. ,
CC *  COMPUTE EXPECT VALUE, STANDARD DEV.
CC AND UPPER AND LOWER BOUND
EXPTL= DFLOAT ( 2 * N -  1) /D FLO AT  ( 3)
T H I S  ROUTINE WILL BE CALLED BY ROUTINE— STSMAIN 
FOR RUNS UP AND DOWN TESTS.  I T  COMPUTES NO. OF 
S I G N I F I C A N T  SAMPLES AND GRAND CHI-SQUARE VALUES 
USING TESTS OF TOTAL NUMBER OF RUNS AND NUMBER 
OF RUNS BY LENGTH FOR THE WHOLE GENERATED S E R IE S .
THE REQUIRED SUBROUTINES ARE SRUNLT AND E Q P D IS .
cc * 
3
cc
cc
101
10
100
cc
203
204
CC
CC
CC
CC
CC
CC
cc
105
290
CC
250
S T D = D S Q R T (D F L O A T (1 6 *N -2  9) /D F L O A T  (9 0 )  )
UPER= EX PTL+ (S TD *Z V A L )
RLOW=EXPTI-  (STD *Z VAL)
NQLTH=5
KSY=-TRU E.
NOT F IR S T  ENTER T H IS  ROUTINE 
CONTINUE 
N 1 = N - 1
*  L I S T  I N  ORDER OF OCCURENCE THE SIGN ( 0 / 1 )  OF 
THE DIFFERENCE BETWEEN SUCCESSIVE ITEM S
DO 100 1 = 1 , N1
I F  ( U ( I )  .  EQ. U ( 1 + 1 ) )  GOTO 101
I F  (U ( I )  . I T .  U ( I + 1 ) )  ICOT ( I )  = 0
I F  ( U ( I )  . G T .  U ( I + 1 ) )  I C O T  ( I )  =1
GOTO 100  
IEQ U =IE Q U +1  
WRITE ( 6 , 1 0 )  U ( I )
FORMAT ( 1 X , ' E Q U A L  NUMBER3 * ,  F 1 0 . 5 / )
CONTINUE
*  CREATE IN D IC A TO R  FOR END OF RUN 
I F  { I C O T ( N 1) . E Q .  0) GOTO 203
ICO T ( N 1 + 1 ) = 0  ♦
GOTO 204  
ICOT (N 1 + 1) =1
CONTINUE
*  CLEAR COUNTERS 
N 1 =N 1- IEQ U 
CTRUN=0.DO 
CTTOL=0 .  DO 
IE Q U = 0  '
*  COMPUTE TOTAL NO. OF RUNS, NO. OF RUNS BY LEN.
AND C H I - S Q .  VALUE OF NO. OF RUNS BY LENGTH
CALL SRUNLT ( I C O T , N 1 , E X P T 1 , E X P L , N O I T H , T O L ,C S  
, 1 1 1 1 , IS E T )
*  STORE C H I - S Q .  VALUES OF NUMBER OF PUNS BY LENGTH 
S T C H I  ( I I I ) = C S
*  COUNT NUMBER OF S I G N I F IC A N T  SETS
I F  (CS . G T .  CH46) CTRUN=CTRUN+1. DO
*  STORE NO. OF TOTAL NORMALIZED RUNS 
Z T O L = (T O L -E X P T L )  /S T D
S T T O L ( I I I )  =ZTGL
I F  (TOL . L E .  UPER .A N D .  TOL . G E .  BLOW) GOTO 1 0 5  
CTTOL=CTTOL+1. DO
*  CHECK END OF SETS 
CONTINUE
I F  ( I I I  . E Q .  KL)  GOTO 290
RETURN
CONTINUE
DF=NOLTH - 1 .
*  COMPUTE CH I-SQ UARE VALUES FOR SAMPLES 
CALL EQPDIS ( D F , 1 0 , S T C H I , K L , 3 , C H I , I I I I , I S E T )
S M C H I ( I I I I ) = C H I
CALL EQPDIS ( 1 . , 1 0 , S T T O L , K I , 2 , C H I , 1 1 1 1 , I S E T )
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S M T O L ( I I I I )  = C H I
*  COUNT NO. OF S I G N I F I C A N T  SAMPLES FOR WHOLE SERIES 
I F  (SMCHI ( I I I I )  - S T .  CH9) CMRUN=CMRUN+1. DO
I F  (SMTOL ( H I T )  . S T .  CH9) CKTOL=CMTOL+1. DO
*  PRINT S T A T I S T I C S  FOR SAMPLE
WRITE ( 6 , 2 1 0 ) I I I I , C T R U N , C T T O L , S M C H I ( I I I I )  , S M T O L ( I I I I )  
FORMAT ( / 5 0 X , ' * * *  RUNS UP AND DOWN FOR SAMPLE ' , I U ,
» NO. OF S I G .  SETS: BY LENGTH= * , F 5 . 0 ,
'  BY TOTAL NO. OF RUNS*
, F 5 . 0 , 3 X  ,  » C H I  OF SAMPLE BY LENGTH=», F 6 . 2 ,
» BY TOTAL NO. OF B UNS=» , F 7  .  2 / )
*  CHECK END OF SAMPLE
I F  ( I I I I  . E Q .  I S E T  ) GOTO 300 
RETURN
*  SUMMARY S T A T I S T I C S  FOR Th'E HHOLE SERIES 
CONTINUE
*  COMPUTE CH I-SQ UARE VALUES FOR HHOLE SERIES 
CA LL  EQPDIS ( 9 . , 1 0 , S M C H I , I S E T , 3 ,  C H I ,  I I I I , I S E T )
C A L L  EQPDIS (9 .  ,  10 ,  SMTOL, I S E T ,  3 ,  C H I 1 ,  I I I I ,  I S E T )
WRITE ( 6 , 3 1 1 )  (SMCHI ( I )  , 1 = 1  , IS E T )
FORMAT ( 1X , '  BY L E N . = *  ,1 0F1 0 . 5 )
WRITE ( 6 , 3 1 2 )  (SMTOL ( I )  ,  1 = 1 ,  ISET)
FORMAT ( 1 X , ‘ TOTAL R U N = ' , 1 0 F 1 0 . 5 )
*  P R IN T  S T A T I S T I C S  FOR THE WHOLE SERIES 
WRITE ( 6 , 3 1 0 )  CMRUM,CMTOL, C H I ,  C HI1
FORMAT { / 5 0 X , * * * *  RUNS UP AND DOWN FOR HHOLE S E R IE S ’ ,  
i * * * » /  » NO. OF S I G .  SAMPLES 3Y LENGTH' , F 5 . 0 , 1X ,
•BY TOTAL NO. OF PUNS’ , F 5 . 0 , 5 X ,
'  C H I  BY LENGHT ’ , F7 .  2 ,  '  BY TOTAL NO. OF RUNS’ , F 7 . 2 / )
*  CLEAR COUNTERS 
CMRU N=0 . DO 
CMTOL=O.D 0 
RETURN
END
CC------------------------------------------------------------------------------------------ -252.____
CC
CC * * *  RUNAB ROUTINE * * *
CC
CC * *  T H IS  ROUTINE W IL L  BE CALLED BY R O U T IN E - -S T S M A IN
CC I T  COMPUTES NUMBER OF S I G N I F I C A N T  SAMPLES AND
CC GRAND CHI-SQUARE VALUES USING TESTS OF TOTAL
CC NUMBER OF RUNS AND NUMBER OF RUNS BY
CC LENGTH FOR THE HHOLE GENERATED S E R IE S .
CC
CC * *  REQUIRED SUBROUTINES ARE SPUNLT AND E Q P D IS .
CC
SUBROUTINE RUNAB ( U , N , I I I , I I I I , K L , I S E T , U S E T , USAMP,
1 CR46 ,  CH9, RMEN/ZV AI.)
CC
CC * *  KEY VA R IAB LES IN  T H IS  ROUTINE ARE AS FOLLOWS:
CC U— ARRAY FOR GENERATED NUMBERS TO BE TESTED.
CC RMEN— MEDIAN OF GENERATED SEQUENCES.
CC IC O T — ARRAY FOE SIGNS OF OBSERVATIONS.
CC N 1— NUMBER OF S IG N S .
CC DF— DEGREES OF FREEDOM FOR NUMBER OF RUNS BY LENGTH.
CC NOLTH— NO. OF RUNS BY LENGTH=7
CC CTRUN— NUMBER OF S I G .  SETS BY TESTING NO. OF RUNS
CC BY LENGTH
CC CMRUN--NUMBER OF S I G .  SAMPLES BY TESTING NO. OF RUNS
CC BY LENGTH
CC CTTOL— NO. OF S I G .  SETS 3Y TESTING  TOTAL NO. OF RUNS
CC CMTOL--NU MB ER OF S I G .  SAMPLES BY TESTING TOTAL NO. OF
CC RUNS
CC EXPTL— EXPECTED TOTAL NO. OF RUNS
CC STD--STANDARD D E V IA T IO N  OF TOTAL ND. DF RUNS
CC UPER— UPPER BOUND OF C . I .  FOP. SAMPLE TOTAL NO. OF RUNS
CC BLOW— LOWER. BOUND OF C . I .  FOE SAMPLE TOTAL NO. OF RUNS
CC EXPL— EXPECTED NO. OF RUNS BY LENGTH
CC SMCHI— ARRAY FOR CHI-SQUARE VALUES FOR EACH SAMPLE
CC BY LENGTH
CC SMTOL— ARRAY FOR CHI-SQUARE VALUES FDR EACH SAMPLE BY
CC TOTAL NO. OF RUNS
CC S T C H I — ARRAY FOR C H I - S Q .  VALUES FOR EACH SET BY LENGTH
CC STTOL— ARRAY FOR CHI-SQUARE VALUES FDR EACH SET BY
CC TOTAL NO. OF RUNS
CC
I M P L I C I T  REAL * 8  ( A - H , 0 - Z )
DIMENSION I C O T  (3 00 0) , E X P L ( 2 0 )  ,  STCHI ( 1 0 0 )  , S M C H I ( 1 D 0 )  ,
1 STTOL ( 1 0 0 )  ,  SMTOL (1 00)  ,U  (1)
REAL*4  DF/ U
DATA E X P L / 3 0 0 . 5 0D0 , 1 5 0 . 1 3 D O ,7 5 . D O , 3 7 . 4 7 D O , 1 8 . 7  2 D 0 , 9.  3 5 DO, 
1 9 . 8 6 D 0 ,  1 3 * 0 . D 0 / , C M R U N / 0 . D 0 / , C M T O L / 0 .  DO/
L O G IC A L *1  K E Y / .  F A L S E . /
CC *
IE Q U = 0
I F  (KEY) GOTO 4
CC *  F IR S T  TIME ENTER T H IS  RO UTIN E,  COMPUTE PARAMETERS
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SXPTI. = DFLO AT(N)  /D FLO A T  (2)  + DFLOAT (1 )
STD= DS QRT (DFLOAT ( N * ( N - 2 )  ) /D F L O A T  ( 4 *  (N- 1) ) )
U P E R = E X P T L+ (S T D *Z V A L)
RLOW=EXPTL-  { STD *  ZVAL)
NOLTH= 7 
KEY=.TRUE.
4 CONTINUE
N1 = N
CC *  L I S T  I N  ORDERED SEQUENCE OF SIGN ( 0 / 1 )  FOR EACH OB S.
DO 200  1 = 1 , N1
I F  ( 0 ( 1 )  - E Q .  PMEN) GOTO 201
I F  ( U ( I )  . L T .  RMEN) ICOT ( I )  =0
I F  ( 0 ( 1 )  . G T .  RMSN) I C O T ( I ) = 1
GOTO 2 0 0  
201 I E Q U = I  EQU+ 1
WRITE ( 6 , 1 0 )  0 ( 1 )
10 FORMAT ( 1 X , * E Q 0 A L = ' , F 1 0 . 5 )
200  CONTINUE
CC *  CREATE IN D IC A TO R  FOR END OF RUN
I F  ( ICOT (N 1) . E Q .  0) GOTO 203  
I C O T (N  1 + 1) =0 
GOTO 2 0 4  
203  IC O T  (N 1 + 1) = 1
20 4 CONTINUE
CC *  CLEAR COUNTERS
N 1 = N 1 - IEQU 
CTR UN =0«D 0 
CTTOL=0» DO 
IEQU=0
CC *  COUNT TOTAL NO. OF RUNS AND NO. OF RUNS BY LENGTH
CA LL  SRUNLT ( IC O T ,  N 1,  EXPTL, EXPL,NOLTFI,  TO L,CS 
1 , 1 1 1 1 , I S E T )
CC *  STORE C H I - S Q .  VALUES OF NUMBER OF RUNS BY LENGTH
S T C H I  ( I I I )  = CS 
CC *  COUNT NUMBER OF S I G N I F I C A N T  SETS
I F  (CS . G T .  CE46)  CTRUN=CTRUN+1 , DO 
CC *  NORMALIZED TOTAL NUMBER OF RUNS AND STORE I T
ZTOL= (TOL - E X P T L ) / S T D  
STTOL ( I I I )  =ZTO L 
CC *  COUNT NO. OF S I G .  SETS OF TOTAL NUMBER OF RUNS
I F  (TO L . L E .  UPER .AND.  TOL . GE. RLOW) GOTO 105 
CTTOL= CTTOL + 1. DO 
CC *  CHECK END OF SETS
10 5 CONTINUE
I F  ( I I I  .  EQ. KL)  GOTO 290  
RETURN
CC *  SUMMARY S T A T I S T I C  FOR SAMPLES
2 90  CONTINUE
D F = M O LT H -1
CC *  COMPUTE CHI-SQUARE VALUS FOR SAMPLES
CA LL  EQPDIS ( DF, 10 ,  S T C H I ,  K L ,  3 ,  C H I ,  I I I I ,  IS E T )
SMCHI ( I I I I ) = C H I
CALL EQ PDIS ( 1 . , 1 0 , S T T O L , K L , 2 , C H I , 1 1 1 1 , I S E T )
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SMTOL { I I I I )  = C H I  
CC *  COUNT NO. OF S I G .  SAMPLES FOR WHOLE SERIES
I F  ( S M C H I { I I I I )  . G T .  CH9)  CMRTJN=CMRUN+1. DO
I F  ( S M T O L ( I I I I )  . G T .  CH9) CMTOL=CMTOL+ 1 .DO
CC *  PF.INT S T A T I S T I C S  FOE SAMPLE
WRITE ( 6 , 2 1 0 )  I I I I , C T R U N , C T T O L , S M C H I ( I I I I )  , S M T O L ( I I I I )  
210 FORMAT ( / 5 0 X , » * * *  RUNS ABOVE AND BELOW THE MEDIAM*
1 , 1 FOR SAMPLE • , 1 3 /
1 1 X , '  NO. OF S I G .  SETS:  BY LENGTH= * , F 5 . 0 ,
2 • BY TOTAL NO. OF PUNS'
3 , F 5 . 0 , 1 X ,  ' C H I  OF SAMPLE BY L ENGTH',  F7 .  2 , 1X ,
4 » BY TOTAL NO. OF R U N S F 7 . 2 / )
CC *  CHECK END OF SAMPLE
I F  ( I I I I  . E Q .  I S E T  ) GOTO 300  
RETURN
CC *  SUMMARY S T A T I S T I C S  FOR THE WHOLE SERIES
300  CONTINUE 
CC *  COMPUTE CH I-SQ UA RE VALUES FOE WHOLE SERIES
CALL EQPDIS ( 9 .  ,  1 0 , S M C H I , I S E T , 3 , C H I , I I I I , I S E T )
CALL EQ PDIS ( 9 . , 1 0 , SMTOL,1  S E T , 3 , C H I 1 , 1 1 1 1 , I S E T )
WRITE ( 6 , 3 1 1 )  (SMCHI ( I )  , 1 = 1 ,  I S E T )
311 FORMAT ( 1 X ,  'B Y  L E N .=  * ,  1 0 F 1 0 .  5)
WRITE ( 6 , 3 1 2 )  (SMTOL ( I )  , 1 = 1  , IS E T )
3 12  FORMAT ( I X , ' T O T A L  RUN=», 1 0 F10 . 5 )
CC *  PRINT S T A T I S T I C S  FOR THE WHOLE SERIES
WRITE ( 6 , 3 1 0 )  CMR UN,C M T O L , C H I , C H 1 1 
310 FORMAT ( / 5 0 X , ' * * *  RUNS ABOVE AND BELOW MEDIAM*
1 ,  'FOR WHOLE SERIES * * * ' /  1X,
1 'N O .  OF S I G .  SAMPLES BY LENGTH' , F 5 . 0 
3 ,  ' BY TOTAL NO. OF R U N S ' ,  F 5 . 0 ,  5 X ,
3 ' C H I  BY LENGHT* ,  F 7 . 2 ,  I X , '  BY TOTAL NO. OF R U N S ' , F 7 . 2 / )
CC
CC *  CLEAP. COUNTERS
CMRUN=0.D0 
CMTOL=0. DO 
RETURN 
END
255c c -------------------------------------------------------------------------------------------   .-----
cc
CC * * *  TEST ROUTINE * * *
CC
CC * *  T H IS  ROUTINE W IL L  BE CALLED BY ROUTINE-STSMAIN
CC FOR SPECTRAL ANALY SIS  TE ST.  I T  COMPUTES NUMBER
C OF S I G .  SAMPLES AND GRAND CHI-SQUARE VALUES USING
CC TESTS OF D IS T R IB U T IO N  OF SAMPLE SPECTRA, SAMPLE
CC MEAN OF SPECTRA, SAMPLE VARIANCE OF SPECTRA AND
CC NORMALIZED SAMPLE VARIANCE OF SPECTRA FOR WHOLE
CC GENERATED S E R IE S .
CC
CC * *  REQUIRED SUBROUTINE I S  FFT AND RMFAN.
CC
SUBROUTINE T E S T { N , L , K , T P S , C H I 1 , C H I 2 , COV,RDGFE,HDGFR,
1 I I I , I I I I , K L , I S E T , U S E T , U S A M P , E R 1 , Z V A L , Z V A L U ,C H 9 ,C H 3 2 )
CC
CC * *  KEY V A R IA B L E S  I N  T H IS  ROUTINE ARE AS FOLLOWS:
CC L 2 — NO. OF SAMPLE SPECTRA I N  T H IS  T E S T ,  LET L2=31
CC W— ARRAY FOR LAG WINDOWS.
" CC COV— ARRAY FOR AUTOCOVARIANCE FUNCTIONS.
CC COW— ARRAY FOR SMOOTHED AUTOCOVARIANCE FUNCTIONS.
CC SS— SAMPLE VARIANCE OF SAMPLE SPECTRA.
CC SSN— NORMALIZED SAMPLE VARIANCE OF SAMPLE SPECTRA.
CC PVAR — THEORETICAL VARIANCE OF POWER SPECTRA.
CC UCIPVR— U. BOUND FOR THEORETICAL VAR- OF P .  SPECTRA.
CC RCIPVR— L. BOUND FOR THEORETICAL VAR. OF P.. SPECTRA.
CC COTVAR— NO . OF S I G N I F IC A N T  SETS BY TESTING V ARIANCE.
CC PNVAR— N O R M IL IZ  ED THEORETICAL VAR. OF P. SPECTRA.
CC UC IPNV— U. BOUND FOR NORMALIZED VAR. OF P .  SPECTRA.
CC R C IF N V — L . BOUND FOR NORMALIZED VAP. OF P. SPECTRA.
CC C O TN VR--NO .  OF S I G .  SETS BY TESTING NORMALIZED VAR.
CC TPS— TH EO RETIC AL tMEAN OF POWEP SPECTRUM.
CC SUM--SAMP LE MEAN OF SAMPLE SPECTRA.
CC RMEN— ARRAY FOR NORMALIZED SAMPLE MEAN OF SPECTRA.
CC VAR— ARRAY FOR RATIO OF SAMPLE VAR. AND THEORETICAL
CC VARIANCE OF SPECTRA.
CC VARN— ARRAY FOR RATIO OF NORMALIZED SAMPLE VAR. AND
CC NORMALIZED THEORETICAL VARIANCE OF SPECTRA.
CC C H IS P S — ARRAY FOR C H I - S Q .  VALUES OF D IS T R .  OF SPECTRA.
CC UCIPMN— U .  BOUND FOP THEORETICAL MEAN OF POWER SPECTRA.
CC RCIPMN— I, . BOUND FOR THEORETICAL MEAN OF POWER SPECTRA.
CC COTAVG— NO. OF S I G .  SETS BY TESTING MEAN.
CC TCTAVG— NO. OF S I G .  SAMPLES BY TESTING MEAN.
CC C O T S P S - -T O T A L  NO. OF S I G N I .  SETS BY TESTING S. SPECTRA.
CC COTPS —  NO. OF S I G .  SETS BY TOTAL NO. OF S I G .  SPECTRA.
CC TCTPS —  NO. OF S I G .  SAMPLES BY TOTAL NO. OF S I G .  SPECTRA.
CC DCTSPS— NO. OF S IG .  SETS BY KTH S I G .  SPECTRUM.
CC TDSPS— NO. OF S I G .  SAMPLES BY KTH S I G .  SPECTRUM.
CC
I M P L I C I T  REAL * 8  ( A - H , 0 ~ Z )
DIMENSION COV(1)  , DCTSPS ( 1 0 0 )  ,TDSPS (1 00 ) ,C H IS  PS (100)  ,
1 W ( 1 0 0 ) ,  R MEN ( 1 0 0 )  ,  V AR (1 0 0 )  ,  VARN (1 0 0 )  , SCH11 (1 00) ,
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2 SC H I2  ( 1 0 0 )  , S C H I 3  ( 1 0 0 )  , F I  (1 0 0 )  ,  COV? (1 0 0 )
L O G I C A L * 1 K E Y / . F A L S E . /
DATA COTAVG/O. D O / ,C O T V A R /O .D O / ,C O T N V R /O .D O / ,
1 C O T P S /O .D O /
2 ,  TCTA V G / O . D 0 / , T C T V A R / O . D O / , T C T P S / O . D 0 / , T C T N V R / 0 .  D O / ,
3 DCTS P S /1 0 0  * 0 . D O / , T D S P S / 10Q * 0 - D O / ,  C H I S P S / 1 0 0 * 0 . D O /
CC
I F  (KEY) GOTO 1 
CC *  F IR S T  T I K E  ENTER T H IS  ROUTINE,  COMPUTE PARAMETERS
L 2 = L / 2 -  1
CC *  COMPUTE U.  BOUND FOR NO. OF S I G N I F IC A N T  P. SPECTRA
CC — PER S E T ,  LET L 2 = 3 1
EXPS=DFLOAT (KL) * E R 1
U C IN O = D F LO A T (L2 )  *ER1+D5QRT (DFLOAT ( L 2 )  *ER1 *  ( 1 .  D 0 -E R1)  ) 
1 *Z  V A LU
CC *  COMPUTE B A R T L L E T 'S  LAG WINDOW
DO 100 1 = 1 , L
W ( I  ) = DFLOAT ( 1) - (D F L O A T  ( I - 1 ) / D F L O A T  (L ) )
100 CONTINUE
CC *  T H E O R IT IC A L  V A R . ,  STANDARD DEV. AND NORMALIZED VAR.
P N V A R = D F L O A T ( 2 * ( L 2 - 1 )  * 2 ) /D F L O A T  (N*3 )
PV AR= PNV AR *  T PS *  *  2 
PSTDSC=D SQRT (PVAP/DFLOAT (L 2 )  )
CC *  CONFIDENCE IN TE R V A L  FOR SAMPLE MEAN OF SPECTRA
UCIPMN=TPS+ZVAL *  PSTDSC 
RCIPMN = TP S -ZV A I ,  *  PSTDSC 
CC *  CONFIDENCE INTERVAL FOR VAR. OF SAMPLE SPECTRA
U C IP V R = C H I2 *  P V A R / D F L O A T ( L 2 - 1 )
RCI PV R= C H 11*  PVAR/DFLOAT ( L 2 -  1)
CC *  CONFIDENCE IN TE R VA L  FOR NORM. VAP. OF S. SPECTRA
UCIPNV = C H I 2 *  P N V A P /D .FLO A T(L2 -1 )
RCI PNV= C H 11 *  PNV AR/DFLO AT (L  2 -1 )
CC *  NOT THE F IR S T  T IM E  ENTER T H IS  SUBROUTINE
K E Y = .T R U E .
1 CONTINUE
CC *  WEIGHT AUTOCOVAPIANCE BY BARTLETT*S WINDON 
CC AND FOURIER TRANSFORM
DO 15 1 = 1 , L
COW ( I )  = COV ( I )  *N ( I )  *  DFLOAT (2 )
15 F I ( I ) = 0 . D  0
COW{ 1) =COV(1)  * W (1 )
CC *  F .  TRANSFORM OF WEIGHTED AUTOCOV. FUNCTIONS
CALL FFT (COW, F I  , K)
CC *  ANALYST SPECTRA: 3 4 - 6 4
DO 29 1 = 1 , L2 
COW ( I ) = C O W (1 + 33)
29 CONTINUE
CC *  COMPUTE SAMPLE MEAN AND VAR. OF SPECTRA
CALL RMEAN (COW, L 2 ,S U M ,  SUM 2,  SS, SSE, TPS)
CC *  NORMALIZED SAMPLE VARIANCE
S S N = S S /S U M **2
CC *  STORE SAMPLE MEANS, S .  VAR. AND NORMALIZED VAR.
RMEN ( I I I )  = (SUM-TPS) /PSTDSC
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V A R ( I I I )  = D F L O A T ( L 2 - 1 ) * S S / P V A R  
VARN ( I I I ) = D F L O A T ( L 2 - 1 ) * S S N / P N V A R  
CC *  S I G .  SETS BY MEAN, VARIANCE,  AND N. VAR.
I F  (S O M .G T .U C IP M N .O R .S U M .LT .R C IP M N )C O T A V G = C O TA V G + 1 .D O  
I F  (SSN. GT. U C I  PNV . O R . S S N . L T . R C I P N V )  CO TN VR =CO TNVR + 1 . D 0  
I F  ( S S . G T . U C I P V R . O R . S S . L T .  RCIPVR) COTVAR=COTVAR+1.D0 
CC *  COUNTS NO. OF SPS ABOVE Z BELOW EXP. C. I .
COTSPS=0.DO 
DO 10 1= 1 ,  L2
I F  (COW ( I )  .LE .HD G FR .A ND .C O W  ( I ) - G E . R D G F R )  GOTO 10 
D C T S P S ( I )  = D C T S P S ( I )  + 1 . D 0  
COTSPS = COTSPS+1.  DO 
10 CONTINUE
I F  (COTSPS . G T .  UCINO ) C0TPS =C 0TP S+1 . DO 
I F  ( I I I  .  EQ. KL) GOTO 50 
CC *  PROCESS NEXT SET OF DATA
RETURN
CC *  SUMMARY S T A T I S T I C S  FOR EACH SAMPLE
5 0  CONTINUE
CC *  CALCULATE C H I - S Q .  VALUE OF D I S T .  OF S.  SPECTRA
DO 101 1 = 1 , L2
CHISPS ( I I I I )  =C H IS  PS ( I I I I )  + ( ( EXP S-DCTSPS ( I )  ) * * 2 )  /E X P S  
101 CONTINUE
CC *  COMPUTE CH I-S Q U A R E  VALUES OF MEAN, VAR. AND N .
CC VARIANCE FOR SAMPLES
CALL EQ PD IS  ( 1 . ,  1 0 , E M E N , K L , 2 , C H I , I I I I r IS E T )
S C H H ( I I I I )  = C H I
CALL EQPDIS ( 3 0 .  , 10,  V AR, K L ,  3 ,  C H I ,  I I I I ,  IS E T )
SC H I2  ( I I I I )  C H I
CALL EQPDIS ( 3 0 . , 1 0 , V A R N , K L , 3 , C H I , 1 1 1 1 , I S E T )
SCHI3  ( I I I I )  = C H I  
CC *  P R IN T  S T A T I S T I C S  FOR SAMPLES
WRITE ( 6 , 51) I I I I ,  COTA VG ,COTVAR ,COTNVR ,COTPS ,C H IS P S  ( I I I I )  ,
1 S C H I 1 ( I I I I )  , S C H I2  ( I I I I ) , SCHI3  ( I I I I ) , C H 3 2 , C H 9
51 FORMAT ( / / / 1 X , »  * *  SUMMARY S T A T I S T I C S  OF EACH SAMPLE*
2 ,  * FOR POWER SPECTRUM * *  * ,
1 «—  NO. OF S IG N IF IC A N C E  OVER TOTAL SETS OF EACH S AMPLE= * ,
1 I 5 / / 3 X , * M E A N = * , F 5 . 0  , *  V A R I A N C E ^ , F 5 - 0 N .  VARIANCE=*
3 , F 5 . 0 , *  TOTAL NO. OF S I G .  SPECTRUM=' , F 5 . 0  /
5 1 X , * C H I - S Q U A R E  VALUES FO R« , 1 X , ’ D I S T .  OF S .  SPECTRA *
6  , F 7 . 2 , *  SAMPLE M EANS * ,  F 7 .  2 ,  ’ SAMPLE V A R IA N C E * ,
7 F 7 . 2 ,  ’ N. SAMPLE V ARIANCES ' ,  F 7 .  2 / 1 X ,
8  ’ C R I T I C A L  C H I -  VALUE F O R : * , '  D I S T .  OF S . ' ,
1 * S P E C T R A L * , F 7 . 2 , '  FOR MEAN,VAR. N. VAR. ' , F 7 . 2 / )
CC *  WRITE D IS T .  OF SAMPLE SPECTRA FDR EACH FREQ.
WRITE ( 6 , 5 2 )  (DCTSPS ( I )  ,1  = 1 , L 2 )
52  FORMAT ( I X , ' N O .  OF S I G .  SETS AT FREQ. K OVER TO TAL '
1 , » NO.OF SETS* / 1 X , 1 0  ( F 1 0 . 2 , 1 X ) / / )
CC *  TEST NO. OF S I G N I F I C A N T  SAMPLES
DO 53  1 = 1 , L2
I  F ( DCTSPS ( I )  . G T .  USET) TDSPS ( I )  =TDS PS ( I )  + 1 .  DO
53 CONTINUE
I F  ( C H I S P S ( I I I I )  . G T .  CH32 ) TCTPS =TCTPS + 1 . D 0
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I F  { SCH11 ( I I I I )  . G T .  CH9 ) TCTAVG=TCTAVG+1.DO 
I F  ( S C H I 2 ( I I I I )  . GT. CH9)TCTVAP=TCTVAR+ 1 .DO 
I F  (SCHI3  ( I I I I )  .  GT. CH9) TCTNVR=TCTNVR+ 1 .DO
CC *  CEALR COUNTERS FOR NEXT SET OF DATA 
DO 59 I = 1 , L2  
DCTSPS ( I ) = 0 .  DO
59 CONTINUE 
CCTPS=0.DO 
COTAVG=0.DO 
COTVAR = 0 -D  0 
COTNVR=0.DO
CC TEST END OF JOB
I F  ( I I I I  . G E .  I S E T )  GOTO 60 
RETURN
CC *  SUMMARY S T A T I S T I C S  FOR WHOLE SERIES
60 CONTINUE
CC *  COMPUTE CH I-SQ UARE VALUES FOR WHOLE SERIES
CALL EQPDIS ( 3 0 . ,  1 0 , C H I S P S , I S E T , 3,  C H I 1 , I I I I , I S E T )
CALL EQPDIS ( 9 .  ,  10 ,  S C H I1 ,  IS  ET, 3 ,  C H I 2 ,  I I I I ,  IS E T )
CALL EQPDIS ( 9 . , 1 0 , S C H I 2 , I S E T , 3 , C H I 3 , 1 1 1 1 , IS E T )
CALL EQPDIS ( 9 . , 1 0 , S C H I 3 , I S E T , 3 ,C H I9  , 1 1 1 1 , I S E T )
WRITE ( 6 , 7 3 )  (CHISPS ( I )  , 1 = 1 ,  ISET)
7 3  FORMAT ( 1X , ' C H I S P S = • , 1  OF1 0 . 5 )
WRITE ( 6 , 7 9 )  (SC H I1  ( I )  , 1 = 1  , I S E T )
79 FORMAT ( I X , ' MFAN=* , 1 0 F 1 0 .  5)
WRITE ( 6 , 7 5 )  ( S C H I 2 ( I )  , 1 = 1 ,  IS E T )
7 5  FORMAT ( 1 X , ' VAP= * , 1 0 F 1 0 . 5 )
WRITE ( 6 , 7 6 )  (S C H I3  ( I )  , 1 = 1 ,  IS E T )
76 FORMAT ( 1 X , * V ARN= * ,  1 0 F 10.  5)
CC *  P R IN T  S T A T I S T I C S  FOR THE WHOLE SERIES
WRITE ( 6 , 7 0 )  I I I I , T C T A V G , T C T V A R ,T C T N V R , T C T P S , U S A M P  
1 ,  C H I 1 , C H I 2 , C H T 3 , C H I 9,  CH9 
70 FORMAT ( / / / 1 X , » * * *  SUMMARY S T A T IS T IC S  OF A L L  SAMPLES1
1 , * FOR POWER SPECTRUM * * * * / /
2 1X , * NO. OF S I G N I F I C A N T  SAMPLES OVER NO. OF TOTAL*
3 ,  ’ SAHPLES=» , 1 5 /
9 3 X , » M E A N = * , F 5 . 0 , 2 X , ' V A R I A N C E = » , F 5 . 0 , 2 X , ' N .  VARIANCE=»,
5 F 5 . 0 , 2 X , ' T O T A L  NO. OF S I G .  S P E C TR U M = * ,F 5 . 0 ,
5 2 X , *  NO. OF TOTAL S I G .  S AHPLES---UPPER B O U N D ' , F 5 . 0 /
8  1X, * C H I  VALUR FOR D I S T .  OF S. S P E C T R A ' , F 7 . 2 ,
9 » FOR SAMPLE MEAN* , F 7 . 2 ,
3 *  SAMPLE VA R IAN C ES ’ , F 7 . 2 ,  * N. SAMPLE V A R I A N C E S ' , F 7 . 2 / 1 X ,  
9 * C R I T I C A L  CHI-SQUARE VALUE I S ' , F 7 . 2 / / )
CC * .  P R IN T  D I S T R I B U T IO N  OF SPECTRA OVER 50 SAMPLES 
WRITE ( 6 , 7 2 )  ( T D S P S ( I )  , 1 = 1 , L 2 )
72  FORMAT ( 1 X , * N 0 .  OF S I G .  SAMPLES AT FREQ. K OVER TOTAL*
1 , '  NO. OF SA MPLE S ' / 1 X , 1 0 ( F 1 0 . 2 , 1 X )  )
RETURN
END
c c ----------------------------    2 5 9 _ „
CC
CC * * *  TSTAUT ROUTINE * * *
CC
CC * *  T H IS  ROUTINE F I L L  BE CALLED BY MAIN RO O T IN E -  STSMAIN
CC FOR AUTOCORRELATION TESTS.  I T  W IL L  COMPUTE NUMBER
CC OF S I G N I F I C A N T  SAMPLES AND GRAND CH I-SQ UARE VALUES
CC US IN G  TESTS OF D IS T R IB U T IO N  OF AUTOCORRELATION
CC FUNCTIONS AND PORTMANTEAU CH I-SQ UARE S T A T I S T I C
CC FOR WHOLE GENERATED S E R IE S .
CC
CC * *  THE REQUIRED SUBROUTINE I S  EQPDIS .
CC
CC AUTOCOVARIANCE SUBROUTINE
SUBROUTINE TSTA UT ( N , L , T P S , C O V , C O V O , 1 1 1 , I I I I , K L ,
1 I S E T ,U S E T , U S A M P ,  Z V A L , Z V A L U ,C H 9 , C H 6 2 , C H 6 3 , E R 1 )
CC
CC * *  KEY V A R IA B LE S  I N  T H IS  ROUTINE ARE AS FOLLOWS:
CC L— NO. OF LAGS COMPUTED ( INCLUDING LAG 0 ) ,  LET L = 6 4 .
CC N— NO. OF RANDOM NUMBERS PER SET,  L E T  N = 1 2 0 0 .
CC COV— ARRAY FOR AUTOCOVARIANCE.
CC COR— ARRAY FOR AUTOCORRELATION.
CC UCOV— UPPER BOUND OF THEORETICAL CONFIDENCE IN T E R V A L
CC FOR SAMPLE AUTOCORRELATION FUNCTIONS.
CC RCOV— LOWER BOUND OF THEORETICAL CONFIDENCE IN TE R V A L
CC FOR SAMPLE AUTOCORRELATION FUNCTIONS.
CC UC IN OL— UPPER BOUND FOR NUMBER OF S I G .  AUTOCOVARIANCE
CC FUNCTIONS PER SET.
CC EXP —  EXPECTED NUMBER OF S I G .  AUTOCOR. PER SAMPLE.
CC USET— UPPER BOUND FOR EXPECTED NO. OF S I G .  SETS.
CC USAMP--UPPER BOUND FOP. EXPECTED NO. OF S IG .  SAMPLES.
CC SCLAG1— TOTAL NO. OF S I G .  LAGS PER SET.
CC SIGNO— NO. OF S I G .  SETS BY TOTAL NO. OF S I G .  LAGS.
CC CHICOR— COMPUTED CHI-SQUARE VALUE OF THE D I S T .  OF
CC AUTOCORRELATIONS.
CC TCTCOR— NO. OF S I G .  SAMPLES USING TEST BY UNIFORM
CC D I S T R I B U T IO N  OF S IG N IF IC A N T  LAGS.
CC CTLAG1— NO. OF S I G .  SETS PER SAPLE AT LAG K USING
CC TEST BY D I S T .  OF AUTOCORRELATION C O EF F IC IE N C ES.
CC K = 1 , 2 , . . . ,  ( L - 1 )  .
CC TCTLAG— NO. OF S I G .  SAMPLES AT LAG K USING TEST BY
CC D I S T R I B U T IO N  OF AUTOCORRELATION C O E F F IC IE N C E S .
CC K = 1 , 2 ,  .  .  . ,  ( L - 1 )  .
CC CH62— C R I T I C A L  CH I-SQ UARE VALUE WITH ( L - 1 )  D. F.  = 62
CC AT S I G .  LEVEL ALPHA FOR D I S T .  OF S I G .  LAGS T E S T .
CC CH63— C R I T I C A L  CHI-SQUARE VALUE WITH ( L - 1 )  D . F . = 6 3
CC AT S I G .  LEVEL ALPHA FOR PORTMANTEAU CH I-SQ UA RE
CC TEST.
CC PTMANT--COMPUTED C H I - S Q .  PORTMANTEAU S T A T I S T I C  PER SET.
CC COTPTM— NUMBER OF S IG N l ’ F IC A N T  SETS PER SAMPLE
CC USING TEST BY PORTMANTEAU CHI-SQUARE S T A T I S T I C .
CC TCTPM— NO. OF S I G .  SAMPLES USING TEST BY PORTMANTEAU
CC CH I-SQ UA RE S T A T I S T I C .
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I M P L I C I T  REAL * 8  ( A - H , 0 ~ Z )
DIMENSION C O V(1)  ,CTLAG1 (1 00 )  ,COR (1 0 0 )  ,TCTLAG ( 1 0 0 )
1 , C H I C O F ( 1 0 0 )  ,  P T C H I  (1 0 0 )  , PTMANT (100 )
L O G I C A L * 1 K E Y / .  F A L S E . /
DATA C T L A G 1 / 1 0 0 *  O.D 0 / , C O T P T M / 0 . D 0 / , T C T L A G / 1 0 0  * 0 . DO/
1 ,  T C T P T M / 0 . D O / , T C  TCOR/O.D 0 / , SIG N O /0 .  D O /
2 , C H I C O R / 1 0 0 * 0 .  DO/
CC
I F  (KEY) GOTO 1
CC *  F IR S T  T I M E  ENTER T H IS  ROUTINE,  CALCULATE PARAMETERS
CC *  COMPUTE CONFIDENCE INTERVALS FOR SAMPLE AUTOCOR.
RCOV = - (  ( ( 1 .  D 0 /D F L O A T (N )  ) * * 0 . 5 )  ) * Z V A I .
UCOV= ( (  ( 1 .  DO/DFLOAT (N) ) * * 0 .  5 ) )  *ZVA L  
CC *  COMPUTE U .  BOUND FOR NO. OF S I G .  AUTO LAGS PER SET
O C I N O L = D F L O A T ( L - 1) *ER1 
1 + DSQRT ( DFLOAT ( L - 1 )  *ER1 *  { 1 . D 0 -E R 1 ) ) *Z V A L U  
CC *  COMPUTE EXPECTED NO. OF S I G .  AUTOCOR. PER SAMPLE
EXP=DFLOA T ( K L )  *ER1 
CC *  NOT THE F I R S T  T IM E  ENTER T H IS  SUBROUTINE
KEY=. TRU E.
1 CONTINUE
SUMCOV=O.DO 
SCLAG1=0.DO
CC *  COMPUTE AUTOCORRELATION, LAGS=1 TO L - 1=63
DO 100  1 = 2 , L 
C O R ( I )  = C O V ( I )  /COVO 
CC *  COUNT NO. OF SAMPLE AUTOCOR. OUT OF C O N F I .  INTE RVA L
I F  (COR ( I )  . G E .  RCOV .A N D .  C O R ( I )  . LE .  UCOV) GOTO 1 0 0  
CC *  COUNT TOTAL NO. OF S IG .  LAGS AND PORTMANT EU PER SET
SCLAG1=S CLAG1+1.  DO 
CC *  NUMBER OF S I G N I F I C A N T  LAGS FOR I T H  LAG PER SAMPLE
CTLAG1 ( I -  1) =CTLAG 1 ( 1 - 1 )  + 1. .D0 
100  SUMCOV= { (COR ( I )  * * 2 ) /D F LO A T  ( N - I  + 1) ) +SUMCOV 
CC *  CALCULATE PORTMANTEAU S T A T I S T I C
PTM AMT ( I I I )  =SUMC0 V *DFI .OAT ( N *  (N+2) )
CC *  COUNT NO. OF S IG N IF IC A N C T  SETS
I F  (PTMANT ( I I I )  .  GT. CH63) COTPTM =C0TPTM + 1 . D0 
I F  (SCLAG1 . G T .  UCINOL) S IG NO =SIG NO +1 . DO 
I F  ( I I I  . E Q .  KL) GOTO 50 
CC *  PROCESS NEXT SET OF DATA
RETURN
CC *  SUMMARY S T A T I S T I C S  FOR EACH SAMPLE
50 CONTINUE 
CC *  COMPUTE CHI-SQUARE VALUES FOR SAMPLES
CALL EQPDIS  ( 6 3 . , 1 0 , P T M A N T , K L , 3 , C H I , I I I I , I S E T )
P T C H I ( I I I I )  = C H I  
CC *  CALCULATE CH I-SQ UA RE VALUES OF D I S T .  OF AUTO. LAGS
L 1 = L -  1
DO 60 1 = 1 , L1
60 CHICOR ( I I I I )  = C H IC O R ( I I I I )  + ( ( EXP-CTLAG 1 ( I ) ) * * 2 /E X P )
CC *  P R IN T  S T A T IS T IC S  FOR SAMPLES
WRITE ( 6 , 5 1 )  I I I I , S I G N O , L , C H I C O R  ( I I I I )  , COTPTM,CHI
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51 FORMAT ( / / / 5 5 X , * * * *  AUTOCORRELATION A N ALY SIS  FOR*
4 , '  SAMPLE * * * » , I U / *  TOTAL NO. OF S I G . ' ,
5 * SETS BY TOTAL NO. OF S I G .  L A G S ' , F 5 . 0 ,  2 X ,
6 * CH I-SQ U A R E VALUE OF D I S T . * , 1 4 , *  AUTO. L A G S ' ,  F 7 . 2 / 1 X ,
7 'N O .  OF S I G .  SETS BY COUNTING PORTMANTEAU T E S T » , F 7 . 2 ,
8  2X ,  * PORTMANTEU CHI-SQUARE VALUE• , F 7 . 2 / )
WRITE ( 6 , 5 2 )  S IGNO,  (C T L A 3 1 ( I ) , 1  = 1 ,  L 1 )
52 FORMAT ( 1 X , ' T O T A L  NO. OF S I G .  S E T S ' , F 5 . 0 / 1 X ,
1 'N O .  OF S I G .  SETS AT LAS K OVER TOTAL NO. OF SETS PER*
1 ,  '  S A M P L E ' /
2 1 X , * 1 ' , 9 X , * 2 ' , 9 X , ' 3 ' , 9 X , ' 9 ' , 9 X , ' 5 ' , 9  X , ' 6 * , 9 X , * 7 ' , 9 X , ' 8 ' ,
3 9 X ,  '  9» ,  9 X , ' 0 ' / ( 1 X ,  1 0 ( F 1 0 . 5 ) ) )
CC *  TEST S I G N I F I C A N T  SAMPLES
I F  ( P T C H I ( I I I I )  . G T .  CH9 ) TCTPTM=TCTPTM+1. DO 
I F  ( C H I C O R ( I I I I )  . G T .  CH6  2 ) TCTCOR=TCTCOR+1 . D 0 
DO 65  1 = 1 , L1
I F  ( C T L A G 1 ( I )  . G T .  USET) TCTLAG ( I ) = T C T L A G ( I ) +1 .  DO 
65  CONTINUE
CC *  CLEAR COUNTERS FOR NEXT SET OF SAMPLE 
S IG N 0 = 0 .D O  
COTPT M=0. DO 
DO 20  1 = 1 , 1 1  
CTLAG 1 ( I )  = 0 .  DO 
20 CONTINUE
CC *  TEST END OF JOB
I F  ( I I I I  . G E .  IS E T )  GOTO 7 0
CC *  PROCESS NEXT SAMPLE OF DATA
RETURN
CC *  SUMMARY S T A T I S T I C S  FOR THE WHOLE SERIES
70 CONTINUE
CC *  COMPUTE CH I-SQ UARE VALUES FOR WHOLE SERIES
CALL EQPDIS ( 6 2 . , 1 0 , CHICOR, I S E T , 3 , C H I , I I I I , I S E T )
CALL EQPDIS ( 9 .  ,  1 0 ,  P T C H I ,  I S E T ,  3 ,  C H 1 1, I I I I ,  IS E T )
WRITE ( 6 , 9 2 )  (CHICOR ( I )  , 1 = 1 ,  IS E T )
9 2  FORMAT ( I X , ' C H I C O R = » , 1 0 F 1 0 . 5 )
WRITE ( 6 , 9  3) ( P T C H I  ( I )  ,  1 = 1 ,  IS E T )
93 FORMAT ( 1 X ,»  P T C H I = ' ,  1 0 F 1 0 .  5)
CC *  P R IN T  S T A T I S T I C S  FOR THE WHOLE SERIES
WRITE ( 6 , 8 0 )  I I I I , T C T P T M , T C T C O R , U S A M P , C H I , C H I 1  
80 F O R M A T ( / / / 1 X , ' * * *  SUMMARY S T A T I S T I C S  OF ALL SAMPLES FOR '
1 , ' AUTOCORRELATION A N A L Y S IS — NO. OF S I G I N F I C A N T  S A M P L E S ' ,
2 '  O V E R ' ,  • NO. OF TOTAL SAMPLES=« , 1 5 / /
3 3 X , ' C H I - S Q U A R E  PORTMANTEAU T E S T = '
4 , F 5 . 0 , 2 X , ' UNIFORM D IS T R IB U T IO N  OF NO. OF S I G .  A U T O . '
5 , '  COR. COEF ' ,  F 5 . 0
6  / 1 X , ' N 0 .  OF EXPECT SAMPLES — UPPER B O U N D ' , F 7 . 2 /
7 3 X ,  'C H I -S Q U A R E  VALUES BY D I S T .  OF S I G .  L A G S ' ,
8  F 7 . 2 , '  BY PORTMANTEU S T A T I S T I C « , F 7 . 2 / )
WRITE ( 6 , 9 0 )  (TCTLAS ( I )  , 1 = 1  , L 1 )
90 FORMAT ( 1 X , ' N O .  OF S I G N I F I C A N T  SAMPLES AT LAG K OVER*
1 ,» TOTAL N O . ' ,  » OF S AM PL ES • / /  ( 1X , 10 (F 1 0 .  5) ) )
CC *  CLEAR COUNTERS
TCTPTM=0.DO
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TCTCOR=0. DO 
DO 91 1 = 1 # L 1 
T C T L A G { I )  = 0 . DO 
91 CONTINUE 
RETURN 
END
cc
CC * * *  AUTO ROUTINE * * *
CC
CC * *  T H IS  ROUTINE W ILL  COMPUTE AUTO. FUNCTIONS FOR LAGS 0 
CC TO L - 1  AND RETURN THESE VALUES TO' THE CA LL ING  R O U T IN E .
CC
SUBROUTINE AUTO{ A , N , L , R , C O V O )
CC
CC * *  KEY VARIABLES I N  T H IS  ROUTINE ARE AS FOLLOWS:
CC F IN D  AUTOCOVARIANCES OF SERIES A FOR LAGS 0 TO L - 1 .
CC A— INPU T VECTOR OF LENGTH N CONTAINING THE TIME
CC SERIES OF AUTOCOVARIANCE FUNCTION I S  D E S IR E D .
CC N— LENGTH OF THE VECTOR A .
CC L — AUTOCOVAR. I S  CALCULATED FOR LAGS OF 0 , 1 , 2 , --------L - 1 .
CC R— OUTPUT VECTOR OF LENGTH L CONTAINING
CC AUTOCOVARIANCES OF SERIES A .
CC R (K) = 1 /N  (SUM ( X ( T )  * X ( T + K )  } ) FOR A L L  K=0 , 1  , 2 , .  .  .  , ( L - 1 )  .
CC COV0— VARIAN CE (COVARIANCE AT LAG 0 ) .
CC AVER— MEAN OF S E R IE S .
CC
I M P L I C I T  REAL * 8  ( A - H , 0 - Z )
DIMENSION A (1 )  ,  R { 1)
CC *  CALCULATE AVERAGE OF T IM E  SERIES A
COV0=0.DO 
AVER=0.DO
I F  ( N - L )  5 0 , 5 0 , 1 0 0  
CC *  N . L E .  L RETURN TO MAIN PROGRAM
50 R (1 ) = 0 .  DO
RETURN 
100 DO 110  1 = 1 , N
110  AVER= AVEE+A ( I )
FN=DFLOAT (N)
AVER =AVER/FN 
CC *  CALCULATE AUTOCOVARIANCES 
DO 130 J = 1 , L 
N J = N - J  + 1 
SUM=0.DO 
DO 120 1 = 1 , NJ 
I J = I + J -  1
120 SUM=SUM+ (A ( I )  -AVER) * ( A ( I J )  “ AVER) 
1 3 0  R ( J )= S U M /F N
COVO=R (1)
RETURN
END
264
CC * * *  EQPDIS ROUTINE * * *
c c
CC * *  T H IS  ROUTINE COMPUTES BOUND VALUES OF EQUAL
CC P R O B A B I L I T I E S ,  NUMBER OF OBSERVED FREQUENCIES AND
CC CHI-SQUARE VALUES. CH I-SQUARE VALDES W ILL  BE
CC RETURNED TO THE CALLING ROUTINE.
CC
CC * *  REQUIRED IBM IM S L .S U B R O U TIN E S  ARE M D B E T I ,  HD N R IS ,
CC AND M DCR I .
CC
SUBROUTINE EQPDIS ( D F , I C A T , V A L U E , N O ,  I D X , C H I , I I I I , 1 SET)
CC
CC * *  KEY V A R IA B L E S  IN  T H IS  ROUTINE ARE AS FOLLOWS:
CC I C A T — NUMBER OF CATEGORIES.
CC OBS— ARRAY FOR OBSERVED FREQUENCIES FOR CATEGORIES.
CC P— PROBABILITIES.
CC BOUND— ARRAY FOR BOUND VALUES FOR EQUAL P R O B A B I L I T I E S .
CC D IN T V — INTE RVA L  BETWEEN TWO SUCCESSIVE P R O B A B I L I T I E S .
CC ID X — IN D E X .
CC 1: FOR U N IT  UNIFORM INVERSE D IS T .  PROB. FUNCTION.
CC 2 :  FOR NORMAL INVERSE D I S T .  PROB. FUNCTION.
CC 3: FOR CHI-SQUARE INVERSE D I S T .  PROB. FUNCTION.
CC DF--DEGREES OF FREEDOM.
CC D C H I— CHI-SQUARE VALUES FOR EACH CATEGORY.
CC C H I — CHI-SQUARE VALUES FOR ALL CATEGORIES.
CC S C H I— ARRAY FOR STORING CHI-SQUARE VALUES FOR KL=50 SETS.
CC SMCHI— ARRAY FOP STORING CHI-SQUARE VALUES FOR I S E T = 5 0
CC SAMPLES.
CC CTFT— NUMBERS OF S I G N I F IC A N T  SETS PER SAMPLE.
CC TCTFT— NUMBERS OF S I G N I F IC A N T  SAMPLES FOR WHOLE S E R IE S .
CC *
I M P L I C I T  PEA L * 8  ( A - H , 0 - Z )
DIMENSION BOUND (1 00) , OBS ( 1 0 0 ) ,  VALUE (1 ) , DCHI (100 )
REAL*4  X , P , D I N T V , D F  
CC *
D I N T V = 1 . / I C A T  - 0 . 0 0 0 0 1  
CC *  CLEAR COUNTERS
DO 5 0 0  1 = 1 , ICAT  
5 0 0  OBS ( I ) = 0 .  DO
C H I = 0 . D  0 
TOBS=0.  DO 
P = 0 .
CC *  COMPUTE BOUND VALUES FOR I C A T  CATEGORIES
DO 100 1 = 1 , ICAT 
P =D IN TV+P  
GOTO ( 1 , 2 , 3 ) , I D X  
CC *  IB M  IM S L  INVERSE UN IT  UNIFORM D IS T R .  PROB. ROUTINE
1 CALL MDEETI  (P ,  1. 0 ,  1.  0 ,  X , IE R )
GOTO 90
CC *  IB M  I  MS L INVERSE NORMAL D IS T R .  PF.OB. SOUTINE
2 CALL MDNRIS ( P , X , I E P )
GOTO 90
CC *  IB M  IMS L INVERSE CEII-SQUARE D IS T R .  PROB. ROUTINE 
3 CALL MDCHI ( P , D F ,  X , I E E )
90 BOUND ( I )  = X 
100 CONTINUE 
CC *  COUNT OBSERVED FREQUENCIES 
DO 2 0 0  1 = 1 r NO 
DO 2 1 0  J  = 1 , I C A T
I F  (V ALU E ( I )  . L E .  BOUND(J) ) GOTO 2 0 5  
210  CONTINUE
O B S ( IC A T )  = O B S ( IC A T )  +1 .DO 
GOTO 2 00  
2 0 5  OBS ( J ) = O B S ( J ) + 1 . D 0  
CC *  NEXT OBSERVED VALUE
20 0  CONTINUE 
CC *  COMPUTE CH I-SQ UARE VALUES
E X P = ( 1 .D  O /D F L O A T ( IC A  T) ) *  DFLOAT(NO)
DO 3 0 0  1 = 1 , I C A T
DCHI ( I ) =  (OBS ( I ) - E X P )  * * 2 / EXP
C H I= C H I+ D C H I  ( I )
300 CONTINUE
I F  ( I I I I  . L T .  IS  ET . O R .  DF .  EQ. 0 . )  GOTO 402 
CC *  P R IN T  BOUND VALUES, NUMBERS OF OBSERVED FREQ.
CC AND CHI-SQUARE VALUES OF EACH CATEGORY FOR
CC LAST SAMPLE
WRITE ( 6 , 1 0 )  (BOUND ( I )  , 1 = 1 , 1  CAT)
10 FORMAT (1  OX, 'BOUND V A L U E S * * ,  1 0 F 1 0 . 5 )
WRITE ( 6 , 1 1 )  (OBS ( I )  , 1=1 , IC A T )
11 FORMAT (10 X,  * NO. OF OBS= ' , 10 F 1 0 . 5)
WRITE ( 6 , 1 2 )  (DCHI ( I )  , 1  = 1 , IC A T )
12 FORMAT ( 1 0 X , * D C H I = » , 1 0 F 1 0 . 5 )
£*02 CONTINUE
RETURN
END
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c c
CC * * *  SRUNLT ROUTINE * * *
CC
CC * *  T H IS  ROUTINE WILL BE CALLED BY RUNAB AND RUNUD
CC FOR COMPUTING TOTAL NO. OF RUNS, NO. OF RUNS
CC BY LENGTH AND CHI-SQUARES OF NO. OF RUNS BY
CC LENGTH FOR EACH SET. THESE COMPUTED VALUES
CC W ILL  BE RETURNED TO THE CALL ING  ROUTINE.
CC
SUBROUTINE 5R0NLT ( I C O T , N , E X P T L , E X P L , N O L T H , T O L , C S ,  
1 I I I I ,  I  SET)
CC
CC * *  KEY VARIABLES I N  T H IS  ROUTINE ARE AS FOLLOWS:
CC TOL— TOTAL NUMBER OF RUNS.
CC ELNTH— NUMBER OF RUNS BY LENGTH.
CC RUNLTH— ARRAY FOR NO. OF RUNS BY LENGTH.
CC NOLTH— NUMBER OF LENGTHS.
CC EXPL— EXPECTED NO. OF RUNS BY LENGTH.
CC TRUN— RATIO  OF TOTAL NO. OF RUNS OVER TOTAL NO. OF
CC EXPECTED RUNS.
CC AEXPL— ADJUSTED EXPECTED NO. OF RUNS BY LENGTH.
CC CS— C H I —SQ. VALUE BY TESTING  NO. OF RUNS BY LENGTH.
CC
I M P L I C I T  REAL * 8  ( A - 1 I , 0 - Z )
D IM ENSION I C O !  (1)  , RUNLT H( 20) r PRUN (20 )  ,  AEXPL (20 )
1 ,  EXPL (1 )  , DD (1 0 )
CC *  CLEAR COUNTERS FOR NEXT SET OF DATA
DO 500  1 = 1 , NOLTH 
RUNLTH ( I ) = 0 . P 0  
500 CONTINUE
TRU N=0 .  DO 
CS=0.DO 
TO L = 0 .  D 0 
RLNTH= 1. DO
CC *  COMPUTE NO. OF TOTAL RUNS AND NO. OF RUNS BY LENGTH
DO 100  1 = 1 , N
I F  ( I C O T ( I )  . E Q .  I  COT (1 + 1 )  ) GOTO 110 
TOL=TOL+ 1. DO 
DO 2 0 0  J = 1 ,N O L T H  
I F  ( RLNTH . N E .  J )  GOTO 200  
RUNLTH (J )  = RUNLT H ( J )  + 1 .D 0  
GOTO 120  
200 CONTINUE
RUNLTH (NOLTH) = RUNLTH (NOLTH) + 1 .D 0  
120 R L N T H = 0 .D  0 
110 RLNTH=RL NTH + 1 . DO
100 CONTINUE
DO 4 0 0  1 = 1 , NOLTH 
TRUN=TEUN+RUNL T H ( I )
400  CONTINUE
TRUN=TRUN/EXPTL 
DO 300 1 = 1 , NOLTH
A EX PL ( I )  = EX PI. ( I )  *TRUN 
300 CONTINUE 
CC *  CALCULATE CHI-SQUARE VALUE
DO 410  1 = 1 , NOLTH
DD ( I )  = ( (RUNLTH ( I ) - A E X P L ( I )  ) * * 2 )  / A E X P L ( I )
410 CS-CS+  DD ( I )
999  CONTINUE
I E  ( I I I I  . E Q .  I S E T )  GOTO 600  
RETURN 
6 00  CONTINUE
CC *  WRITE NO. OF RUNS AND TOTAL NO. OF RUNS FOR L .  SAMP.
I F  (NOLTH . E Q .  5) GOTO 602
W RITE ( 6 , 6 0 1 )  TOL,  E X P T L ,  (RUNLTH ( I )  , 1 = 1 , NOLTH) ,
1 (AEXPL ( I )  ,  1 = 1 ,  NOLTH) ,  ( DD { I )  ,  1= 1, NOLTH)
6 0 1  FORMAT ( 1 X , » A T = « , F 6 . 0 , »  E X T L = * , F 6 . 0 , *  L T H = * , 7 F 6 . 1 ,
1 * A E X P L = * , 7 F 6 .1  / 1 X , 7 F 7 . 2 )
RETURN
6 02  WRITE ( 6 , 6 0 3 )  T O L , E X P T L ,  (RUNLTH ( I )  ,  1 = 1 , NOLTH) ,
1 (AEXPL ( I )  , 1  = 1 ,  NOLTH) ,  (DD ( I )  ,1  = 1 , NOLTH)
5 0 3  FORMAT ( 1 X , ! U T = ' , F6 . 0 , 1 EX TL= f , F 6 . 0 ,  1 L T H = * , 5 F 6 . 1 ,
1 • AEXPL= * , 5 F 6 .  1 ,  5 F 7 .  2)
RETURN
END
*** RMEAN ROUTINE ***
* *  T H I S  ROUTINE COMPUTES MEAN, MEAN SQUARE AND 
STANDARD D E V I A T I O N .
SUBROUTINE R MEAN (X ,  N, SUM, SUM2, SS, SSE,  TPS)
* *  KEY V A R IA B LE S  IN  T H IS  ROUTINE ARE AS FOLLONS: 
SUM— SAMPLE MEAN.
SSE— MEAN SQUARE ERROR.
SS— SAMPLE VARIANCE.
SUM2— SAMPLE MEAN SQUARE.
I M P L I C I T  REAL * 8  ( A - H , 0 - Z )
DIMENSION X (1)
*  CLEAR COUNTERS 
SS E=0 ,  DO
SUM = 0 .D  0 
SUM2=0.DO 
SS=0.DO
*  COMPUTE SUM, SUM OF SQUARE ERROR AND SUM OF SQUARE 
DO 10 1 = 1 , N
SUM=X ( I )  +SUM 
SSE=SSE+ {X ( I ) - T P S ) * * 2  
S I J M 2 = X ( I ) * * 2  + SUM2
*  COMPUTE MEAN AND MEAN. SQUARE 
SUM=SUM/DF10AT (N)
SUM 2=SUM 2 /D  FLO A T (N)
*  COMPUTE SUM OF SQUARE ERROR 
DO 20 1 = 1 ,  N
S S = ( X ( I )  -SUM) * * 2  +SS 
CONTINUE
*  COMPUTE SAMPLE VARIANCE AND VARIANCE 
S S = S S /D F L O A T ( N - 1 )
SSE=SSF. /DFLOAT(N)
RETURN
END
CC 269
cc—  ------------------------------------------------------------------------------------------~ ~
c c
CC * * *  FFT ROUTINE * * *
CC
CC * *  T H IS  ROUTINE TRANSFORMS AUTOCOVARIANCE FUNCTIONS
CC OVER TIME DOMAIN I N T O  SPECTRA OVER FREQUENCY
CC DOMAIN AND RETURNS SPECTRA TO THE CALL ING  ROUTINE
CC (FAST FOURIER TRANSFORM).
CC
SUBROUTINE F F T ( FR, F I ,  K)
CC
CC *  FAST FOURIER TRANSFORM USING T IM E  DECOMPOSITION
CC WITH INPUT B I T  REVERSAL
CC DATA I S  I N  FR (REAL) AND F I  ( I  MAGI NARY) ARRAYS
CC COMPUTATION I S  I N  PLACE,  OUTPUT REPLACES IN P U T .
CC NUMBER OF POINTS MUST BE N = 2 * * K
CC FR (N) AND F I  (N) MUST BE DIMENSIONED I N  MAIN PROGRAM.
CC
I M P L I C I T  REAL*8 ( A - H , 0 - Z )  
DIMENSION FR (1) , F I  (1)
N = 2 * * K
MR=0
NN= N-1
DO 2 M=1,NN
L=N
1 L= L / 2
I F  ( H R + L ' . G T .  NN) GOTO 1 
MR=MOD ( MR, L) +L 
I F  (MR ,  LE.  H) GOTO 2 
TR = FR (M+1)
FR(M + 1) =FR (MR + 1)
FR (MR+1) = T R 
T I  = F I  (M + 1 )
F I ( M  + 1) = F I  (MR + 1)
F I  ( MR+ 1) =T  I
2 CONTINUE 
L=1
3 I F  ( L . G E .  N) RETURN 
IS T E P = 2  * L  
EL=DFLOAT (L)
DO U M = 1 , L
A = 3 . 1 4 1 5 9 2 6 5 3 5 D 0  +DFLOAT (1 -M )  / E L  
HR = DCOS (A)
N I= D S IN  (A)
DO U I = M , N , I S T E P  
J = I + L
TR=WR *FR ( J) - H I  * F I  ( J)
T I = W R * F I ( J )  + W I*F R  (J)
FR ( J )  = FR ( I )  - T R  
F I  ( J)  = F I  ( I )  -  T I  
F R ( I ) = F R ( I )  + TR
4 F I  ( I )  = F I  ( I ) + T I  
L = IS T E P
GOTO 3 
END
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